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S1 Proof of Theorem 1

For each θ̂RMLE,k (1 ≤ k ≤ K), we apply the Taylor expansion and then

obtain the following representation as

L̇R,k

(
θ̂RMLE,k

)
= L̇R,k

(
θ∗
)
+ L̈R,k

(
θ∗
)(

θ̂RMLE,k − θ∗
)
+

1

2
ΓR,k,

where ΓR,k = (ΓR,k,j) ∈ Rp+1 with 1 ≤ j ≤ p + 1, ΓR,k,j = (θ̂RMLE,k −

θ∗)⊤∆R,k,j(θ̂RMLE,k−θ∗), ∆R,k,j =
(
∆

(j1j2)
R,k,j

)
∈ R(p+1)×(p+1), ∆

(j1j2)
R,k,j = ∂2L̇R,k,j

(θ)/∂θj1∂θj2|θ=θ̃R,k
for 1 ≤ j1, j2 ≤ p + 1, L̇R,k,j(θ) is the jth element of

L̇R,k(θ), and θ̃R,k = ηkθ̂RMLE,k+(1−ηk)θ
∗ for some 0 ≤ ηk ≤ 1. In the mean-

while, we define Γ∗
R,k = (Γ∗

R,k,j), Γ
∗
R,k,j = (θ̂RMLE,k−θ∗)⊤∆∗

R,k,j(θ̂RMLE,k−θ∗)

and ∆∗
R,k,j = ∂2L̇R,k,j(θ)/∂θj1∂θj2|θ=θ∗ . We also define ΓΩ

R,k = (ΓΩ
R,k,j) ∈

Rp+1 with 1 ≤ j ≤ p + 1, ΓΩ
R,k,j = neα

∗
N (θ̂RMLE,k − θ∗)⊤ΩR,j(θ̂RMLE,k − θ∗)

and ΩR,j = E{∆∗
R,k,j/(ne

α∗
N )}. More specifically, by definition we have
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LR,k(θ) =
∑N

i=1 a
(k)
i

{
YiZ

⊤
i θ − log

(
1 + eZ

⊤
i θ
)}

. Thus, we have L̇R,k(θ) =∑N
i=1 a

(k)
i

{
Yi−pi(αN , β)

}
Zi, L̈R,k(θ) = −

∑N
i=1 a

(k)
i pi(αN , β)

{
1−pi(αN , β)

}
Zi

Z⊤
i , and ∆R,k,j = −

∑N
i=1 a

(k)
i pi(αN , β){1−pi(αN , β)}{1−2pi(αN , β)}Zi,jZiZ

⊤
i ,

respectively. Then, we obtain

θ̂RMLE,k − θ∗ = −
{
L̈R,k

(
θ∗
)}−1

L̇R,k

(
θ∗
)
− 1

2

{
L̈R,k(θ

∗)
}−1

ΓR,k.

For an arbitrary vector γ, define ∥γ∥ =
√

γ⊤γ. For an arbitrary square

matrix A = (aij), define ∥A∥ =
√
λmax(A⊤A), where λmax(B) stands for

the maximum eigenvalue of an arbitrary semi-positive definite matrix B.

Define λmin(B) as the minimum eigenvalue of an arbitrary semi-positive

definite matrix B.

Subsequently, we should decompose the RMLE estimator into a total

of five different terms as

θ̂RMLE − θ∗ = QR,1 +QR,2/2 +QR,3/2 +QR,4/2 +QR,5/2,

whereQR,1 = K−1
∑K

k=1 L̈R,k(θ
∗)−1L̇R,k(θ

∗), QR,2 = K−1
∑K

k=1Σ
∗−1(neα

∗
N )−1

ΓΩ
R,k = B(θ∗)/(neα

∗
N ), QR,3 = K−1

∑K
k=1(Σ̂

−1
R,k−Σ∗−1){Γ∗

R,k/(ne
α∗
N )}, QR,4 =

K−1
∑K

k=1 Σ̂
−1
R,k{(ΓR,k−Γ∗

R,k)/(ne
α∗
N )}, QR,5 = K−1

∑K
k=1Σ

∗−1{(Γ∗
R,k−ΓΩ

R,k)

(neα
∗
N )−1}, Σ∗ = E(eX

⊤
i β∗

ZiZ
⊤
i ), Σ̂R,k = −L̈R,k(θ

∗)/(neα
∗
N ) and B(θ∗) =

K−1
∑K

k=1Σ
∗−1ΓΩ

R,k. Subsequently, we shall study the asymptotic prop-

erty of the RMLE estimator in eight steps. In the 1st step, we show
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that E(et∥Xi∥) = Mt < ∞ for any t ∈ R. In the 2nd step, we provide

three uniform convergence results. We next verify in the 3rd step that

maxk ∥θ̂RMLE,k − θ∗∥ = op(
√
logK/

√
neα

∗
N ). We show in the 4th step that

K−1
∑K

k=1 ∥θ̂RMLE,k − θ∗∥2 = Op{(neα
∗
N )−1}. The results obtained in Steps

1–4 are to be used in the subsequent technical proofs. In the 5th step, we

prove that
√
Neα

∗
NQR,1 →d N(0,Σ∗−1) as N → ∞. In the 6th step, we show

that QR,2 is a random bias term with Cmin ≤ E{∥B(θ∗)∥} ≤ Cmax for some

fixed positive constants Cmin and Cmax. In the 7th step, we demonstrate

that QR,3 = op{(neα
∗
N )−1}. In the last step, we prove that QR,4 and QR,5

are of the order op{(neα
∗
N )−1}.

Step 1. By the theorem condition (C1), we have P (∥Xi∥ > M) ≤

2 exp(−CTailM
2) for some positive constant CTail. We then have

E
{
exp

(
t
∥∥Xi

∥∥)} =

∫ ∞

0

P
{
exp

(
t
∥∥Xi

∥∥) > s
}
ds

=

∫ ∞

0

P

(∥∥Xi

∥∥ >
log s

t

)
ds ≤

∫ ∞

0

2 exp

(
−CTail

log2 s

t2

)
ds.

By letting z =
√
CTail{log s− t2/(2CTail)}/t, we then compute

E
{
exp

(
t
∥∥Xi

∥∥)} ≤
∫ ∞

0

2 exp

(
−CTail

log2 s

t2

)
ds

=
2t√
CTail

exp

(
t2

4CTail

)∫ ∞

−∞
e−z2dz = Mt < ∞,

where Mt = 2
√
πt exp {t2/(4CTail)} /

√
CTail.

Step 2. We provide here three uniform convergence result, which is
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also to be used in the subsequent proofs. These three results are given by

max
k

∥∥∥L̇R,k

(
θ∗
)
/
(
neα

∗
N
)∥∥∥ = op

(√
logK

neα
∗
N

)
, (S1.1)

max
k

∥∥∥Σ̂−1
R,k − Σ∗−1

∥∥∥ = op

(√
logK

neα
∗
N

)
+O

(
eα

∗
N
)
, (S1.2)

max
k

∥∥∥∆∗
R,k,j/

(
neα

∗
N
)
− ΩR,j

∥∥∥ = op

(√
logK

neα
∗
N

)
. (S1.3)

The technical details for proving (S1.1)–(S1.3) are very similar. Compar-

atively speaking, the proof of (S1.2) is technically more complicated. We

thus provide the proof details for (S1.2) only. The proofs for (S1.1) and

(S1.3) are omitted to save space. Specifically, by (A.9) in Jordan et al.

(2018), we have

max
k

∥∥∥Σ̂−1
R,k − Σ∗−1

∥∥∥ ≤
∥∥∥Σ∗−1

∥∥∥2max
k

∥∥∥Σ̂R,k − E(Σ̂R,k)
∥∥∥

+
∥∥∥Σ∗−1

∥∥∥2∥∥∥E(Σ̂R,k)− Σ∗
∥∥∥,

where E(Σ̂R,k) = E{eX⊤
i β∗

(1 + eZ
⊤
i θ∗)−2ZiZ

⊤
i }. We then study these two

parts separately with details.

Step 2.1. We start with the first part ∥Σ∗−1∥2maxk ∥Σ̂R,k−E(Σ̂R,k)∥.

Write Σ̂R,k −E(Σ̂R,k) = (neα
∗
N )−1

∑N
i=1 Uki, where Uki = a

(k)
i pi(α

∗
N , β

∗){1−

pi(α
∗
N , β

∗)}ZiZ
⊤
i −K−1E[pi(α

∗
N , β

∗){1−pi(α
∗
N , β

∗)}ZiZ
⊤
i ]. Next, we define

Uki = (Uki,j1j2) with 1 ≤ j1, j2 ≤ p + 1 and UM
ki,j1j2

= Uki,j1j2I(∥Zi∥ ≤ M).
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Consider an arbitrary small positive number ε, we have

P

(∣∣∣ 1

neα
∗
N

N∑
i=1

Uki,j1j2

∣∣∣ > ε

)
= P

(∣∣∣ 1

neα
∗
N

N∑
i=1

Uki,j1j2

∣∣∣ > ε, E

)

+P

(∣∣∣ 1

neα
∗
N

N∑
i=1

Uki,j1j2

∣∣∣ > ε, E

)
, (S1.4)

where E = {maxi ∥Zi∥ ≤ M} is a random event and E stands for its com-

plement. For the first part in (S1.4), we have

P

(∣∣∣ 1

neα
∗
N

N∑
i=1

Uki,j1j2

∣∣∣ > ε, E

)
≤ P

(∣∣∣ 1

neα
∗
N

N∑
i=1

UM
ki,j1j2

∣∣∣ > ε

)

≤ P

(∣∣∣ 1

neα
∗
N

N∑
i=1

{
UM
ki,j1j2

− E
(
UM
ki,j1j2

)}∣∣∣+ ∣∣∣E(Ke−α∗
NUM

ki,j1j2

)∣∣∣ > ε

)
.

Next, note that E(Ke−α∗
NUM

ki,j1j2
) → E(Ke−α∗

NUki,j1j2) = 0 as M → ∞.

This suggests that for any ε > 0, there should exists a sufficiently large but

fixed positive constant Mε > 0 such that |E(Ke−α∗
NUM

ki,j1j2
)| ≤ ε/2 for any

M > Mε. Therefore, we have

P

(∣∣∣ 1

neα
∗
N

N∑
i=1

Uki,j1j2

∣∣∣ > ε, E

)

≤ P

(∣∣∣ 1

neα
∗
N

N∑
i=1

{
UM
ki,j1j2

− E
(
UM
ki,j1j2

)}∣∣∣ > ε

2

)
.

Moreover, we apply the Bernstein’s inequality (Bernstein, 1926; Zhang
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and Chen, 2020) to {UM
ki,j1j2

− E(UM
ki,j1j2

) : 1 ≤ i ≤ N} and obtain

P

(∣∣∣ 1

neα
∗
N

N∑
i=1

{
UM
ki,j1j2

− E
(
UM
ki,j1j2

)}∣∣∣ > ε

2

)

≤ 2 exp

(
− n2e2α

∗
Nε2/8∑N

i=1 var(U
M
ki,j1j2

) +Mneα
∗
Nε/6

)
. (S1.5)

Further, we have var(UM
ki,j1j2

) ≤ E{(UM
ki,j1j2

)2} = E{U2
ki,j1j2

I(∥Zi∥ ≤ M)} ≤

E(U2
ki,j1j2

) = var[a
(k)
i pi(α

∗
N , β

∗){1−pi(α
∗
N , β

∗)}Zij1Zij2 ] ≤ E[a
(k)
i p2i (αN , β){1

− pi(α
∗
N , β

∗)}2Z2
ij1
Z2

ij2
] ≤ K−1eα

∗
NE(eX

⊤
i β∗

Z2
ij1
Z2

ij2
) ≤ E(et∥Xi∥). Here the

last inequality holds for a sufficiently large but fixed constant t due to

(S.1) in the supplementary material of Wang (2020). By Step 1, we have

E(et∥Xi∥) ≤ Mt. Thus, we further bound the right hand side of (S1.5) by

P

(∣∣∣ 1

neα
∗
N

N∑
i=1

{
UM
ki,j1j2

− E
(
UM
ki,j1j2

)}∣∣∣ > ε

2

)
≤ 2 exp

(
− neα

∗
Nε2/8

Mt +Mε/6

)
.

(S1.6)

Next, by the theorem condition (C1), we have for the second part in

(S1.4) that

P

(∣∣∣(neα∗
N )−1

N∑
i=1

Uki,j1j2

∣∣∣ > ε, E

)
≤ P

(
E
)
≤

N∑
i=1

P
(∥∥Zi

∥∥ > M
)

≤ 2 exp
(
logN − CTailM

2
)
. (S1.7)
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Combining the two results (S1.6) and (S1.7), we obtain

P
(
max

k

∥∥∥Σ̂R,k − E(Σ̂R,k)
∥∥∥ > ε

)
≤

K∑
k=1

P
(∥∥∥Σ̂R,k − E(Σ̂R,k)

∥∥∥ > ε
)

≤ 2 exp

(
logK − neα

∗
Nε2/8

Mt +Mε/6

)
+ 2 exp

(
logK + logN − CTailM

2
)
.

(S1.8)

Next, we can define ε = 4
√

Mt logK/(neα
∗
N ) and M = max(Mε,

√
2 logN/

√
CTail) for (S1.8), we have for the first part of (S1.8) that 2 exp{−neα

∗
Nε2(Mt

+Mε/6)−1/8} ≤ 2 exp
[
−logK{2Mt(Mt+2

√
2Mt logN logK/

√
CTailneα

∗
N/

3)−1 − 1}
]
→ 0 as N → ∞ due to the theorem condition (C3). For

the second part of (S1.8), we have 2 exp
(
logK + logN − CTailM

2
)

=

2 exp(logK− logN) = 2/n → 0 due to the theorem condition (C2). There-

fore, the right hand side of (S1.8) shrinks towards 0 when N diverges to

infinity. This suggests that maxk ∥Σ̂R,k − E(Σ̂R,k)∥ = op(
√
logK/

√
neα

∗
N ).

This leads to ∥Σ∗−1∥2maxk ∥Σ̂R,k −E(Σ̂R,k)∥ = op(
√
logK/

√
neα

∗
N ) for the

first part in (S1.4).

Step 2.2. For the second part in (S1.4), we have ∥E(Σ̂R,k) − Σ∗∥ =

∥E[eX
⊤
i β∗{1−(1+eZ

⊤
i θ∗)−2}ZiZ

⊤
i ]∥ = eα

∗
N∥E{e2X⊤

i β∗
(2+eZ

⊤
i θ∗)(1+eZ

⊤
i θ∗)−2Zi

Z⊤
i }∥ = O(eα

∗
N ). Therefore, we finally have ∥Σ∗−1∥2maxk ∥E(Σ̂R,k)−Σ∗∥ =

O(eα
∗
N ). This completes the proof of (S1.2).

Step 3. We verify in this step that maxk ∥θ̂RMLE,k−θ∗∥ = op{
√
logK(n
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eα
∗
N )−1/2}. Since θ̂RMLE,k is the maximizer of LR,k(θ) and LR,k(θ) is a strictly

concave function for θ, we then have

P
(∥∥∥θ̂RMLE,k − θ∗

∥∥∥ > ε
)
≤ P

[
sup
∥u∥≤1

{
LR,k

(
θ∗ + uε

)
− LR,k

(
θ∗
)}

≥ 0

]

= P

[
sup
∥u∥≤1

{
L̇R,k

(
θ∗
)⊤

uε+ u⊤L̈R,k

(
θ∗
)
uε2 + Q̃R,kε

2
}
≥ 0

]
,

where Q̃R,k = u⊤{L̈R,k(θ̃R,k)−L̈R,k(θ
∗)}u and θ̃R,k = ηkθ̂US,k+(1−ηk)θ

∗ for

some 0 ≤ ηk ≤ 1. Note that L̈R,k(θ̃R,k)−L̈R,k(θ
∗) = −

∑N
i=1 a

(k)
i pi(θ̄R,k){1−

pi(θ̄R,k)}{1−2pi(θ̄R,k)}Z⊤
i (θ̃R,k−θ∗)ZiZ

⊤
i with θ̄R,k = η̄kθ̃US,k+(1−η̄k)θ

∗ for

some 0 ≤ η̄k ≤ 1. Consequently, we have |Q̃R,k| ≤ ∥L̈R,k(θ̃R,k)−L̈R,k(θ
∗)∥ ≤∑N

i=1 a
(k)
i exp(Z⊤

i θ̄R,k)∥Zi∥3∥θ̃R,k−θ∗∥. Since θ̄R,k = η̄kθ̃US,k+(1− η̄k)θ
∗, we

have exp(Z⊤
i θ̄R,k) ≤ exp(α∗

N+ε+X⊤
i β

∗+∥Xi∥ε). This suggest that |Q̃R,k| ≤

∆̃R,kε, where ∆̃R,k =
∑N

i=1 a
(k)
i exp(α∗

N+ε+X⊤
i β

∗+∥Xi∥ε)∥Zi∥3. Then, let

ε = CN/
√
neα

∗
N with CN > 0 and define λL = λmin{−L̈R,k(θ)/(ne

α∗
N )} > 0,

we obtain

P

(∥∥∥θ̂RMLE,k − θ∗
∥∥∥ >

CN√
neα

∗
N

)
≤ P

{∥∥∥∥∥L̇R,k

(
θ∗
)

√
neα

∗
N

∥∥∥∥∥− λLCN +
∆̃R,kC

2
N

(neα
∗
N )3/2

> 0

}

≤ P

(∥∥∥∥∥L̇R,k

(
θ∗
)

neα
∗
N

∥∥∥∥∥ >
λLCN

2
√
neα

∗
N

)
+ P

(
∆̃R,k

neα
∗
N
>

λL
√
neα

∗
N

2CN

)
. (S1.9)

We focus on these two part in (S1.9) separately. We first calculate the
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first part in (S1.9). By the similar arguments as in Step 2, we have

P

(∥∥∥∥∥L̇R,k

(
θ∗
)

neα
∗
N

∥∥∥∥∥ >
λLCN

2
√
neα

∗
N

)
≤ 2 exp

(
logN − CTailM

2
)

+2 exp

{
− λ2

LC
2
N/32

Mt +MλLCN/(12
√
neα

∗
N )

}
. (S1.10)

We next compute the second part in (S1.9). We also have

P

(
∆̃R,k

neα
∗
N
>

λL
√
neα

∗
N

2CN

)
≤ P

{
E

(
∆̃R,k

neα
∗
N

)
>

λL
√
neα

∗
N

4CN

}

P

{
∆̃R,k

neα
∗
N
− E

(
∆̃R,k

neα
∗
N

)
>

λL
√
neα

∗
N

4CN

}
. (S1.11)

For the first part in (S1.11), we have

P

{
∆̃R,k

neα
∗
N
− E

(
∆̃R,k

neα
∗
N

)
>

λL
√
neα

∗
N

4CN

}
≤ 2 exp

(
logN − CTailM

2
)

+2 exp

{
− n2e2α

∗
Nλ2

L/(128C
2
N)

Mt +MλL
√
neα

∗
N/(24CN)

}
. (S1.12)

Combining (S1.10)–(S1.12), we finally have

P

(
max

k

∥∥∥θ̂RMLE,k − θ∗
∥∥∥ >

CN√
neα

∗
N

)
≤

K∑
k=1

P

(∥∥∥θ̂RMLE,k − θ∗
∥∥∥ >

CN√
neα

∗
N

)

≤ 2 exp

{
logK − λ2

LC
2
N/32

Mt +MλLCN/(12
√
neα

∗
N )

}
(S1.13)

+2 exp

{
logK − n2e2α

∗
Nλ2

L/(128C
2
N)

Mt +MλL
√
neα

∗
N/(24CN)

}
(S1.14)

+KP

{
E

(
∆̃R,k

neα
∗
N

)
>

λL
√
neα

∗
N

4CN

}
+ 4 exp

(
logK + logN − CTailM

2
)
.

(S1.15)
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Let CN = 8
√
Mt logK/λL and M = max(Mε,

√
2 logN/CTail). Then we

have for the term in (S1.13) that 2 exp{logK−(Mt+MλLCN/12/
√
neα

∗
N )−1

λ2
LC

2
N/32} ≤ 2 exp[− logK{2Mt(Mt + 2

√
2Mt/CTail

√
logN

√
logK/

√
neα

∗
N

/3)}] → 0 as N → ∞ due to the theorem condition (C3). The term

in (S1.14) can be computed as 2 exp[logK − (128C2
N)

−1n2e2α
∗
Nλ2

L{Mt +

M
√
neα

∗
NλL/(24CN)}−1] ≤ exp[logK− (neα

∗
N )2λ4

L/64/ logK/Mt/128(Mt+

λ2
L/192

√
2/CTailMt

√
neα

∗
N logN/ logK)−1] → 0 by the theorem condition

(C3). For the first term in (S1.15), we have E{∆̃R,k(ne
α∗
N )−1} = E{exp(ε+

X⊤
i β

∗ + ∥Xi∥ε)∥Zi∥3} = E[exp{X⊤
i β

∗ + (1 + ∥Xi∥)CN/
√
neα

∗
N}∥Zi∥3] →

E{exp(X⊤
i β

∗)∥Zi∥3} since CN/
√
neα

∗
N → 0 as N → ∞. Further, we have

E{exp(X⊤
i β

∗)∥Zi∥3} < E(et∥Xi∥) with a sufficiently large but fixed constant

t due to (S.1) in the supplementary material of Wang (2020) and E(et∥Xi∥) ≤

Mt by Step 1. We then have KP [E{(neα∗
N )−1∆̃R,k} > λL

√
neα

∗
N/(4CN)] →

0 as N → ∞. For the second term in (S1.15), we have 4 exp
(
logK +

logN − CTailM
2
)
= 4 exp(logK − logN) = 4/n → 0 due to the theorem

condition (C2). This finishes the proof.

Step 4. We aim to show in this step that K−1
∑K

k=1 ∥θ̂RMLE,k− θ∗∥2 =

K−1
∑K

k=1 ∥(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)∥2{1+op(1)} = Op{(neα

∗
N )−1}. Here

recall E(Σ̂R,k) = E{eX⊤
i β∗

(1 + eZ
⊤
i θ∗)−2ZiZ

⊤
i }. Note that θ̂RMLE,k − θ∗ =

(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)+{Σ̂−1

R,k−E(Σ̂R,k)
−1}L̇R,k(θ

∗)/(neα
∗
N )+Σ̂−1

R,kΓR,k/
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(neα
∗
N ) by Taylor expansion. Consequently, we have K−1

∑K
k=1 ∥θ̂RMLE,k −

θ∗∥2 = K−1
∑K

k=1 ∥(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)∥2+K−1

∑K
k=1 ∥(neα

∗
N )−1{Σ̂−1

R,k

−E(Σ̂R,k)
−1}L̇R,k(θ

∗)∥2+K−1
∑K

k=1 ∥(neα
∗
N )−1Σ̂−1

R,kΓR,k∥2+2K−1
∑K

k=1 n
−2

e−2α∗
N L̇R,k(θ

∗)⊤E(Σ̂R,k)
−1{Σ̂−1

R,k−E(Σ̂R,k)
−1}L̇R,k(θ

∗)+2K−1
∑K

k=1 L̇R,k(θ
∗)⊤

(neα
∗
N )−2E(Σ̂R,k)

−1Σ̂−1
R,kΓR,k+2K−1

∑K
k=1 L̇R,k(θ

∗)⊤{Σ̂−1
R,k−E(Σ̂R,k)

−1}Σ̂−1
R,k

ΓR,k(ne
α∗
N )−2. By the Cauchy-Schwarz inequality, it suffices to compute

K−1
∑K

k=1 ∥(neα
∗
N )−1{Σ̂−1

R,k−E(Σ̂R,k)
−1}L̇R,k(θ

∗)∥2 andK−1
∑K

k=1 ∥(neα
∗
N )−1

Σ̂−1
R,kΓR,k∥2.

Step 4.1. We start with K−1
∑K

k=1 ∥(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)∥2.

Since K−1
∑K

k=1 ∥(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)∥2 > 0, We then calculate

E

{
K−1

K∑
k=1

∥∥∥(neα∗
N
)−1

E
(
Σ̂R,k

)−1L̇R,k

(
θ∗
)∥∥∥2} (S1.16)

=
(
neα

∗
N
)−2

K−1

K∑
k=1

tr
[
E
(
Σ̂R,k

)−1
E
{
L̇R,k

(
θ∗
)
L̇R,k

(
θ∗
)⊤}

E
(
Σ̂R,k

)−1
]
.

Recall L̇R,k(θ) =
∑N

i=1 a
(k)
i

{
Yi − pi(αN , β)

}
Zi, we have

(
neα

∗
N
)−1

E
{
L̇R,k

(
θ∗
)
L̇R,k

(
θ∗
)⊤}

=
(
neα

∗
N
)−1

NE
[
a
(k)
i

{
Yi − pi

(
α∗
N , β

∗)}2

ZiZ
⊤
i

]
=
(
Kneα

∗
N
)−1

NE

{
eα

∗
N+X⊤

i β∗(
1 + eα

∗
N+X⊤

i β∗)2ZiZ
⊤
i

}
= E

(
Σ̂R,k

)
.

Together with (S1), we can compute

E

{
K−1

K∑
k=1

∥∥∥(neα∗
N
)−1

E
(
Σ̂R,k

)−1

L̇R,k

(
θ∗
)∥∥∥2} =

(
neα

∗
N
)−1

tr

{
E
(
Σ̂R,k

)−1
}
.
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It is noteworthy that (1 + eα
∗
N+X⊤

i β∗
)−2eX

⊤
i β∗

ZiZ
⊤
i converges to eX

⊤
i β∗

ZiZ
⊤
i

almost surely as N → ∞ and (1 + eα
∗
N+X⊤

i β∗
)−2eX

⊤
i β∗∥Zi∥2 ≤ eX

⊤
i β∗∥Zi∥2.

Further, we have E(eX
⊤
i β∗∥Zi∥2) ≤ E{exp(t∥Xi∥)} ≤ Mt with sufficiently

large but fixed constant t by (S.1) in Wang (2020) and Step 1. Hence, we ob-

tain E{K−1
∑K

k=1 ∥(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)∥2} = (neα

∗
N )−1tr{E(Σ̂R,k)

−1}

= (neα
∗
N )−1tr(Σ∗−1){1 + o(1)} by the dominated convergence theorem.

Step 4.2. Next, we studyK−1
∑K

k=1 ∥{Σ̂
−1
R,k−E(Σ̂R,k)

−1}L̇R,k(θ
∗)(neα

∗
N

)−1∥2. We can compute thatK−1
∑K

k=1 ∥{Σ̂
−1
R,k−E(Σ̂R,k)

−1}L̇R,k(θ
∗)(neα

∗
N )−1

∥2 ≤ maxk ∥(neα
∗
N )−1L̇R,k(θ

∗)∥2maxk ∥Σ̂−1
R,k−E(Σ̂R,k)

−1∥2 = op{(neα
∗
N )−2 log2

K} = op{(neα
∗
N )−1} by (S1.1)–(S1.2) and theorem condition (C3). Lastly,

we studyK−1
∑K

k=1 ∥(neα
∗
N )−1Σ̂−1

R,kΓR,k∥2. We calculateK−1
∑K

k=1 ∥(neα
∗
N )−1

Σ̂−1
R,kΓR,k∥2 ≤ maxk ∥Σ̂−1

R,k∥2maxk ∥(neα
∗
N )−1ΓR,k∥2. As we have maxk ∥Σ̂−1

R,k∥2

≤ maxk ∥Σ̂−1
R,k − Σ∗−1∥2 + ∥Σ∗−1∥2 = Op(1) by (S1.2), we shall focus on

maxk ∥ΓR,k/(ne
α∗
N )∥2. Note that maxk ∥(neα

∗
N )−1ΓR,k∥2 ≤ maxk ∥(neα

∗
N )−1

ΓΩ
R,k∥2+maxk ∥(ΓR,k−ΓΩ

R,k)/(ne
α∗
N )∥2. One can verify that maxk ∥(neα

∗
N )−1

ΓΩ
R,k∥2 ≤ (p+ 1)maxj maxk{ΓΩ

R,k,j/(ne
α∗
N )}2. Further, we have maxk |ΓΩ

R,k,j

(neα
∗
N )−1| ≤ maxk ∥θ̂RMLE,k−θ∗∥2∥ΩR,j∥. It suffices to compute maxk ∥θ̂RMLE,k

− θ∗∥2 and ∥ΩR,j∥ separately. By Step 3, we have maxk ∥θ̂RMLE,k − θ∗∥2 =

op{logK/(neα
∗
N )}. By Step 1, we know ∥ΩR,j∥ ≤ ∥E(eX

⊤
i β∗

Zi,jZiZ
⊤
i )∥ ≤

E(eX
⊤
i β∗∥Zi∥3) ≤ Mt with a sufficiently large but fixed constant t. We
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then have maxk |ΓΩ
R,k,j(ne

α∗
N )−1| = op{logK/(neα

∗
N )}. This suggests that

maxk ∥ΓΩ
R,k/(ne

α∗
N )∥2 = op{log2K/(neα

∗
N )2} = op{1/(neα

∗
N )} by the theo-

rem condition (C3). By similar arguments, we have maxk ∥(neα
∗
N )−1(ΓR,k−

ΓΩ
R,k)∥2 = op{1/(neα

∗
N )}. Combining the above results, we obtainK−1

∑K
k=1

∥θ̂RMLE,k − θ∗∥2 = K−1
∑K

k=1 ∥(neα
∗
N )−1E(Σ̂R,k)

−1L̇R,k(θ
∗)∥2{1 + op(1)} =

Op{(neα
∗
N )−1}.

Step 5. We prove here
√
Neα

∗
NQR,1 →d N(0,Σ∗−1) as N → ∞. We

first compute the expectation of QR,1. Recall QR,1 = K−1
∑K

k=1 L̈R,k(θ
∗)−1

L̇R,k(θ
∗). It is obvious that E(QR,1) = E{L̈R,k(θ

∗)−1L̇R,k(θ
∗)}. Note that

the conditional expectation E(L̇R,k(θ
∗)|X,A) = 0, where A is the σ–field of

{a(k)i : 1 ≤ i ≤ N, 1 ≤ k ≤ K} and X is the σ–field of {Xi : 1 ≤ i ≤ N}. As

a result, we know that E{L̈R,k(θ
∗)−1L̇R,k(θ

∗)|X,A} = L̈R,k(θ
∗)−1E(L̇R,k(θ

∗)

|X,A) = 0. This leads to E(QR,1) = 0. We then compute the variance of

QR,1. We can calculate var(QR,1) = K−1var{L̈R,k(θ
∗)−1L̇R,k(θ

∗)}. We then

focus on var{L̈R,k(θ
∗)−1L̇R,k(θ

∗)}. Note that E{L̈R,k(θ
∗)−1L̇R,k(θ

∗)|X} =

E{L̈R,k(θ
∗)−1L̇R,k(θ

∗)|X,A} = 0. We then compute var{L̈R,k(θ
∗)−1L̇R,k(θ

∗)}

= E[var{L̈R,k(θ
∗)−1L̇R,k(θ

∗)|X}] = E[var{L̈R,k(θ
∗)−1L̇R,k(θ

∗)|X,A}|X]. Then,

we calculate that var(QR,1) = K−1E[var{L̈R,k(θ
∗)−1L̇R,k(θ

∗)|X,A}] = K−1E

[E{L̈R,k(θ
∗)−1L̇R,k(θ

∗)L̇R,k(θ
∗)⊤L̈R,k(θ

∗)−1|X,A}]. One can verifyE{L̇R,k(θ
∗)

L̇R,k(θ
∗)⊤|X,A} = L̈R,k(θ

∗)−1. Consequently, we compute that var(QR,1) =
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K−1E{L̈R,k(θ
∗)}−1 = (Kneα

∗
N )−1E{(neα∗

N )−1L̈R,k(θ
∗)}−1 = (Neα

∗
N )−1Σ∗−1

{1 + o(1)}. Then by the Central Limit Theorem (Schenker and Welsh,

1988), we have
√
Neα

∗
NQR,1 →d N(0,Σ∗−1) as N → ∞.

Step 6. We show here that QR,2 is a random bias term being of the

order K/(Neα
∗
N ) in the sense that Cmin ≤ E{∥B(θ∗)∥} ≤ Cmax for some

fixed positive constants Cmin and Cmax.

Step 6.1. We start with the upper bound of E{∥B(θ∗)∥}. Recall

that QR,2 = (neα
∗
N )−1B(θ∗) = (neα

∗
N )−1Σ∗−1K−1

∑K
k=1 Γ

Ω
R,k. We then have

∥B(θ∗)∥ ≤ λmax(Σ
∗−1)∥K−1

∑K
k=1 Γ

Ω
R,k∥. We further compute ΩR,j = E{(neα∗

N )−1∆∗
R,k,j} =

−E{eX⊤
i β∗

(1 − eZ
⊤
i θ∗)(1 + eZ

⊤
i θ∗)−3Zi,jZiZ

⊤
i }. Further, we have ∥ΩR,j∥ ≤

∥E(eX
⊤
i β∗

Zi,jZiZ
⊤
i )∥ ≤ E(eX

⊤
i β∗∥Zi∥3) ≤ E{exp(t∥Xi∥)}

≤ Mt with sufficiently large but fixed constant t by (S.1) in Wang (2020)

and Step 1. Therefore, we can calculate∥∥∥K−1

K∑
k=1

ΓΩ
R,k

∥∥∥ = neα
∗
N

[
K−1

K∑
k=1

p+1∑
j=1

{(
θ̂RMLE,k − θ∗

)⊤
ΩR,j

(
θ̂RMLE,k − θ∗

)}2
]−1/2

≤
√

p+ 1neα
∗
N max

j

∣∣∣K−1

K∑
k=1

(
θ̂RMLE,k − θ∗

)⊤
ΩR,j

(
θ̂RMLE,k − θ∗

)∣∣∣
≤
√

p+ 1Mt

(
neα

∗
NK−1

K∑
k=1

∥∥θ̂RMLE,k − θ∗
∥∥2) .

By Step 4, we have thatK−1
∑K

k=1 ∥θ̂RMLE,k−θ∗∥2 = K−1
∑K

k=1 ∥Σ∗−1L̇R,k(θ
∗)

∥2(neα∗
N )−1{1+op(1)} and E{K−1

∑K
k=1 ∥(neα

∗
N )−1Σ∗−1L̇R,k(θ

∗)∥2} = (neα
∗
N )−1

tr(Σ∗−1){1+ o(1)}. Then we define Cmax = 2
√
p+ 1Mttr(Σ

∗−1). This leads
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to E{∥B(θ∗)∥} ≤ Cmax.

Step 6.2. We next study the lower bound of E{∥B(θ∗)∥}. One can ver-

ify that E{∥B(θ∗)∥} ≥ λ−1
max(Σ

∗)E(∥K−1
∑K

k=1 Γ
Ω
R,k∥) andE(∥K−1

∑K
k=1 Γ

Ω
R,k

∥) = E[
∑p+1

j=1{K−1
∑K

k=1 ne
α∗
N (θ̂RMLE,k − θ∗)⊤ΩR,j(θ̂RMLE,k − θ∗)}2]−1/2 ≥

minj E{|K−1
∑K

k=1 ne
α∗
N (θ̂RMLE,k − θ∗)⊤ΩR,j(θ̂RMLE,k − θ∗)|}

√
p+ 1. Here

neα
∗
N (θ̂RMLE,k − θ∗)⊤ΩR,j(θ̂RMLE,k − θ∗) →d

∑
i κjiχ

2
i (1), where κji is the ith

eigenvalue of Σ∗1/2ΩR,jΣ
∗1/2 and χ2

i (1) stands for the ith Chi-square distri-

bution with one degree of freedom. Define Cmin =
√
p+ 1λ−1

max(Σ
∗)minj E{|

K−1
∑K

k=1 ne
α∗
N (θ̂RMLE,k−θ∗)⊤ΩR,j(θ̂RMLE,k−θ∗)|}/2. This leads to E{∥B(θ∗)

∥} ≥ Cmin. This accomplishes the proof.

Step 7. In this step, we demonstrate that QR,3 = op{(neα
∗
N )−1}. Recall

QR,3 = K−1
∑K

k=1(Σ̂
−1
R,k − Σ∗−1){Γ∗

R,k/(ne
α∗
N )}. We then have

∥∥∥QR,3

∥∥∥ ≤ 1

K

K∑
k=1

∥∥∥Σ̂−1
R,k − Σ∗−1

∥∥∥∥∥∥∥ Γ∗
R,k

neα
∗
N

∥∥∥∥ ≤ Q3aQ3b,

where QR,3a = maxk ∥Σ̂−1
R,k − Σ∗−1∥ and QR,3b = K−1

∑K
k=1 ∥Γ∗

R,k/(ne
α∗
N )∥.

By applying (S1.2), we have verifiedQR,3a = op(
√
logK/

√
neα

∗
N )+O(eα

∗
N ) =

op(1) by the theorem condition (C3) and (2.2). We then focus on QR,3b.

We have

QR,3b ≤
K∑
k=1

∥∥∥(Γ∗
R,k − ΓΩ

R,k

)
/
(
neα

∗
N
)∥∥∥/K +

K∑
k=1

∥∥∥ΓΩ
R,k/

(
neα

∗
N
)∥∥∥/K.

(S1.17)
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For the first part of (S1.17), we have K−1
∑K

k=1 ∥(Γ∗
R,k − ΓΩ

R,k)/(ne
α∗
N )∥ ≤

√
p+ 1maxj K

−1
∑K

k=1 |Γ∗
R,k,j − ΓΩ

R,k,j|/(neα
∗
N ). Consequently, it suffices to

compute K−1
∑K

k=1 |Γ∗
R,k,j − ΓΩ

R,k,j|/(neα
∗
N ). Note that K−1

∑K
k=1 |Γ∗

R,k,j −

ΓΩ
R,k,j|/(neα

∗
N ) ≤ maxk ∥∆∗

R,k,j(ne
α∗
N )−1−ΩR,j∥K−1

∑K
k=1 ∥θ̂RMLE,k−θ∗∥2 =

op(
√
logK/

√
neα

∗
N )Op{(neα

∗
N )−1} = op{(neα

∗
N )−1} by (S1.3), the theorem

condition (C3) and Step 4. For the second part of (S1.17), we have K−1

∑K
k=1 ∥ΓΩ

R,k/(ne
α∗
N )∥ ≤ ∥ΩR,j∥K−1

∑K
k=1 ∥θ̂RMLE,k−θ∗∥2 ≤ Op{(neα

∗
N )−1}Mt

= Op{(neα
∗
N )−1} by Step 4. Here ∥ΩR,j∥ ≤ ∥E(eX

⊤
i β∗

Zi,jZiZ
⊤
i )∥ ≤ E(eX

⊤
i β∗

∥Zi∥3) ≤ E{exp(t∥Xi∥)} ≤ Mt with sufficiently large but fixed constant t

by (S.1) inWang (2020) and Step 1. Therefore, we haveQ3b = Op{(neα
∗
N )−1}.

This finally leads to QR,3 = op{(neα
∗
N )−1}.

Step 8. Lastly, we show in this step that QR,4 = op
{
(neα

∗
N )−1

}
. Re-

call QR,4 = K−1
∑K

k=1 Σ̂
−1
R,k{(ΓR,k −Γ∗

R,k)/(ne
α∗
N )}. We then have ∥QR,4∥ ≤

Q4aQ4b, where QR,4a = maxk ∥Σ̂−1
R,k∥ and QR,4b = K−1

∑K
k=1 ∥(ΓR,k − Γ∗

R,k)

(neα
∗
N )−1∥. Note that QR,4a = maxk ∥Σ̂−1

R,k∥ ≤ maxk ∥Σ̂−1
R,k − Σ∗−1∥ +

∥Σ∗−1∥ = Op(1) by (S1.2). We then focus on QR,4b. Since we have QR,4b ≤
√
p+ 1maxj K

−1
∑K

k=1 |ΓR,k,j−Γ∗
R,k,j|/(neα

∗
N ), it suffices to compute

∑K
k=1

K−1|ΓR,k,j − Γ∗
R,k,j|/(neα

∗
N ). Note that K−1

∑K
k=1 |ΓR,k,j − Γ∗

R,k,j|/(neα
∗
N ) ≤

maxk(ne
α∗
N )−1∥∆R,k,j−∆∗

R,k,j∥K−1
∑K

k=1 ∥θ̂RMLE,k−θ∗∥2. Further, we have

maxk(ne
α∗
N )−1∥∆R,k,j−∆∗

R,k,j∥ ≤ maxk(ne
α∗
N )−1∥∆R,k,j−E(∆R,k,j)∥+∥(neα∗

N )−1
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E(∆R,k,j)−ΩR,j∥+maxk ∥(neα
∗
N )−1∆∗

R,k,j−ΩR,j∥ = op(1) by (S1.3) and the

definition of ∆R,k,j. In the meanwhile, we have K−1
∑K

k=1 ∥θ̂RMLE,k−θ∗∥2 =

Op{(neα
∗
N )−1} by Step 4. This leads to QR,4 = op

{
(neα

∗
N )−1

}
. We next

prove thatQR,5 = op
{
(neα

∗
N )−1

}
. Recall thatQR,5 = (neα

∗
N )−1Σ∗−1K−1

∑K
k=1

(Γ∗
R,k − ΓΩ

R,k). We have verified that K−1
∑K

k=1 ∥(Γ∗
R,k − ΓΩ

R,k)/(ne
α∗
N )∥ =

op{(neα
∗
N )−1} in Step 7. Then we have ∥QR,5∥ ≤ ∥Σ∗−1∥K−1

∑K
k=1 ∥(Γ∗

R,k−

ΓΩ
R,k)/(ne

α∗
N )∥ = op{(neα

∗
N )−1}. This completes the entire theorem proof.

S2 Proof of Theorem 2

Define θ̃∗ = θ∗ + ♭, where ♭ =
(
logK, 0, · · · , 0

)
∈ Rp+1. For each θ̂US,k(1 ≤

k ≤ K), we apply the Taylor expansion and have

L̇US,k

(
θ̂US,k

)
= L̇US,k

(
θ̃US,k

)
+ L̈US,k

(
θ̃US,k

)(
θ̂US,k − θ̃∗

)
,

where ΓUS,k = (ΓUS,k,j) ∈ Rp+1, ΓUS,k,j = (θ̂US,k − θ̃∗)⊤∆US,k,j(θ̂US,k −

θ̃∗), ∆US,k,j =
(
∆

(j1j2)
US,k,j

)
∈ R(p+1)×(p+1) for 1 ≤ j ≤ p + 1, ∆

(j1j2)
US,k,j =

∂2L̇US,k,j(θ)/∂θj1∂θj2|θ=θ̃US,k
for 1 ≤ j1, j2 ≤ p+ 1, L̇US,k,j(θ) is the jth ele-

ment of L̇US,k(θ), and θ̃US,k = ηkθ̂US,k+(1−ηk)θ̃
∗ for some 0 ≤ ηk ≤ 1. In the

meanwhile, we define Γ∗
US,k = (Γ∗

US,k,j), Γ
∗
US,k,j = (θ̂US,k−θ∗)⊤∆∗

US,k,j(θ̂US,k−

θ∗) and ∆∗
US,k,j = ∂2L̇US,k,j(θ)/∂θj1∂θj2|θ=θ∗ . We also define ΓΩ

US,k = (ΓΩ
US,k,j)

∈ Rp+1 with 1 ≤ j ≤ p + 1, ΓΩ
US,k,j = neα

∗
N (θ̂US,k − θ∗)⊤ΩUS,j(θ̂US,k − θ∗)
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and ΩUS,j = E{∆∗
US,k,j/(ne

α∗
N )}. More specifically, by definition we have

LUS,k(θ) =
∑N

i=1

{
YiZ

⊤
i θ −

(
a
(k)
i + Yi − a

(k)
i Yi

)
log
(
1 + eZ

⊤
i θ
)}

. Thus, we

have L̇US,k(θ) =
∑N

i=1

{
Yi − (a

(k)
i + Yi − a

(k)
i Yi)pi(αN , β)

}
Zi, L̈US,k(θ) =

−
∑N

i=1

(
a
(k)
i + Yi − a

(k)
i Yi

)
pi(αN , β)

{
1 − pi(αN , β)

}
ZiZ

⊤
i . and ∆US,k,j =

−
∑N

i=1(a
(k)
i +Yi−a

(k)
i Yi)pi(αN , β){1−pi(αN , β)}{1−2pi(αN , β)}Zi,jZiZ

⊤
i ,

respectively. Then, we have

θ̂US,k − θ̃∗ = −
{
L̈US,k

(
θ̃∗
)}−1

L̇US,k

(
θ̃∗
)
− 1

2

{
L̈US,k(θ̃

∗)
}−1

ΓUS,k.

Subsequently, we should decompose the US estimator into a total of six

different terms as follows

θ̂US − θ∗ = QUS,1 +QUS,2 +QUS,3/2 +QUS,4/2 +QUS,5/2 +QUS,6/2,

where QUS,1 = K−1Σ∗−1
2

∑K
k=1 L̇US,k(θ̃

∗)/(Neα
∗
N ), QUS,2 = K−1

∑K
k=1(Σ̂

−1
US,k

−Σ∗−1
2 )(Neα

∗
N )−1L̇US,k

(
θ̃∗
)
, QUS,3 = K−1

∑K
k=1Σ

∗−1
2 {ΓΩ

US,k/(Neα
∗
N )}, QUS,4

= K−1
∑K

k=1(Σ̂
−1
US,k−Σ∗−1

2 ){Γ∗
US,k/(Neα

∗
N )}, QUS,5 = K−1

∑K
k=1 Σ̂

−1
US,k{(ΓUS,k

−Γ∗
US,k)/(Neα

∗
N )}, QUS,6 = K−1

∑K
k=1Σ

∗−1
2 {(Γ∗

US,k−ΓΩ
US,k)/(Neα

∗
N )}, Σ̂US,k

= −L̈US,k

(
θ∗
)
/(Neα

∗
N ) and Σ∗

2 = E
{
eX

⊤
i β∗

(1 + γeX
⊤
i β∗

)−1ZiZ
⊤
i

}
with γ =

limN→∞Keα
∗
N . We would investigate the asymptotic property of the US es-

timator in the following two steps. In the 1st step, we show that
√
Neα

∗
NQUS,1

→d N
(
0,Σ∗−1

2 Σ∗
1Σ

∗−1
2

)
asN → ∞, where Σ∗

1 = E
{(

1+γeX
⊤
i β∗)−2

eX
⊤
i β∗

ZiZ
⊤
i

}
.

In the 2nd step, we demonstrate that QUS,2 = op{(Neα
∗
N )−1/2}. The techni-
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cal details for computing QUS,3–QUS,6 are very similar with those of QR,3–

QR,6. We thus provide the proof details for QUS,1 and QUS,2 only. The

proofs for QUS,3–QUS,6 are omitted to save space.

Step 1. In this step, we verify
√
Neα

∗
NQUS,1 →d N

(
0,Σ∗−1

2 Σ∗
1Σ

∗−1
2

)
as

N → ∞. To this end, we calculate the mean and covariance of (Neα
∗
N )−1/2K−1

∑K
k=1 L̇US,k

(
θ̃∗
)
, respectively. We start with E

{(
Neα

∗
N

)−1/2
K−1

∑K
k=1 L̇US,k(

θ̃∗
)}

. Recall L̇US,k(θ) =
∑N

i=1

{
Yi − (a

(k)
i + Yi − a

(k)
i Yi)pi(αN , β)

}
Zi and∑K

k=1 a
(k)
i = 1. We then have (Neα

∗
N )−1/2K−1

∑K
k=1 L̇US,k

(
θ̃∗
)
= (Neα

∗
N )−1/2

∑N
i=1

{
Yi − (K−1 + Yi −K−1Yi)pi(αN , β)

}
Zi. Furthermore, since we have

E
[{

Yi −
(
K−1 + Yi −K−1Yi

)
pi(α

∗
N + logK, β∗)

}]
= E

[
E
{
Yi

(
1− pi

(
α∗
N + logK, β∗))−K−1

(
1− Yi

)
pi
(
α∗
N + logK, β∗)∣∣Zi

}]
= E

[
pi
(
α∗
N , β

∗){1− pi
(
α∗
N + logK, β∗)}]

−E
[
K−1

{
1− pi

(
α∗
N , β

∗)}pi(α∗
N + logK, β∗)]

= E

[{
1− pi

(
α∗
N + logK, β∗)}{1− pi

(
α∗
N , β

)}
{

pi(α
∗
N , β

∗)

1− pi(α∗
N , β

∗)
− pi(α

∗
N + logK, β∗)/K

1− pi(α∗
N + logK, β∗)

}]
= 0.

The last equality is because pi(α
∗
N , β

∗)/{1−pi(α
∗
N , β

∗)} = eZ
⊤
i θ∗ and pi(α

∗
N+

logK, β∗){1 − pi(α
∗
N + logK, β∗)}−1 = eZ

⊤
i θ∗+logK . Hence, we calculate

E{(Neα
∗
N )−1/2K−1

∑K
k=1 L̇US,k(θ̃

∗)g} = 0.
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Next, we compute the covariance of (Neα
∗
N )−1/2K−1

∑K
k=1 L̇US,k

(
θ̃∗
)
as

cov
{(

Neα
∗
N
)−1/2

K−1

K∑
k=1

L̇US,k

(
θ̃∗
)}

= e−α∗
N cov

[{
Yi

(
1− pi

(
α∗
N + logK, β∗)

)
−K−1

(
1− Yi

)
pi
(
α∗
N + logK, β∗)}Zi

]
= e−α∗

NE
[{

Yi

(
1− pi

(
αN + logK, β∗)

)2
+K−2

(
1− Yi

)
p2i
(
α∗
N + logK, β∗)}ZiZ

⊤
i

]
= e−α∗

NE
[
pi
(
α∗
N , β

∗){1− pi
(
α∗
N + logK, β∗)}2ZiZ

⊤
i

+K−2
{
1− pi

(
α∗
N , β

∗)}p2i (α∗
N + logK, β∗)ZiZ

⊤
i

]
= e−α∗

NE
[{

pi
(
α∗
N , β

∗){1− pi
(
α∗
N + logK, β∗)}2{1− pi

(
α∗
N , β

∗)}−1
ZiZ

⊤
i

]
= E

{
eX

⊤
i β∗(

1 + eX
⊤
i β∗+α∗

N+logK
)2ZiZ

⊤
i

}
.

One can verify that
(
1 + eX

⊤
i β∗+α∗

N+logK
)−2

eX
⊤
i β∗

ZiZ
⊤
i converges to

(
1 +

γeX
⊤
i β∗)−2

eX
⊤
i β∗

ZiZ
⊤
i almost surely as N → ∞, and

(
1+eX

⊤
i β∗+α∗

N+logK
)−2

eX
⊤
i β∗∥Zi∥2 ≤ eX

⊤
i β∗∥Zi∥2. Here E

(
eX

⊤
i β∗∥Zi∥2

)
≤ Mt with sufficiently

large but fixed constant t by (S.1) in Wang (2020) and Step 1 in S1. Then

by the dominated convergence theorem (Royden and Fitzpatrick, 1988), we

have

cov

{
1

K
√
Neα

∗
N

K∑
k=1

L̇US,k

(
θ̃∗
)}

= E

{
eX

⊤
i β∗(

1 + eX
⊤
i β∗+α∗

N+logK
)2ZiZ

⊤
i

}
= Σ∗

1

{
1 + o(1)

}
,

where Σ∗
1 = E{eX⊤

i β∗
(1 + γeX

⊤
i β∗

)−2ZiZ
⊤
i }.
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Lastly, we check the Lindeberg-Feller condition (Van der Vaart, 2000).

Recall L̇US,k(θ) =
∑N

i=1

{
Yi− (a

(k)
i +Yi−a

(k)
i Yi)pi(αN , β)

}
Zi and

∑
k a

(k)
i =

1. We then have K−1
∑K

k=1 L̇US,k

(
θ̃∗
)
=
∑N

i=1

{
Yi − (K−1

∑K
k=1 a

(k)
i + Yi −

K−1
∑K

k=1 a
(k)
i Yi)pi(αN , β)

}
Zi =

∑N
i=1

{
Yi −

(
K−1 + Yi − K−1Yi

)
pi
(
α∗
N +

logK, β∗)}Zi. Then for any ε > 0, we have

N∑
i=1

E
[∥∥∥{Yi −

(
K−1 + Yi −K−1Yi

)
pi
(
θ̃∗
)}

Zi

∥∥∥2
I
(∥∥{Yi −

(
K−1 + Yi −K−1Yi

)
pi
(
θ̃∗
)}

Zi

∥∥ >
√
Neα

∗
Nε
)]

= NE
[
pi
(
θ∗
)∥∥∥{1− pi

(
θ̃∗
)}

Zi

∥∥∥2I(∥∥{1− pi
(
θ̃∗
)}

Zi

∥∥ >
√
Neα

∗
Nε
)]

+NE
[{

1− pi
(
θ∗
)}∥∥∥K−1pi

(
θ̃∗
)
Zi

∥∥∥2I(∥∥K−1pi
(
θ̃∗
)
Zi

∥∥ >
√
Neα

∗
Nε
)]

≤ NE
{
pi
(
θ∗
)
∥Zi∥2I

(
∥Zi∥ >

√
Neα

∗
Nε
)}

+Ne2α
∗
NE
[ ∥∥∥eX⊤

i β∗
Zi

∥∥∥2 I(∥∥Zi

∥∥ >
√
Neα

∗
Nε
)]

≤ Neα
∗
NE
{
eX

⊤
i β∗∥∥Zi

∥∥2I (∥∥Zi

∥∥ >
√
Neα

∗
Nε
)}

+Ne2α
∗
NE
{
e2X

⊤
i β∗∥∥Zi

∥∥2I(∥∥Zi

∥∥ >
√
Neα

∗
Nε
)}

= o
(
Neα

∗
N

)
.

The last step is because of the dominated convergence theorem (Royden

and Fitzpatrick, 1988). Therefore, by applying the Lindeberg Feller Central

Limit Theorem (Van der Vaart, 2000), we accomplish the proof of Step 1.

Step 2. Recall QUS,2 = K−1
∑K

k=1(Σ̂
−1
US,k − Σ∗−1

2 )L̇US,k

(
θ̃∗
)
/(Neα

∗
N ).

We prove here QUS,2 = op{(Neα
∗
N )−1/2}. We have ∥QUS,2∥ ≤ Q2aQ2b, where

Q2a = maxk ∥Σ̂−1
US,k −Σ∗−1

2 ∥ and Q2b = K−1
∑K

k=1 ∥L̇US,k

(
θ̃∗
)
/(Neα

∗
N )∥. By
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the similar arguments used by (S1.2), we have Q2a = op(1). We then focus

on proving Q2b = Op{(Neα
∗
N )−1/2}. By Jensen’s inequality, we have {K−1

∑K
k=1 ∥(Neα

∗
N )−1L̇US,k

(
θ̃∗
)
∥}2 ≤ K−1

∑K
k=1 ∥(Neα

∗
N )−1L̇US,k

(
θ̃∗
)
∥2. More-

over, it is obvious that K−1
∑K

k=1 ∥(Neα
∗
N )−1L̇US,k

(
θ̃∗
)
∥2 ≥ 0. Then, it

suffices to calculate E{K−1
∑K

k=1 ∥(Neα
∗
N )−1L̇US,k

(
θ̃∗
)
∥2}. We have

E

{
K−1

K∑
k=1

∥∥∥(Neα
∗
N
)−1L̇US,k

(
θ̃∗
)∥∥∥2}

= K−1

K∑
k=1

tr

[
E
{(

Neα
∗
N
)−2L̇US,k

(
θ̃∗
)
L̇US,k

(
θ̃∗
)⊤}]

. (S2.18)

Furthermore, we have

E
{(

Neα
∗
N
)−2L̇US,k

(
θ̃∗
)
L̇US,k

(
θ̃∗
)⊤}

= cov
{(

Neα
∗
N
)−1L̇US,k

(
θ̃∗
)}

= N−1e−2α∗
N cov

[{
Yi

(
1− pi

(
α∗
N + logK, β∗))

−a
(k)
i

(
1− Yi

)
pi
(
α∗
N + logK, β∗)}Zi

]
= N−1e−2α∗

NE
[{

Yi

(
1− pi

(
α∗
N + logK, β∗))2

+a
(k)
i

(
1− Yi

)
p2i
(
α∗
N + logK, β∗)}ZiZ

⊤
i

]

= N−1e−2α∗
NE
[{

pi
(
α∗
N , β

∗)(1− pi
(
α∗
N + logK, β∗))2

+K−1
(
1− pi

(
α∗
N , β

∗))p2i (α∗
N + logK, β∗)}ZiZ

⊤
i

]
=
(
Neα

∗
N
)−1

E

{
eX

⊤
i β∗

(1 + eX
⊤
i β∗+α∗

N )(1 + eX
⊤
i β∗+α∗

N+logK)
ZiZ

⊤
i

}
. (S2.19)
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Combining (S2.18) and (S2.19), we have

E

{
K−1

K∑
k=1

∥∥∥(Neα
∗
N
)−1L̇US,k

(
θ̃∗
)∥∥∥2}

=
(
Neα

∗
N
)−1

E

{
eX

⊤
i β∗

(1 + eX
⊤
i β∗+α∗

N )(1 + eX
⊤
i β∗+α∗

N+logK)

∥∥Zi

∥∥2} .

Note that (1 + eX
⊤
i β∗+α∗

N )−1(1 + eX
⊤
i β∗+α∗

N+logK)−1eX
⊤
i β∗∥Zi∥2 converges to

(1+γeX
⊤
i β∗

)−1eX
⊤
i β∗∥Zi∥2 almost surely asN → ∞, and (1+eX

⊤
i β∗+α∗

N+logK)−1

(1 + eX
⊤
i β∗+α∗

N )−1eX
⊤
i β∗∥Zi∥2 ≤ eX

⊤
i β∗∥Zi∥2. Here E

(
eX

⊤
i β∗∥Zi∥2

)
≤ Mt

with sufficiently large but fixed constant t by (S.1) in Wang (2020) and Step

1 in S1. Thus, from the dominated convergence theorem (Royden and Fitz-

patrick, 1988), the last equality holds. We then obtainK−1
∑K

k=1 ∥(Neα
∗
N )−1

L̇US,k

(
θ̃∗
)
∥2 = Op{(Neα

∗
N )−1}. This suggests that Q2b = Op{(Neα

∗
N )−1/2}.

This finally leads to QUS,2 = op{(Neα
∗
N )−1/2}.

In addition, to demonstrate that θ̂US is less efficient, we need to prove

Σ∗−1
2 Σ1Σ

∗−1
2 − Σ∗−1 is semi-positive definite. Denote g =

√
eX

⊤
i β∗

Σ∗−1Zi −

(1+γeX
⊤
i β∗

)−1
√
eX

⊤
i β∗

Σ∗−1
2 Zi. Subsequently, we have E

(
gg⊤

)
= Σ∗−1E(eX

⊤
i β∗

ZiZ
⊤
i )Σ

∗−1+Σ∗−1
2 E

{
(1+ γeX

⊤
i β∗

)−2eX
⊤
i β∗

ZiZ
⊤
i

}
Σ∗−1

2 − 2Σ∗−1
2 E

{
eX

⊤
i β∗

(1+

γeX
⊤
i β∗

)−1ZiZ
⊤
i

}
Σ∗−1 = Σ∗−1Σ∗Σ∗−1+Σ∗−1

2 Σ∗
1Σ

∗−1
2 −2Σ∗−1

2 Σ∗
2Σ

∗−1 = Σ∗−1
2 Σ1

Σ∗−1
2 − Σ∗−1. Since E

(
gg⊤

)
is semi-positive definite, we then verify that

Σ∗−1
2 Σ1Σ

∗−1
2 − Σ∗−1 is semi-positive definite.
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S3 Proof of Theorem 3

For each θ̂IPW,k (1 ≤ k ≤ K), we apply the Taylor expansion and have

L̇IPW,k

(
θ̂IPW,k

)
= L̇IPW,k

(
θ∗
)
+ L̈IPW,k

(
θ∗
)(

θ̂IPW,k − θ∗
)
+

1

2
ΓIPW,k,

where ΓIPW,k =
(
ΓIPW,k,j

)
∈ Rp+1, ΓIPW,k,j = (θ̂IPW,k−θ∗)⊤∆IPW,k,j(θ̂IPW,k−

θ∗) ∆IPW,k,j =
(
∆

(j1j2)
IPW,k,j

)
∈ R(p+1)×(p+1) for 1 ≤ j ≤ p + 1, ∆

(j1j2)
IPW,k,j =

∂2L̇IPW,k,j(θ)/∂θj1∂θj2|θ=θ̃k
for 1 ≤ j1, j2 ≤ p + 1, L̇IPW,k,j(θ) is the j

th element of L̇IPW,k(θ), and θ̃k = ηkθ̂IPW,k + (1 − ηk)θ
∗ for some 0 ≤

ηk ≤ 1. In addition, we define Γ∗
IPW,k = (Γ∗

IPW,k,j), Γ
∗
IPW,k,j = (θ̂IPW,k −

θ∗)⊤∆∗
IPW,k,j(θ̂IPW,k − θ∗) and ∆∗

IPW,k,j = ∂2L̇IPW,k,j(θ)/∂θj1∂θj2|θ=θ∗ . We

also define ΓΩ
IPW,k = (ΓΩ

IPW,k,j) ∈ Rp+1 with 1 ≤ j ≤ p + 1, ΓΩ
IPW,k,j =

neα
∗
N (θ̂IPW,k − θ∗)⊤ΩIPW,j(θ̂IPW,k − θ∗) and ΩIPW,j = E{∆∗

IPW,k,j/(ne
α∗
N )}.

More specifically, by definition we have LIPW,k(θ) =
∑N

i=1

{
YiZ

⊤
i θ−

(
a
(k)
i K−

a
(k)
i YiK+Yi

)
log(1+eZ

⊤
i θ)
}
, Thus, we have L̇IPW,k(θ) =

∑N
i=1

{
Yi−

(
a
(k)
i K+

Yi−a
(k)
i YiK

)
pi(αN , β)

}
Zi, L̈IPW,k(θ) = −

∑N
i=1(a

(k)
i K+Yi−a

(k)
i YiK)pi(αN , β){

1−pi(αN , β)
}
ZiZ

⊤
i , and ∆IPW,k,j = −

∑N
i=1

(
a
(k)
i K+Yi−a

(k)
i YiK

)
pi(αN , β)

{1− pi(αN , β)
}{

1− 2pi(αN , β)
}
Zi,jZiZ

⊤
i , respectively. Then, we have

θ̂IPW,k − θ∗ = −
{
L̈IPW,k

(
θ∗
)}−1

L̇IPW,k

(
θ∗
)
− 1

2

{
L̈IPW,k(θ

∗)
}−1

ΓIPW,k.

Subsequently, we should decompose the IPW estimator into a total of
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six different terms as follows

θ̂IPW − θ∗ = QIPW,1 +QIPW,2 +QIPW,3/2 +QIPW,4/2 +QIPW,5/2 +QIPW,6/2,

whereQIPW,1 = K−1Σ∗−1
∑K

k=1 L̇IPW,k(θ
∗)/(Neα

∗
N ), QIPW,2 = (Neα

∗
N )−1K−1

∑K
k=1(Σ̂

−1
IPW,k−Σ∗−1)L̇IPW,k

(
θ∗
)
, QIPW,3 = K−1

∑K
k=1 Σ

∗−1{ΓΩ
IPW,k/(Neα

∗
N )},

QIPW,4 = K−1
∑K

k=1(Σ̂
−1
IPW,k − Σ∗−1){Γ∗

IPW,k/(Neα
∗
N )}, QIPW,5 = (Neα

∗
N )−1

K−1
∑K

k=1 Σ̂
−1
IPW,k(ΓIPW,k − Γ∗

IPW,k), QIPW,6 = K−1
∑K

k=1 Σ
∗−1{(Γ∗

IPW,k −

ΓΩ
IPW,k)/(Neα

∗
N )} and Σ̂IPW,k = −(Neα

∗
N )−1L̈IPW,k

(
θ∗
)
. We would investi-

gate the asymptotic property of the US estimator in the following two steps.

In the 1st step, we show that
√
Neα

∗
NQIPW,1 →d N

(
0,Σ∗−1

)
as N → ∞.

In the 2nd step, we demonstrate that QIPW,2 = op{(Neα
∗
N )−1/2}. The tech-

nical details for computing QIPW,3–QIPW,6 are very similar with those of

QR,3–QR,6. We thus provide the proof details for QIPW,1 and QIPW,2 only.

The proofs for QIPW,3–QIPW,6 are omitted to save space.

Step 1. Note that
∑K

k=1 a
(k)
i = 1 for 1 ≤ i ≤ N , we have

K∑
k=1

L̇IPW,k

(
θ∗
)
=

N∑
i=1

{
KYi −

(
K +KYi −KYi

)
pi
(
αN , β

)}
Zi = KL̇

(
θ∗
)
.

Consequently, we have QIPW,1 = (Neα
∗
N )−1Σ∗−1L̇

(
θ∗
)
. According to Theo-

rem 1 in Wang (2020), we know that
(
Neα

∗
N

)−1/2L̇
(
θ∗
)
→d N

(
0,Σ∗) when

N → ∞, where Σ∗ = E
(
eX

⊤
i β∗

ZiZ
⊤
i

)
. This suggests that

(
Neα

∗
N

)−1/2
Σ∗−1

L̇
(
θ∗
)
→d N

(
0,Σ∗−1

)
when N → ∞.
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Step 2. We prove in this step QIPW,2 = op{(Neα
∗
N )−1/2}. Recall

QIPW,2 = K−1
∑K

k=1(Σ̂
−1
IPW,k − Σ∗−1)L̇IPW,k

(
θ∗
)
/(Neα

∗
N ). Consequently, we

have ∥QIPW,2∥ ≤ Q̃2aQ̃2b, where Q̃2a = maxk ∥Σ̂−1
IPW,k − Σ∗−1∥ and Q̃2b =

K−1
∑K

k=1 ∥L̇IPW,k

(
θ∗
)
/(Neα

∗
N )∥. By the similar arguments used by (S1.2),

we have Q̃2a = op(1). We then focus on proving Q̃2b = Op{(Neα
∗
N )−1/2}. We

have {K−1
∑K

k=1 ∥(Neα
∗
N )−1L̇IPW,k

(
θ∗
)
∥}2 ≤ (Neα

∗
N )−1

∑K
k=1 ∥L̇IPW,k

(
θ∗
)
∥2

K−1 by Jensen’s inequality. Moreover, we know that K−1
∑K

k=1 ∥(Neα
∗
N )−1

L̇IPW,k

(
θ∗
)
∥2 ≥ 0. Then, it is sufficient to compute E{K−1

∑K
k=1 ∥(Neα

∗
N )−1

L̇IPW,k

(
θ∗
)
∥2}. We have

E

{
K−1

K∑
k=1

∥∥∥(Neα
∗
N
)−1L̇IPW,k

(
θ∗
)∥∥∥2}

= K−1

K∑
k=1

tr

[
E
{(

Neα
∗
N
)−2L̇IPW,k

(
θ∗
)
L̇IPW,k

(
θ∗
)⊤}]

. (S3.20)

Furthermore, we have

E
{(

Neα
∗
N
)−1L̇IPW,k

(
θ∗
)
L̇IPW,k

(
θ∗
)⊤}

= cov
{(

Neα
∗
N
)−1/2L̇IPW,k

(
θ∗
)}

=
(
Neα

∗
N
)−1

Ncov
[{

Yi

(
1− pi

(
α∗
N , β

∗))− a
(k)
i

(
1− Yi

)
pi
(
α∗
N , β

∗)K}Zi

]
= e−α∗

NE
[{

Yi

(
1− pi

(
α∗
N , β

∗))2 + a
(k)
i

(
1− Yi

)
p2i
(
α∗
N , β

∗)K2
}
ZiZ

⊤
i

]

= e−α∗
NE
[
pi
(
α∗
N , β

∗){1− pi
(
α∗
N , β

∗)}{1− pi
(
α∗
N , β

∗)+Kpi
(
α∗
N , β

∗)}ZiZ
⊤
i

]
= E

{
1 + eX

⊤
i β∗+α∗

N+logK(
1 + eX

⊤
i β∗+α∗

N

)3 eX
⊤
i β∗

ZiZ
⊤
i

}
. (S3.21)
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Combining (S3.20) and (S3.21), we have

E

{
K−1

K∑
k=1

∥∥∥(Neα
∗
N
)−1L̇IPW,k

(
θ∗
)∥∥∥2}

=
(
Neα

∗
N
)−1

tr

[
E

{
1 + eX

⊤
i β∗+α∗

N+logK(
1 + eX

⊤
i β∗+α∗

N

)3 eX
⊤
i β∗

ZiZ
⊤
i

}]

=
(
Neα

∗
N
)−1

E
{(

1 + γeX
⊤
i β∗)

eX
⊤
i β∗∥∥Zi

∥∥2}{1 + o(1)
}
.

One can verify that (1 + eX
⊤
i β∗+α∗

N+logK)(1 + eX
⊤
i β∗+α∗

N )−3eX
⊤
i β∗∥Zi∥2 con-

verges to (1 + γeX
⊤
i β∗

)eX
⊤
i β∗∥Zi∥2 almost surely as N → ∞, and (1 +

eX
⊤
i β∗+α∗

N+logK)(1+eX
⊤
i β∗+α∗

N )−3eX
⊤
i β∗∥Zi∥2 ≤

(
1+γeX

⊤
i β∗

)eX
⊤
i β∗∥Zi∥2 with

E
{(

1 + γeX
⊤
i β∗)

eX
⊤
i β∗∥Zi∥2

}
< ∞. Here E

(
eX

⊤
i β∗∥Zi∥2

)
≤ Mt with suffi-

ciently large but fixed constant t by (S.1) in Wang (2020) and Step 1 in S1.

Thus, from the dominated convergence theorem (Royden and Fitzpatrick,

1988), the last equality holds. We then obtain (Neα
∗
N )−1

∑K
k=1 ∥L̇IPW,k

(
θ∗
)
∥2

K−1 = Op{(Neα
∗
N )−1}. This suggests that Q̃2b = Op{(Neα

∗
N )−1/2}. This

finally leads to QIPW,2 = op{(Neα
∗
N )−1/2}.
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