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In this supplement, we provide technical proofs for all the theoretical results, as well as an

estimation procedure for κ.

S1 Appendix A: notations and necessary lemmas

Throughout the appendices, we use c to denote a generic positive constant

whose value may vary according to context. For two nonnegative sequences

an and bn, an . bn means there exists a positive constant c such that

an ≤ cbn when n is sufficiently large, and an .P bn means there exist

positive constants c1, c2 such that Pr(an ≥ c1bn) ≤ c2n
−1 for n large enough.

With slight abuse of notations, we rewrite θ = (α>,β>, βn)> with

θ2n = βn = 0, and define ∂2l(θ;κ)/∂αi∂βn = l′′in(αi + βn;κi) for i ∈ [n− 1]



Haoran Zhang and Junhui Wang

and ∂2l(θ;κ)/∂αn∂βn = 0. Further define

∂l(θ;κ)

∂βn
=

n−1∑
i=1

l′in(αi + βn;κi) and
∂2l(θ;κ)

∂β2
n

=
n−1∑
i=1

l′′in(αi + βn;κi).

Similarly, θ̌, θ̂ and θ∗ are all augmented with an additional 0 entry, and the

corresponding partial derivatives of l(θ̌;κ), l(θ̂;κ) and l(θ∗;κ) are defined

as above. Also, we denote

Iij =
∂2l(θ∗;κ)

∂αi∂βj
− E

[
∂2l(θ∗;κ)

∂αi∂βj

]
, for i, j ∈ [n],

and Iii = 0 for i ∈ [n]. Define di =
∑n

k=1,k 6=i yik for any i ∈ [n], bj =∑n
k=1,k 6=j ykj for any j ∈ [n], and (gi)

2n
i=1 = (d1, ..., dn, b1, ..., bn)>. Further,

for any i, j ∈ [n], define

gi\j = gi − yij =
n∑

k=1,k 6=i,j

yil, and gn+j\i = gn+j − yij =
n∑

k=1,k 6=i,j

ykj.

Recall the definitions in (??), (??), (??) and (??):

vi =
n∑

k=1,k 6=i

(1 + κi)e
α∗i+β∗k

(1 + eα
∗
i+β∗k)2

, wi =
n∑

k=1,k 6=i

var(yik), for i ∈ [n],

vn+j =
n∑

k=1,k 6=j

(1 + κk)e
α∗k+β∗j

(1 + eα
∗
k+β∗j )2

, wn+j =
n∑

k=1,k 6=j

var(ykj), for j ∈ [n],

ui = −∂
2l(θ∗;κ)

∂θ2
i

, ǔi = −∂
2l(θ̌;κ)

∂θ2
i

, ûi = −∂
2l(θ̂;κ)

∂θ2
i

, for i ∈ [2n].

and δ̂2
ij = û−1

i + û−1
j , (δ∗ij)

2 = u−1
i + (u∗j)

−1. Below we list some necessary

lemmas, and their proof are provided in Appendix C.
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Lemma 1. There exists a positive constant c such that

c−1ne−2‖θ∗‖∞ ≤ min
1≤i≤2n

ui ≤ max
1≤i≤2n

ui ≤ cn,

c−1ne−2‖θ∗‖∞ ≤ min
1≤i≤2n

vi ≤ max
1≤i≤2n

vi ≤ cn,

c−1ne−2‖θ∗‖∞ ≤ min
1≤i≤2n

wi ≤ max
1≤i≤2n

wi ≤ cn.

Further, there exists a constant ε > 0 such that for any θ,κ satisfying

‖θ − θ∗‖∞ ≤ ε and ‖κ− κ∗‖∞ ≤ ε, we have

n−1 max
1≤i≤2n

∣∣∣∣∂2l(θ;κ)

∂θ2
i

− ∂2l(θ∗;κ)

∂θ2
i

∣∣∣∣ = O(‖θ − θ∗‖∞),

n−1 max
1≤i≤2n

∣∣∣∣∂2l(θ;κ)

∂θ2
i

− ∂2l(θ;κ∗)

∂θ2
i

∣∣∣∣ = O(‖κ− κ∗‖∞).

Lemma 2. It holds true that

Pr

(
max

1≤i≤2n
|gi − Egi| ≤

√
4(n− 1) log(n− 1)

)
≥ 1− 4n

(n− 1)2
. (S1.1)

Further, there exists a constant c > 0 such that for n large enough, we have

Pr

(
max

1≤i≤2n

∣∣∣∣∂l(θ∗;κ)

∂θi

∣∣∣∣ ≤√16(n− 1) log(n− 1) + cn‖κ− κ∗‖∞
)
≥ 1− 4n

(n− 1)2
,

(S1.2)

Pr

(
max

1≤i≤2n

∣∣∣∣∂2l(θ∗;κ)

∂θ2
i

+ ui

∣∣∣∣ ≤ c
√

(n− 1) log(n− 1)

)
≥ 1− 4n

(n− 1)2
.

(S1.3)
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Lemma 3. Under the conditions of Theorem ??, with probability at least

1− 4n/(n− 1)2, it holds true that (??) has a unique solution θ̌, and

‖θ̌ − θ∗‖∞ . e6‖θ∗‖∞

√
log n

n
.

By Lemmas 1-3, we have

max
1≤i≤2n

|ǔi − ui| ≤ max
1≤i≤2n

∣∣∣∣∂2l(θ̌;κ)

∂θ2
i

− ∂2l(θ∗;κ)

∂θ2
i

∣∣∣∣+ max
1≤i≤2n

∣∣∣∣∂2l(θ∗;κ)

∂θ2
i

+ ui

∣∣∣∣ .P e
6‖θ∗‖∞

√
n log n,

and

max
1≤i≤2n

∣∣ǔ−1
i − (ui

∗)−1
∣∣ = max

1≤i≤2n

|ǔi − ui|
|uiǔi|

.P e
10‖θ∗‖∞

√
log n

n3/2
. (S1.4)

Lemma 4. Under the conditions of Theorem ??, it holds true that

α̌i − α∗i = v−1
i (gi − Egi) + v−1

2n (g2n − Eg2n) + εi, i = 1, ..., n,

β̌j − β∗j = v−1
n+j(gn+j − Egn+j)− v−1

2n (g2n − Eg2n) + εn+j, j = 1, ..., n− 1,

where εi satisfies that

P
(

max
1≤i≤2n−1

|εi| .
e18‖θ∗‖∞ log n

n

)
≥ 1− 4n

(n− 1)2
.

Lemma 5. Under the conditions of Theorem ??, it holds true that

Pr

(
max
1≤i≤n

∣∣∣∣∣
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)

∣∣∣∣∣ . e4‖θ∗‖∞

√
log n

n

)
≥ 1− 2

n
,

Pr

(
max
1≤j≤n

∣∣∣∣∣
n∑
k=1

u−1
n+jE

[
∂2l(θ∗;κ)

∂αk∂βj

]√
nv−1

k (gk − Egk)

∣∣∣∣∣ . e4‖θ∗‖∞

√
log n

n

)
≥ 1− 2

n
,

(S1.5)
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and

Pr

(
max
1≤i≤n

∣∣∣∣∣
n−1∑
l=1

u−1
i Iil
√
nv−1

n+l(gn+l\i − Egn+l\i)

∣∣∣∣∣ . e4‖θ∗‖∞

√
log n

n

)
≥ 1− 2

n
,

Pr

(
max
1≤j≤n

∣∣∣∣∣
n∑
k=1

u−1
n+jIkj

√
nv−1

k (gk\j − Egk\j)

∣∣∣∣∣ . e4‖θ∗‖∞

√
log n

n

)
≥ 1− 2

n
.

(S1.6)

Lemma 6. Under the conditions of Theorem ??, it holds true that

max
1≤i≤n

∣∣∣∣∣
n∑
k=1

u−1
2n E

[
∂2l(θ∗;κ)

∂αk∂βn

]√
n(α̌k − α∗k) +

n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
n(β̌l − β∗l )

∣∣∣∣∣ .P e20‖θ
∗‖∞ logn
√
n

,

and

max
1≤j≤n−1

∣∣∣∣∣
n∑
k=1

√
n(α̌k − α∗k)

{
u−1
n+jE

[
∂2l(θ∗;κ)

∂αk∂βj

]
− u−1

2n E
[
∂2l(θ∗;κ)

∂αk∂βn

]}∣∣∣∣∣ .P e20‖θ
∗‖∞ logn
√
n

.

Lemma 7. Under the conditions of Theorem ??, it holds true that

max
1≤i≤n

∣∣∣∣∣
n∑
k=1

u−1
2nIkn

√
n(α̌k − α∗k) +

n−1∑
l=1

u−1
i Iil
√
n(β̌l − β∗l )

∣∣∣∣∣ .P
e20‖θ∗‖∞ log n√

n
,

and

max
1≤j≤n−1

∣∣∣∣∣
n∑
k=1

√
n(α̌k − α∗k)

{
u−1
n+jIkj − u−1

2nIkn
}∣∣∣∣∣ .P

e20‖θ∗‖∞ log n√
n

.

S2 Appendix B: main proofs

Proof of Theorem ??. The asymptotic bound for ‖θ̌− θ∗‖∞ in (??) fol-

lows from Lemma 3 immediately. To obtain asymptotic normality, it follows

from Lemma 4 that

max
1≤i≤n

∣∣(α̌i − α∗i )− {v−1
i (gi − Egi) + v−1

2n (g2n − Eg2n)
}∣∣ .P

e18‖θ∗‖∞ log n

n
,

max
1≤j≤n−1

∣∣(β̌j − β∗j )− {v−1
n+j(gn+j − Egn+j)− v−1

2n (g2n − Eg2n)
}∣∣ .P

e18‖θ∗‖∞ log n

n
.

(S2.7)
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Define q ∈ R2n−1 with qi = v−1
i (gi − Egi) + v−1

2n (g2n − Eg2n) for i = 1, ..., n,

and qn+j = v−1
n+j(gn+j−Egn+j)−v−1

2n (g2n−Eg2n) for j = 1, ..., n−1. It is not

difficult to verify that for any fixed d, q[1:d] is asymptotically multivariate

normal with mean zero and covariance matrix Σ[1:d,1:d]. By (S2.7) and

Lemma 1, we have

‖(Σ[1:d,1:d])
− 1

2 (θ̌−θ∗−q)[1:d]‖∞ .P

√
ne‖θ

∗‖∞ e
18‖θ∗‖∞ log n

n
=
e19‖θ∗‖∞ log n√

n
= o(1),

which completes the proof of Theorem ??.

Proof of Theorem ??. By Taylor’s expansion, there exists a θ̃ such that

∂l(θ̌;κ)

∂θ
=
∂l(θ∗;κ)

∂θ
+
∂2l(θ̃;κ)

∂θ2 (θ̌ − θ∗),

where θ̃i lies between θ∗i and θ̌i for i ∈ [2n − 1] and θ̃2n = θ∗2n = θ̌2n =

0. It is not difficult to verify that ∂l(θ;κ)/∂βn =
∑n

k=1 ∂l(θ;κ)/∂αk −
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l=1 ∂l(θ;κ)/∂βl. Then, we have

α̂i − α∗i =(α̌i − α∗i ) + ǔ−1
i

∂l(θ̌;κ)

∂αi
+ ǔ−1

2n

∂l(θ̌;κ)

∂βn

=(α̌i − α∗i ) + ǔ−1
i

{
∂l(θ∗;κ)

∂αi
+
∂2l(θ̃;κ)

∂α2
i

(α̌i − α∗i ) +
n−1∑
j=1

∂2l(θ̃;κ)

∂αi∂βj
(β̌j − β∗j )

}

+ ǔ−1
2n

{
∂l(θ∗;κ)

∂βn
+

n∑
k=1

∂2l(θ̃;κ)

∂αk∂βn
(α̌k − α∗k)

}

=

{
ǔ−1
i

∂l(θ∗;κ)

∂αi
+ ǔ−1

2n

∂l(θ∗;κ)

∂βn

}
+ (α̌i − α∗i )

{
1 + ǔ−1

i

∂2l(θ̃;κ)

∂α2
i

}

+

{
ǔ−1

2n

n∑
k=1

∂2l(θ̃;κ)

∂αk∂βn
(α̌k − α∗k) + ǔ−1

i

n−1∑
j=1

∂2l(θ̃;κ)

∂αi∂βj
(β̌j − β∗j )

}

=:I
(i)
1 + I

(i)
2 + I

(i)
3 .

For I
(i)
1 , we have

I
(i)
1 =

{
u−1
i

∂l(θ∗;κ)

∂αi
+ u−1

2n

∂l(θ∗;κ)

∂βn

}
+
[
−u−1

i + ǔ−1
i

] ∂l(θ∗;κ)

∂αi
+
[
ǔ−1

2n − u−1
2n

] ∂l(θ∗;κ)

∂βn
.

The first term can be rewritten as

u−1
i

∂l(θ∗;κ)

∂αi
+ u−1

2n

∂l(θ∗;κ)

∂βn

=

{
u−1
i

∂l(θ∗;κ)

∂αi
+ u−1

2n

n−1∑
k=1,k 6=i

l′kn(α∗k + β∗n;κk)

}
+ u−1

2n l
′
in(α∗i + β∗n;κi)

=:I
(i)
11 + I

(i)
12

By central limit theorem, I
(i)
11 is the sum of two independent variables which

are asymptotic normal with variances u−1
i and u−1

2n , respectively. Therefore,

I
(i)
11 is also asymptotic normal with variance u−1

i + u−1
2n . Also, Lemma 1

implies that max1≤i≤n |I(i)
12 | = O(e2‖θ∗‖∞n−1) = o(n−1/2). Furthermore, it
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follows from Lemma 2 and (S1.4) that

max
1≤i≤n

∣∣∣∣[u−1
i − ǔ−1

i

] ∂l(θ∗;κ)

∂αi
+
[
ǔ−1

2n − u−1
2n

] ∂l(θ∗;κ)

∂βn

∣∣∣∣ .P
e10‖θ∗‖∞ log n

n
,

which is of order op(n
−1/2). Therefore, we have

√
u−1
i + u−1

2n I
(i)
1 → N(0, 1)

as n diverges.

For I
(i)
2 , it follows from Lemmas 1 and 3 that

max
1≤i≤n

|I(i)
2 | ≤ max

1≤i≤n
|α̌i−α∗i |

∣∣∣∣∣∣
ǔi + ∂2l(θ̃)

∂α2
i

ǔi

∣∣∣∣∣∣ .P e
6‖θ∗‖∞

√
log n

n

e6‖θ∗‖∞
√
n log n

e−2‖θ∗‖∞n
=
e14‖θ∗‖∞ log n

n
,

which is of order op(n
−1/2).

For I
(i)
3 , we have

I
(i)
3 =

{
n∑
k=1

ǔ−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]
(α̌k − α∗k) +

n−1∑
j=1

ǔ−1
i E

[
∂2l(θ∗;κ)

∂αi∂βj

]
(β̌j − β∗j )

}

+

{
n∑
k=1

ǔ−1
2nIkn(α̌k − α∗k) +

n−1∑
j=1

ǔ−1
i Iij(β̌j − β∗j )

}

+

{
n∑
k=1

ǔ−1
2n

(
∂2l(θ̃;κ)

∂αk∂βn
− ∂2l(θ∗;κ)

∂αk∂βn

)
(α̌k − α∗k) +

n−1∑
j=1

ǔ−1
i

(
∂2l(θ̃;κ)

∂αi∂βj
− ∂2l(θ∗;κ)

∂αi∂βj

)
(β̌j − β∗j )

}

=:I
(i)
31 + I

(i)
32 + I

(i)
33 .

Note that |I(i)
31 | can be further bounded as

|I(i)
31 | ≤

∣∣∣∣∣
n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]
(α̌k − α∗k) +

n−1∑
j=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βj

]
(β̌j − β∗j )

∣∣∣∣∣
+

∣∣∣∣∣
n∑
k=1

[
ǔ−1

2n − u−1
2n

]
E
[
∂2l(θ∗;κ)

∂αk∂βn

]
(α̌k − α∗k) +

n−1∑
j=1

[
ǔ−1
i − u−1

i

]
E
[
∂2l(θ∗;κ)

∂αi∂βj

]
(β̌j − β∗j )

∣∣∣∣∣ .
By Lemma 6, the first term is upper bounded by e20‖θ∗‖∞ log n/n in

probability, and by Lemma 3 and (S1.4), the second term is upper bounded
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by e16‖θ∗‖∞ log n/n in probability. Therefore, we have max1≤i≤n |I(i)
31 | .P

e20‖θ∗‖∞ log n/n.

For I
(i)
32 , we have

|I(i)
32 | ≤

∣∣∣∣∣
n∑
k=1

u−1
2nIkn(α̌k − α∗k) +

n−1∑
j=1

u−1
i Iij(β̌j − β∗j )

∣∣∣∣∣
+

∣∣∣∣∣
n∑
k=1

[
ǔ−1

2n − u−1
2n

]
Ikn(α̌k − α∗k) +

n−1∑
j=1

[
ǔ−1
i − u−1

i

]
Iij(β̌j − β∗j )

∣∣∣∣∣ .

By Lemma 7, the first term is upper bounded by e20‖θ∗‖∞ log n/n in prob-

ability, and by Lemma 3 and (S1.4),the second term is upper bounded

by e16‖θ∗‖∞ log n/n in probability. Therefore, we have max1≤i≤n |I(i)
32 | .P

e20‖θ∗‖∞ log n/n.

For I
(i)
33 , it follows from Lemma 1, Lemma 3 and (S1.4) that max1≤i≤n |I(i)

33 | .P

e14‖θ∗‖∞ log n/n. Then, combining the upper bounds for each term and

Lemma 2 yields that

max
1≤i≤n

∣∣∣∣(α̂i − α∗i )−{u−1
i

∂l(θ∗;κ)

∂αi
+ u−1

2n

∂l(θ∗;κ)

∂βn

}∣∣∣∣ .P
e20‖θ∗‖∞ log n

n
,

(S2.8)

where u−1
i

∂l(θ∗;κ)
∂αi

+u−1
2n

∂l(θ∗;κ)
∂βn

is asymptotic normal with variance u−1
i +u−1

2n .
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Next, we turn to bound β̂j − β∗j , where

β̂j − β∗j =(β̌j − β∗j ) + ǔ−1
n+j

∂l(θ̌;κ)

∂βj
− ǔ−1

2n

∂l(θ̌;κ)

∂βn

=(β̌j − β∗j ) + ǔ−1
n+j

{
∂l(θ∗;κ)

∂βj
+
∂2l(θ̃;κ)

∂β2
j

(β̌j − β∗j ) +
n∑
k=1

∂2l(θ̃;κ)

∂αk∂βj
(α̌k − α∗k)

}

− ǔ−1
2n

{
∂l(θ∗;κ)

∂βn
+

n∑
k=1

∂2l(θ̃;κ)

∂αk∂βn
(α̌k − α∗k)

}

=

{
ǔ−1
n+j

∂l(θ∗;κ)

∂βj
− ǔ−1

2n

∂l(θ∗;κ)

∂βn

}
+ (β̌j − β∗j )

{
1 + ǔ−1

n+j

∂2l(θ̃;κ)

∂β2
j

}

+

{
n∑
k=1

(α̌k − α∗k)

[
−ǔ−1

2n

∂2l(θ̃;κ)

∂αk∂βn
+ ǔ−1

n+j

∂2l(θ̃;κ)

∂αk∂βj

]}

=:J
(j)
1 + J

(j)
2 + J

(j)
3 .

Similarly as the case of α̂i − α∗i , we have

J
(j)
1 =

{
u−1
n+j

∂l(θ∗;κ)

∂βj
− u−1

2n

∂l(θ∗;κ)

∂βn

}
+
[
−u−1

n+j + ǔ−1
n+j

] ∂l(θ∗;κ)

∂βj
+
[
−ǔ−1

2n + u−1
2n

] ∂l(θ∗;κ)

∂βn
,

where it follows from Lemma 2 and (S1.4) that

max
1≤j≤n−1

∣∣∣∣[−u−1
n+j + ǔ−1

n+j

] ∂l(θ∗;κ)

∂βj
+
[
−ǔ−1

2n + u−1
2n

] ∂l(θ∗;κ)

∂βn

∣∣∣∣ .P
e10‖θ∗‖∞ log n

n
.

Further, we also have

max
1≤j≤n−1

|J (j)
2 | .P

e14‖θ∗‖∞ log n

n
, and max

1≤j≤n−1
|J (j)

3 | .P
e20‖θ∗‖∞ log n

n
.

Combing all the results together and Lemma 2, we have∣∣∣∣(β̂j − β∗j )−{u−1
n+j

∂l(θ∗;κ)

∂βj
− u−1

2n

∂l(θ∗;κ)

∂βn

}∣∣∣∣ .P
e20‖θ∗‖∞ log n

n
(S2.9)
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where central limit theorem implies that u−1
n+j

∂l(θ∗;κ)
∂βj

−u−1
2n

∂l(θ∗;κ)
∂βn

is asymp-

totic normal with variance u−1
n+j + u−1

2n .

Define r ∈ R2n−1, where ri = u−1
i

∂l(θ∗;κ)
∂αi

+ u−1
2n

∂l(θ∗;κ)
∂βn

for i ∈ [n], and

rn+j = u−1
n+j

∂l(θ∗;κ)
∂βj

−u−1
2n

∂l(θ∗;κ)
∂βn

for j ∈ [n−1]. It is not difficult to verify that

for any fixed d, r[1:d] is asymptotically multivariate normal with mean zero

and covariance matrix H[1:d,1:d]. By (S2.8) and (S2.9), we obtain ‖θ̂− θ∗−

r‖∞ = op(n
−1/2), and thus complete the proof of asymptotical normality.

By Lemma 1 and (S1.2) in Lemma 2, we have

max
1≤i≤2n

∣∣∣∣u−1
i

∂l(θ∗;κ)

∂θi

∣∣∣∣ .P e
2‖θ∗‖∞

√
log n

n
.

Then, (??) is obtained from (S2.8) and (S2.9).

Proof of Proposition ??. Let ᾱi be the solution of the estimation equa-

tion

di −
n∑

k=1,k 6=i

g(β∗j − αi) = 0.

It follows from Theorem ?? that the asymptotic variance of ᾱi is wi(v
∗
i )
−2.

But by the Cramer-Rao bound, we also have

var(ᾱi) ≥
(
−E

[
∂2l(θ∗)

∂α2
i

])−1

= −(u∗i )
−1.

By letting n → ∞, we get wi(v
∗
i )
−2 ≥ |u∗i |−1 for any i ∈ [n]. Similarly, we

can also get wi(v
∗
i )
−2 ≥ |u∗i |−1 for any i = n + 1, ..., 2n. Therefore, for any
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i ∈ [2n], we have

avar(θ̌i)

avar(θ̂i)
=
wi(v

∗
i )
−2 + w2n(v∗2n)−2

|u∗i |−1 + |u∗2n|−1
≥ min

{
wi(v

∗
i )
−2

|u∗i |−1
,
w2n(v∗2n)−2

|u∗2n|−1

}
≥ 1.

This completes the proof of Proposition ??.

Proof of Theorem ??. By (S2.8) and (S2.9), we have

(α̂i − α̂j)− (α∗i − α∗j ) =

{
u−1
i

∂l(θ∗;κ)

∂αi
− (u∗j)

−1∂l(θ
∗;κ)

∂αj

}
+ op(n

− 1
2 ),

(β̂i − β̂j)− (β∗i − β∗j ) =

{
(u∗n+i)

−1∂l(θ
∗;κ)

∂βi
− u−1

n+j

∂l(θ∗;κ)

∂βj

}
+ op(n

− 1
2 ),

which immediately imply (??).

By (??), similar to the derivation of (S1.4), we have

max
1≤i≤2n

∣∣û−1
i − u−1

i

∣∣ .P e
6‖θ∗‖∞

√
log n

n3/2
,

which, together with Lemma 2, implies that

max
i 6=j
|(δ∗ij)−1 − δ̂−1

ij | = max
i 6=j

∣∣∣∣∣ δ̂2
ij − (δ∗ij)

2

δ∗ij δ̂ij(δ̂ij + δ∗ij)

∣∣∣∣∣
= max

i 6=j

∣∣∣∣∣ [u−1
i − û−1

i ] + [(u∗j)
−1 − û−1

j ]

δ∗ij δ̂ij(δ̂ij + δ∗ij)

∣∣∣∣∣ .P
e6‖θ∗‖∞n−3/2

√
log n

n−3/2
= e6‖θ∗‖∞

√
log n.

(S2.10)

Simple algebra yields that

δ̂−1
ij

[
(α̂i − α̂j)− (α∗i − α∗j )

]
=(δ∗ij)

−1
[
(α̂i − α̂j)− (α∗i − α∗j )

]
+ (δ̂−1

ij − (δ∗ij)
−1)
[
(α̂i − α̂j)− (α∗i − α∗j )

]
,

where the first term converges to N(0, 1) in distribution following (??), and

the second one is bounded by Op(e
8‖θ∗‖∞ log n/

√
n) = op(1) following (??)
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and (S2.10). The case for δ̂−1
n+i,n+j

[
(β̂i − β̂j) − (β∗i − β∗j )

]
is similar. This

completes the proof of Theorem ??.

Proof of Theorem ??. First, by the definition of FDR, we have

FDR = E

[
1

r

∑
k∈S0

1{pk≤ αr
KL
}1{r>0}

]
=
∑
k∈S0

E
[

1

r
1{pk≤ αr

KL
}1{r>0}

]

=
∞∑
l=1

1

l(l + 1)

∑
k∈S0

E
[
1{pk≤ αr

KL
}1{0<r≤l}

]
≤

∞∑
l=1

1

l(l + 1)

∑
k∈S0

Pr

(
pk ≤

αmin(l,K)

KL

)
,

(S2.11)

where the third equality is due to that for each r0 > 0,

1

r0

1{pk≤αr0KL
}1{r0>0} =1{pk≤αr0KL

}1{r0>0}
∑
l≥r0

(
1

l
− 1

l + 1

)
= 1{pk≤αr0KL

}1{r0>0}

∞∑
l=r0

1

l(l + 1)

=1{pk≤αr0KL
}

∞∑
l=1

1

l(l + 1)
1{0<r0≤l}.

It thus suffices to establish an upper bound for maxk∈S0 Pr
(
pk ≤ αmin(l,K)

KL

)
.

Note that for any k ∈ S0, it follows from (S2.8) that

α̂i − α̂k = Vik + (ωi − ωk) with max
k∈S0
|ωi − ωk| .P e

20‖θ∗‖∞ log n

n
,

where Vik = u−1
i

∂l(θ∗;κ)
∂αi
−u−1

k
∂l(θ∗;κ)
∂αk

and ωi = (α̂i−α∗i )−
{
u−1
i

∂l(θ∗;κ)
∂αi

+ u−1
2n

∂l(θ∗;κ)
∂βn

}
.

Then, we have

max
k∈S0

Pr

(
pk ≤

αmin(l,K)

KL

)
= max
k∈S0

Pr

(
2
[
1− Φ

(
δ̂−1
ik |α̂i − α̂k|

)]
≤ αmin(l,K)

KL

)
= max
k∈S0

Pr

(
δ̂−1
ik

∣∣Vik + (ωi − ωk)
∣∣ ≥ Φ−1

(
1− αmin(l,K)

2KL

))
≤max
k∈S0

Pr

(
(δ∗ik)−1|Vik| ≥ Φ−1

(
1− αmin(l,K)

2KL

)
− µik

)
≤max
k∈S0

Pr

(
(δ∗ik)−1|Vik| ≥ Φ−1

(
1− αmin(l,K)

2KL

)
− e20‖θ

∗‖∞(logn)2√
n

)
+ max
k∈S0

Pr
(
µik ≥

e20‖θ
∗‖∞(logn)2√

n

)
,



14 Haoran Zhang and Junhui Wang

where µik =
∣∣∣{(δ∗ik)

−1 − δ̂−1
ik

}
Vik

∣∣∣+
∣∣∣δ̂−1
ik (ωi − ωk)

∣∣∣ .

Note that (δ∗ik)
−1Vik → N(0, 1) in distribution following (??), then it

follows from the Berry–Esseen theorem that

max
k∈S0

sup
t∈R

∣∣Pr
(
(δ∗ik)

−1Vik ≤ t
)
− Φ(t)

∣∣ = O

(
1√
n

)
.

It further implies that

max
k∈S0

Pr

(
(δ∗ik)

−1|Vik| ≥ Φ−1

(
1− αmin(l,K)

2KL

)
− e20‖θ∗‖∞(log n)2

√
n

)
≤2

{
1− Φ

[
Φ−1

(
1− αmin(l,K)

2KL

)
− (log n)2

√
n

]}
+O

(
1√
n

)
=
αmin(l,K)

KL
+O

(
e20‖θ∗‖∞(log n)2

√
n

)
.

(S2.12)

Also, it follows from (S2.10) that

max
k∈S0

Pr

(
µik ≥

(log n)2

√
n

)
≤max

k∈S0
Pr

(∣∣∣(δ∗ik)−1 − δ̂−1
ik

∣∣∣ {|Vik|+ |ωi − ωk|}+
∣∣(δ∗ik)−1(ωi − ωk)

∣∣ ≥ e20‖θ∗‖∞(log n)2

√
n

)
.

But it follows from (S2.8) and (S2.10) that

max
k∈S0

∣∣∣(δ∗ik)−1 − δ̂−1
ik

∣∣∣ {|Vik|+ |ωi − ωk|}+∣∣(δ∗ik)−1(ωi − ωk)
∣∣ .P

e20‖θ∗‖∞ log n√
n

.

Therefore, maxk∈S0 Pr
(
µik ≥ e20‖θ∗‖∞(log n)2/

√
n
)

= O
(

1
n

)
following Lemma 2.

Putting the above results together, we obtain that

max
k∈S0

Pr

(
pk ≤

αmin(l,K)

KL

)
=
αmin(l,K)

KL
+O

(
e20‖θ∗‖∞(log n)2

√
n

)
+O

(
1

n

)
=
αmin(l,K)

KL
+O

(
e20‖θ∗‖∞(log n)2

√
n

)
.
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It then implies that

FDR ≤
∞∑
l=1

1

l(l + 1)

∑
k∈S0

Pr

(
pk ≤

αmin(l,K)

KL

)

=
∑
k∈S0

{
K∑
l=1

1

l(l + 1)
Pr

(
pk ≤

αl

KL

)
+

∞∑
l=K+1

1

l(l + 1)
Pr
(
pk ≤

α

L

)}

=
∑
k∈S0

{
K∑
l=1

1

l(l + 1)

[
αl

KL
+O

(
e20‖θ

∗‖∞(logn)2√
n

)]
+

∞∑
l=K+1

1

l(l + 1)

[
α

L
+O

(
e20‖θ

∗‖∞(logn)2√
n

)]}

≤ αK0

K
+
αK0

KL
+O

(
e20‖θ

∗‖∞K0(logn)2√
n

)
.

As e20‖θ∗‖∞K0n
−1/2(log n)2 = o(1), the desired upper bound on FDR fol-

lows immediately.

S3 Appendix C: proof of lemmas

Proof of Lemma 1. First, simple algebra yields that

ui = −E
[
∂2l(θ∗;κ)

∂α2
i

]
= −

n∑
j=1,j 6=i

E
[
∂2l(θ∗;κ)

∂αi∂βj

]
, for i ∈ [n],

un+j = −E
[
∂2l(θ∗;κ)

∂β2
j

]
= −

n∑
i=1,i 6=j

E
[
∂2l(θ∗;κ)

∂αi∂βj

]
, for j ∈ [n].

(S3.13)

It is shown that E[−∂2l(θ;κ)
∂αi∂βj

] = eαi+βj

(1+eαi+βj )2

[
2− (1−κi)eαi+βj

eαi+βj+(1−κi)
− 1−κi

eαi+βj+
1−κi
1+κi

]
for any i 6= j. Also, we have maxi,j |α∗i + β∗j | ≤ 2‖θ∗‖∞. It can be verified

that there exists a positive constant c such that

c−1e−2‖θ∗‖∞ ≤ eαi+βj

(1 + eαi+βj)2

[
2− (1− κi)eαi+βj

eαi+βj + (1− κi)
− 1− κi
eαi+βj + 1−κi

1+κi

]
≤ c

for any 1 ≤ i, j ≤ n. It then follows from (S3.13) that c−1ne−2‖θ∗‖∞ ≤

min1≤i≤2n ui ≤ max1≤i≤2n ui ≤ cn. Further, we have c−1e−2‖θ∗‖∞ ≤ (1+κi)e
α∗i+β

∗
j

(1+e
α∗
i
+β∗
j )2
≤
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c for any 1 ≤ i, j ≤ n, and then it follows from the definition of vi that

c−1ne−2‖θ∗‖∞ ≤ min1≤i≤2n vi ≤ max1≤i≤2n vi ≤ cn. Similarly, note that

c−1e−2‖θ∗‖∞ ≤ (1+κi)e
α∗i+β

∗
j +κi(1−κi)

(1+e
α∗
i
+β∗
j )2

≤ c for any 1 ≤ i, j ≤ n, which implies

that c−1ne−2‖θ∗‖∞ ≤ min1≤i≤2nwi ≤ max1≤i≤2nwi ≤ cn.

Let M = (mij)n×n with mij = βj + αi. As l(θ;κ) depends on αi and

βj only through mij, we may write l(θ;κ) as l(M;κ) with M = (mij)
n
i,j=1

without causing any confusion, and it holds that ∂2l(θ;κ)
∂αi∂βj

= ∂2l(M;κ)

∂m2
ij

. Next,

it also follows from (S3.13) that

max
1≤i≤n

∣∣∣∣∂2l(θ;κ)

∂θ2
i

− ∂2l(θ∗;κ)

∂θ2
i

∣∣∣∣ ≤ max
1≤i≤n

n∑
j=1,j 6=i

∣∣∣∣∂2l(θ;κ)

∂αi∂βj
− ∂2l(θ∗;κ)

∂αi∂βj

∣∣∣∣
= max

1≤i≤n

n∑
j=1,j 6=i

∣∣∣∣∂2l(M;κ)

∂m2
ij

− ∂2l(M∗;κ)

∂m2
ij

∣∣∣∣ . n∑
j=1,j 6=i

|mij −m∗ij| . n‖θ − θ∗‖∞,

where the second inequality is due to the fact that there exists a constant

ε > 0 such that

sup
θ:‖θ−θ∗‖∞≤ε

max
i 6=j

∣∣∣∣∂3l(M;κ)

∂m3
ij

∣∣∣∣ = O(1).

Similarly, we also have

max
n+1≤i≤2n

∣∣∣∣∂2l(θ;κ)

∂θ2
i

− ∂2l(θ∗;κ)

∂θ2
i

∣∣∣∣ . n‖θ − θ∗‖∞.

The proof is similarly for

n−1 max
1≤i≤2n

∣∣∣∣∂2l(θ;κ)

∂θ2
i

− ∂2l(θ;κ∗)

∂θ2
i

∣∣∣∣ = O(‖κ− κ∗‖∞),

which completes the proof of Lemma 1.
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Proof of Lemma 2. Note that |yij| ≤ 1 for any i, j ∈ [n], and it can also

be verified that E∂l(θ∗;κ∗)
∂θi

= 0 and n−1
∣∣∣∂l(θ∗;κ∗)∂θi

∣∣∣ ≤ 2 for any i ∈ [2n]. It

then follows from Hoeffding’s inequality that

Pr

(
max

1≤i≤2n
|gi − Egi| ≥

√
4(n− 1) log(n− 1)

)
≤

2n∑
i=1

Pr
(
|gi − Egi| ≥

√
4(n− 1) log(n− 1)

)
≤ 4n exp

(
−8(n− 1) log(n− 1)

4(n− 1)

)
=

4n

(n− 1)2
,

and

Pr

(
max

1≤i≤2n

∣∣∣∣∂l(θ∗;κ∗)∂θi

∣∣∣∣ ≥√16(n− 1) log(n− 1)

)
≤

2n∑
i=1

Pr

(∣∣∣∣∂l(θ∗;κ∗)∂θi

∣∣∣∣ ≥√16(n− 1) log(n− 1)

)
≤ 4n exp

(
−32(n− 1) log(n− 1)

16(n− 1)

)
=

4n

(n− 1)2
.

Then, (S1.2) holds since by (1), we have∣∣∣∣ max
1≤i≤2n

∣∣∣∣∂l(θ∗;κ)

∂θi

∣∣∣∣− max
1≤i≤2n

∣∣∣∣∂l(θ∗;κ∗)∂θi

∣∣∣∣∣∣∣∣ ≤ max
1≤i≤2n

∣∣∣∣∂l(θ∗;κ)

∂θi
− ∂l(θ∗;κ∗)

∂θi

∣∣∣∣ . n‖κ− κ∗‖∞.

Also, there exists a positive constant c such that |Iij| ≤ c/2 for any

i, j ∈ [n]. Again, by Hoeffding’s inequality, we have

Pr

(
max

1≤i≤2n

∣∣∣∣∂2l(θ∗;κ)

∂θ2
i

+ ui

∣∣∣∣ ≥ c
√

(n− 1) log(n− 1)

)
≤

2n∑
i=1

Pr

(∣∣∣∣∂2l(θ∗;κ)

∂θ2
i

+ ui

∣∣∣∣ ≥ c
√

(n− 1) log(n− 1)

)
≤4n exp

(
−2c2(n− 1) log(n− 1)

c2(n− 1)

)
=

4n

(n− 1)2
.

This completes the proof of Lemma 2.

Proof of Lemma 3. The proof mainly follows from the results in Yan

et al. (2016), except that we have κ here which approximates true values
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κ∗. Note that

∂Fi(θ
∗;κ)

∂αi
= −

n∑
k=1,k 6=i

(1 + κi)e
α∗i+β∗k

(1 + eα
∗
i+β∗k)2

= −vi, for i ∈ [n],

∂Fn+j(θ
∗;κ)

∂βj
= −

n∑
k=1,k 6=j

(1 + κk)e
α∗k+β∗j

(1 + eα
∗
k+β∗j )2

= −vn+j, for j ∈ [n− 1].

By Lemma 1, there exist positive constants c1 and c2 such that−∂F (θ;κ)/∂θ ∈

L(c1e
−2‖θ∗‖∞ , c2), where L(c1e

−2‖θ∗‖∞ , c2) is defined as in Section 2.1 of Yan

et al. (2016).

By Lemma 2, with probability at least 1−4n/(n−1)2, we have max
{

max1≤i≤n |di−

Edi|,max1≤j≤n |bj − Ebj|
}
≤
√

4(n− 1) log(n− 1). Then,

max
1≤i≤n

|Fi(θ;κ)| ≤ max
1≤i≤n

|gi − Egi|+ max
1≤i≤n

n∑
k=1,k 6=i

|κi − κ∗i |
1 + eα

∗
i+β∗k

≤
√

4(n− 1) log(n− 1) + (n− 1)‖κ− κ∗‖∞

=[1 + o(1)]
√

4(n− 1) log(n− 1).

Similarly, max1≤j≤n |Fn+j(θ;κ)| ≤ [1 + o(1)]
√

4(n− 1) log(n− 1). Accord-

ing to Theorem 7 in Yan et al. (2016) with m = c1e
−2‖θ∗‖∞ , M = c2,

K1 = (1+κ)(n−1), K2 = (1+κ)(n−1)
2

, ρ � e6‖θ∗‖∞ and r . e6‖θ∗‖∞
√

log n/n,

it holds that with probability approaching 1, F (θ;κ) = 0 has a solution θ̌,

and it satisfies

‖θ̌ − θ∗‖∞ ≤
r

1− ρr
≤ 2r . e6‖θ∗‖∞

√
log n

n
.

Next, we prove the uniqueness of θ̌ by contradiction. If there exists θ̃ 6=

θ̌ such that F (θ̃;κ) = 0, we define h(t) = (tθ̃+(1−t)θ̌)>F (tθ̃+(1−t)θ̌;κ),
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and

h′(t) = (θ̃ − θ̌)>

[
∂F (tθ̃ + (1− t)θ̌;κ)

∂θ

]
(θ̃ − θ̌).

Since −∂F (θ;κ)/∂θ is a diagonally dominant matrix with positive diago-

nals (Yan et al., 2016), it implies that −∂F (θ;κ)/∂θ is a positive definite

matrix, and thus h′(t) < 0 for any t ∈ [0, 1]. This contradicts with the fact

that h(0) = h(1) = 0, and the uniqueness of θ̌ then follows immediately.

Proof of Lemma 4. Let h = −F (θ̌;κ) − F ′(θ∗;κ)(θ̌ − θ∗) and g =

(g1, ..., g2n−1)>. Further denote

g(θ;κ) = (g1(θ;κ), ..., g2n−1(θ;κ))>,

where gi(θ;κ) =
∑n

k=1,k 6=i
eαi+βk−κi
1+αi+βk

and gn+j(θ;κ) =
∑n

k=1,k 6=j
eαk+βj−κk
1+αk+βj

for

i, j ∈ [n]. Note that g(θ∗;κ∗) = Eg. Then,

θ̌−θ∗ = −[F ′(θ∗;κ)]−1(g−Eg)−[F ′(θ∗;κ)]−1(g(θ∗;κ∗)−g(θ∗;κ))−[F ′(θ∗;κ)]−1h.

By Lemma 3, and Lemmas 8, 9 of Yan et al. (2016), we have ‖[F ′(θ∗;κ)]−1h‖∞ .

e6‖θ∗‖∞‖θ̌−θ∗‖2
∞ .P e

18‖θ∗‖∞ log n/n. Similarly, we have ‖[F ′(θ∗;κ)]−1(g(θ∗;κ∗)−

g(θ∗;κ))‖∞ . e6‖θ∗‖∞‖κ − κ∗‖∞ . e18‖θ∗‖∞ log n/n. The desired results

follows immediately.

Proof of Lemma 5. Note that for any l ∈ [n− 1],

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)
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is a sub-Gaussian random variable with zero mean and by Lemma 1,

max
1≤l≤n−1

var

{
u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)

}
≤ c1e

8‖θ∗‖∞

n2
,

where c1 is a constant. We have

Pr

(
max
1≤i≤n

∣∣∣∣∣
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)

∣∣∣∣∣ ≤ c2e
4‖θ∗‖∞

√
log n

n

)

≥1− n max
1≤i≤n

Pr

(∣∣∣∣∣
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)

∣∣∣∣∣ ≤ c2e
4‖θ∗‖∞

√
log n

n

)

≥1− 2n exp

(
−c

2
2 log n

2c1

)
= 1− 2

n
,

where the second inequality is due to Hoeffding’s inequality, and the last

equality holds with c2 = 2
√
c1. Similarly, we can establish the bound for

max
1≤j≤n

∣∣∣∣∣
n∑
k=1

u−1
n+jE

[
∂2l(θ∗;κ)

∂αk∂βj

]√
nv−1

k (gk − Egk)

∣∣∣∣∣ ,
and thus we complete the proof of (S1.5).

For (S1.6), note that for any l ∈ [n− 1],

u−1
i Iil
√
nv−1

n+l(gn+l\i − Egn+l\i)

is also a sub-Gaussian random variable with zero mean and by Lemma 1,

max
1≤l≤n−1

var
{
u−1
i Iil
√
nv−1

n+l(gn+l\i − Egn+l\i)
}
≤ c1e

8‖θ∗‖∞

n2
,

where c1 is a constant. The rest of the proof is similar to that of (S1.5).
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Proof of Lemma 6. By Lemma 4, we have

n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]√
n(α̌k − α∗k) +

n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
n(β̌l − β∗l )

=
n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]√
n
[
v−1
k (gk − Egk) + v−1

2n (g2n − Eg2n) + εi
]

+
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
n
[
v−1
n+l(gn+l − Egn+l)− v−1

2n (bn − Ebn) + εn+l

]
=

n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]√
nv−1

k (gk − Egk) +
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)

+ u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βn

]√
nv−1

2n (g2n − Eg2n) +
n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]√
nεi

+
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nεn+l

=:
n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]√
nv−1

k (gk − Egk) +
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l) + ri.

By (S1.5) in Lemma 5, we have∣∣∣∣∣
n∑
k=1

u−1
2nE

[
∂2l(θ∗;κ)

∂αk∂βn

]√
nv−1

k (gk − Egk)

∣∣∣∣∣ .P e
4‖θ∗‖∞

√
log n

n
;

max
1≤i≤n

∣∣∣∣∣
n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl

]√
nv−1

n+l(gn+l − Egn+l)

∣∣∣∣∣ .P e
4‖θ∗‖∞

√
log n

n
,

and it follows from Lemmas 1, 2 and 4 that for any i ∈ [n],

|ri| .P e
20‖θ∗‖∞ log n/

√
n+ e8‖θ∗‖∞√n‖κ− κ∗‖∞ . e20‖θ∗‖∞ log n/

√
n.

Therefore, it holds true that

max
1≤i≤n

∣∣∣∣∣
n∑
k=1

u−1
2n E
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∂2l(θ∗;κ)

∂αk∂βn

]√
n(α̌k − α∗k) +

n−1∑
l=1

u−1
i E

[
∂2l(θ∗;κ)

∂αi∂βl
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n(β̌l − β∗l )

∣∣∣∣∣ .P e20‖θ
∗‖∞ logn
√
n

.

Similarly, we can also show that

max
1≤j≤n−1

∣∣∣∣∣
n∑
k=1

√
n(α̌k − α∗k)

{
u−1
n+jE

[
∂2l(θ∗;κ)

∂αk∂βj
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− u−1

2n E
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√
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.
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This completes the proof of Lemma 6.

Proof of Lemma 7. By Lemma 4, we have
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2nIkn
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2n (bn − Ebn) + εn+l
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=
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By (S1.6) in Lemma 5, we have∣∣∣∣∣
n∑
k=1
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2nIkn
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√
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;

max
1≤i≤n
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√
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n+l(gn+l\i − Egn+l\i)
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log n
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,

and it follows from Lemmas 1, 2 and 4 that

max
1≤i≤n

|si| .P e
20‖θ∗‖∞ log n/

√
n+e8‖θ∗‖∞√n‖κ−κ∗‖∞ . e20‖θ∗‖∞ log n/

√
n.

Therefore, it holds true that

max
1≤i≤n

∣∣∣∣∣
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√
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i Iil
√
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∣∣∣∣∣ .P
e20‖θ∗‖∞ log n√

n
.

Similarly, we can also show that

max
1≤j≤n−1

∣∣∣∣∣
n∑
k=1

√
n(α̌k − α∗k)

{
u−1
n+jIkj − u−1

2nIkn
}∣∣∣∣∣ .P

e20‖θ∗‖∞ log n√
n

.

This completes the proof of Lemma 7.

Appendix D: estimation of κ and asymptotics

Define I∗1 = {i ∈ [n] : κi = κ01} and n∗1 = |I∗1 |. We develop a selection

procedure to determine the pattern of each node in sending negative edges.

Specifically, for each i ∈ [n], we calculate ζi = n−1
∑n

k=1,k 6=i 1{yik=−1}, and

define I1 = {i ∈ [n] : ζi > ξn}, where ξn is a pre-specified threshold.

Further, let κi = κ if i ∈ I1, where κ is the unknown parameter we are
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going to estimate, and κi = log n/n if otherwise. Without loss of generality,

we assume I1 = [n1] and define θ1 = (α1, ..., αn1 , β1, ..., βn1−1)>. Then, the

log likelihood based on the subnetwork with n1 nodes takes the form

l(θ1;κ) =

n1∑
i,j=1,i 6=j

lij(αi + βj;κ).

To estimate κ, we consider the following restricted MLE

(θ̃1, κ̃) = arg min
‖θ1‖∞≤τ logn1

κ∈[γn,1−γn]

l(θ1;κ),

where τ ≥ 1/40 and γn ∈ (0, 1/2). Given κ̃, we let κ̃ = (κ̃1, ..., κ̃n), where

κ̃i = κ̃ if i ∈ I1 and κ̃i = log n/n if otherwise.

Lemma 8. Suppose ‖θ∗‖∞ ≤ c log n with 0 < c < 1/40, κ00 . e12‖θ∗‖∞ log n/n

and κ01 ∈ (γn, 1 − γn). Choose ξn such that
√

log n/n � ξn � γnn
− 1

10 .

Then, Pr(I1 = I∗1 )→ 1 as n grows to infinity.

Proof of Lemma 8. By Hoeffding’s inequality,

max
i∈[n]
|ζi − Eζi| .P

√
log n

n
,

which implies that

min
i∈I∗1
|ζi| &P min

i∈I∗1
|Eζi| −

√
log n

n
& γne

−4‖θ∗‖∞ −
√

log n

n
& γnn

− 1
10 ,

max
i∈[n]\I∗1

|ζi| .P max
i∈[n]\I∗1

|Eζi|+
√

log n

n
.
e12‖θ∗‖∞ log n

n
+

√
log n

n
.

√
log n

n
.

This completes the proof.
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Let pij(αi, βj, κ) represent the distribution of yij under parameters (αi, βj, κ)

and pij = pij(α
∗
i , β

∗
j , κ01). Define the KL-divergence of pij from pij(αi, βj, κ)

as

DKL(pij||pij(αi, βj, κ)) =
∑

y∈{−1,0,1}

p(y | α∗i + β∗j , κ01) log
p(y | α∗i + β∗j , κ01)

p(y | αi + βj, κ)
.

For any ρ > 0, define Bn(ρ) = {κ : |κ − κ01| < ρ} and Bc
n(ρ) = [γn, 1 −

γn]\Bn(ρ).

Lemma 9. Under the same conditions of Lemma 8, suppose

min
‖θ1‖∞≤τ logn1

κ∈Bcn(ρ)

1

n1(n1 − 1)

n1∑
i,j=1,i 6=j

DKL(pij||pij(αi, βj, κ)) & ρe−12‖θ∗1‖∞ ,

(S3.14)

then we have |κ̃− κ01| .P e
12‖θ∗1‖∞ log n1/n1.

Proof of Lemma 9. The proof is similar to the proof of Theorem 2 in Yan

et al. (2019), and thus we only show the main steps and different parts. We

have

l(θ1;κ)− El(θ1;κ) =

n1∑
i 6=j

{1{yij=1} − E1{yij=1}} log p(1 | αi + βj, κ)

+ {1{yij=0} − E1{yij=0}} log p(0 | αi + βj, κ) + {1{yij=−1} − E1{yij=−1}} log p(−1 | αi + βj, κ).

Note that there exists a constant c such that

max
‖θ1‖∞≤τ logn1

κ∈[γn,1−γn]

max
y∈{−1,0,1}

i 6=j

| log p(y | αi + βj, κ)| ≤ c log n1.
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Then, by Hoeffding’s equality, there exists a possibly different constant c1

such that

max
‖θ1‖∞≤τ logn1

κ∈[γn,1−γn]

1

n1(n1 − 1)
|l(θ1;κ)−El(θ1;κ)| <P c1 log n1

√
log n1(n1 − 1)

n1(n1 − 1)
< c1

log n1

n1

,

(S3.15)

where c1 may take different values. For any ρ > 0, define

εn(ρ) =
1

n1(n1 − 1)

 max
‖θ1‖∞≤τ logn1

E[l(θ1;κ01)]− max
‖θ1‖∞≤τ logn1

κ∈Bcn(ρ)

E[l(θ1;κ)]

 ,

and ρn = inf {ρ > 0 : εn(ρ) > 2c1 log n1/n1}. Similar as proof of Theorem 2

in Yan et al. (2019), (S3.15) implies

max
‖θ1‖∞≤τ logn1

1

n1(n1 − 1)
E[l(θ1; κ̃)] > max

‖θ1‖∞≤τ logn1

κ∈Bcn(ρn)

1

n1(n1 − 1)
E[l(θ1;κ)],

which further leads that κ̃ ∈ Bn(ρn).

Note that

E[l(θ1, κ)] = −
n1∑

i,j=1,i 6=j

DKL(pij||pij(αi, βj, κ)) +

n1∑
i,j=1,i 6=j

S(pij),

where DKL(pij||pij(αi, βj, κ)) is the KL-divergence of pij from pij(αi, βj, κ)

as defined earlier, and

S(pij) =
∑

y∈{−1,0,1}

p(y | α∗i + β∗j , κ01) log p(y | α∗i + β∗j , κ01).
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Then by (S3.14), we have

max
‖θ1‖∞≤τ logn1

E[l(θ1;κ01)]− max
‖θ1‖∞≤τ logn1

κ∈Bcn(ρ)

E[l(θ1;κ)]

=− min
‖θ1‖∞≤τ logn1

n1∑
i,j=1,i 6=j

DKL(pij||pij(αi, βj, κ01)) + min
‖θ1‖∞≤τ logn1

κ∈Bcn(ρ)

n1∑
i,j=1,i 6=j

DKL(pij||pij(αi, βj, κ))

= min
‖θ1‖∞≤τ logn1

κ∈Bcn(ρ)

n1∑
i,j=1,i 6=j

DKL(pij||pij(αi, βj, κ)) & ρn1(n1 − 1)e−12‖θ∗1‖∞ > 0,

which implies that εn(ρ) & e−12‖θ∗1‖∞ . Since εn(ρ) is continuous, we get

2c1 log n1/n1 = εn(ρn) & ρe−12‖θ∗1‖∞ , which leads that ρn . e12‖θ∗1‖∞ log n1/n1.

Therefore, |κ̃− κ01| .P e
12‖θ∗1‖∞ log n1/n1.

Based on Lemmas 8 and 9, we have the following proposition specifying

the convergence rate of κ̃, which satisfy the requirement in Theorem ??.

Proposition 1. Under the same conditions of Lemma 9, suppose n∗1 & n.

Then, we have ‖κ̃− κ∗‖∞ .P e
12‖θ∗‖∞ log n/n.
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