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In this supplement, we provide technical proofs for all the theoretical results, as well as an

estimation procedure for k.

S1 Appendix A: notations and necessary lemmas

Throughout the appendices, we use ¢ to denote a generic positive constant
whose value may vary according to context. For two nonnegative sequences
a, and b,, a, < b, means there exists a positive constant ¢ such that
a, < cb, when n is sufficiently large, and a, <p b, means there exist
positive constants ¢y, ¢y such that Pr(a, > c1b,) < con™ ! for n large enough.

With slight abuse of notations, we rewrite 8 = (a',8",5,)" with

02, = B, = 0, and define 021(0; k) /0c;08, = ! (c; + By; ki) for i € [n — 1]
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and 0%1(0; k) /0,08, = 0. Further define

0l(0; k)
9Bn

PO K) "

i=1

n—1
= Z L, (o + Bn; ki) and

i=1

Similarly, 0, 0 and 6* arc all augmented with an additional 0 entry, and the
corresponding partial derivatives of 1(8; k), | (5, k) and [(0"; k) are defined
as above. Also, we denote

_ U K) B {6%(0*;&)

- -
5= e -k |G e )

and Z;; = 0 for i € [n]. Define d; = 77,y for any i € [n], b; =
D i1 kg Yks for any j € [n], and (g:)7y = (du, ..., dn, by, ..., b,) T Further,

for any i, j € [n], define

9iNj = 9i — Yij = Z Yir, and Gnyj\i = Gn+j — Yij = Z Yk -
k=1,k#i,j k=1,k#1,j

Recall the definitions in (?77?), (?7?), (??) and (?7):

n n

1+ k) e85
v; = M w; = var(y;z fori e n
> Vi), ,

1 4+ e t6:)2
k=1,k+#i ( + ) k=1,k#i
n n

(1 + rg)e™™hs ;
Unts = D (14 ety Ut = > var(yy), forj € [nl,

k=1,k#j k=1,k#j
U0 k) UOk) . 0%(0;k) .
u = — o “i:_@—eg’ ui:—a—gg, for i € [2n].

2 -1 ~1 *\2 _ -1 *\—1 :
and 67 = u; - +u; -, (05;)° = u; " + (u})”'. Below we list some necessary

lemmas, and their proof are provided in Appendix C.
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Lemma 1. There exists a positive constant ¢ such that

— — * .
¢ tne 2107l < min u; < max u; < cn,
1<i<2n 1<i<2n

— — * .
¢ tne 2107l < min v; £ max v; < cn,
1<i<2n 1<i<2n

— — * .
¢ tne 2187l < min w; £ max w; < cn.
1<i<2n 1<i<2n

Further, there exists a constant € > 0 such that for any 0,k satisfying

10 — 0| < € and ||k — K*||oo < €, we have

?l(0; k) 00" k)
—1 3 . s _ B N
n ey | G| = ol el
0%1(0; k)  0%(0;K¥)
—1 ) . s _ ok
" 123%}2(71 062 62 O([[k — K" ||0)-
Lemma 2. It holds true that
Pr| max [g; — Eg;| < \/4(n—1)log(n—1) > 1_4—n (S1.1)
1<i<2n ' "= = (n—1)% :

Further, there exists a constant ¢ > 0 such that for n large enough, we have

4n

ol0"; k) x
Pr (lrgr%}g(n o0 < /16(n —1)log(n — 1) + cn|lk — K ||Oo> > 1_(71 —
(SL.2)
0?1(0%; k) 4n
Pr (112%(” 0@ u;| < ey/(n — 1) log(n — 1)) >1-— -1

(S1.3)
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Lemma 3. Under the conditions of Theorem 7, with probability at least

1 —4n/(n — 1)2, it holds true that (??) has a unique solution 0, and

16 - 6]l S 1=y /5T
n

By Lemmas [I{3] we have

3’0 k)  0%(6%; k) 0?1(0%; k) .
< k) ) OUNOK) | < 610l /o Toam
2 [0 —w| < max 6? 06?2 R T R BT nlogn,
and
; — Uj oo V1
max |i; ' — (u;*)7"| = max u <p elll® loe VOB (S1.4)
1<i<2n 1<i<2n |uytly;| n3/2

Lemma 4. Under the conditions of Theorem 77, it holds true that

&; — o = v; ' (g: — Egi) + vg, (920 — Egon) + €, i=1,..,n,

6] - /8]* = U;}-j(gn-‘rj - Egn-i—]) - U2_n1(92n - EQZTL) + €n+js .] - 17 ey — ]-)

where €; satisfies that

18]10|oc | 4
P max e § B 5y M
1<i<2n-1 n (n—1)2

Lemma 5. Under the conditions of Theorem 77, it holds true that

max
1<i<n
max
1<j<n

logn

< A0

021(6"; k) _
Zu 1]E|: aazaﬁl :|\/Evn—|1—l(gn+l_]Egn+l) ~

v

1—

S

Y

n

< Gl 1081 oy 2
n n

(S1.5)

0?1(0%; K
Zunﬂ { 005, )] Vgt (g — Egy)
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< 1Ol /bﬂ) 1o 2
n n

< ol /@) 1.2
n n

(S1.6)

and

n—1

—1 —1
Pr ( max > u T/, L (gnsni — Bgnsn)
=1

" (&% ; Ut T Vv (i — B)

Lemma 6. Under the conditions of Theorem 77, it holds true that

n—1 *,
Zm e [N ] e - ap) + 3w B[SO s - )| <
=1

20107 15 Jog 1,

1952, Doy dps 9008, NG ’
and
- 3%1(0*; k) _ 9%1(0*; k) e2006%llo 1og
—_ 1 E ’ e ) ’ <, - o
1<]<n 1 Z Vin(dy = o) {unﬂ O0ay, 0P “2n O0ay,0fn ~ Vn

Lemma 7. Under the conditions of Theorem 77, it holds true that

620”0 Hoo log n

P \/ﬁ 9

max
1<i<n

n n—1
Zuz_nlfkn\/ﬁ(@k — o) + ZU;IIu\/ﬁ(Bl - B S
=1 =1

and

201071 Jog 1

Z\/_ A — ag) {Un+]:z:kg U2nI’m} NG

1<j<1’L 1

S2 Appendix B: main proofs

Proof of Theorem ??. The asymptotic bound for ||@ — 8*||« in (??) fol-
lows from Lemma[3|immediately. To obtain asymptotic normality, it follows

from Lemma [ that

18197l 1og n

112?%}%‘ {v Egz + Vg, (92n - Ean)H SP T’

. _ _ 8197l 1og
e [ 5) {0 (s Ees) — 05200~ Egn)}| 5 S BT

n

(S2.7)
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Define q € R>"! with ¢; = v; '(g; — Eg;) + v, (gon — Egoyn) fori=1,....n,
and g,1; = v,;lj(gnﬂ —Egnii) =5, (gon—Egan) for j = 1,....,n—1. It is not
difficult to verify that for any fixed d, q; .4 s asymptotically multivariate
normal with mean zero and covariance matrix X.q1.q. By and

Lemma [ we have

s o e8Il Jogn 19167l Jog
1(Siara) 2 (0—0" =) | oo Sp /rel® I 8% _ B2 — o(1),

n v

which completes the proof of Theorem ?77. O

Proof of Theorem ??7. By Taylor’s expansion, there exists a 6 such that

0l(6;k)  0l(6"; k) . 821(6; k) 5
06 00 06>

where ; lies between 67 and 6; for i € [2n — 1] and 6y, = 65, = 0y, =

0. It is not difficult to verify that 0l(0;k)/05, = > ,_, Ol(O; K)/Ocy, —
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"1 01(0;k)/0B,. Then, we have

- 3 L, 0lB;k)  __,0l(0;K)
Q; &; (al az) +u2 80@ +u2n aﬂn
) L Jouek) 846k, (0 k) -
— (. — o* -1 ’ ) . — o — N (B, — BF
=(G; — o) + U { o + Do (& —a)) + E:l 90i05, (B; — B;)

O k) ~PUO:K), .,
+ iz, {—aﬁn +;—aakaﬁn <oek—ak>}

0l k), 0l(0": k) ) G
. 1 1 ) ok - 1
- {uz aai + U2n 8571 + (al az) 1 + ul 6042

For I 1@, we have

. 01(6%; k)
(9a,~ n 8671 ‘ 80@ ’

9Pn

+ [ty — ]

The first term can be rewritten as
L 0l(@0% k) 0l(O;K)
1 ) 1 9

L0l(0°
:{u ( .n = Zl %+52;Hk)}+u2£lin(af+ﬁ:§;m>

% k=1,k#i
i)+ 1
By central limit theorem, I ﬁ) is the sum of two independent variables which
are asymptotic normal with variances u; ' and us,, , respectively. Therefore,
Il(? is also asymptotic normal with variance u;* + u,,. Also, Lemma

implies that max; i<, |1 = O(e21€"len=1) = o(n~Y/2). Furthermore, it
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follows from Lemma [2[ and (S1.4]) that

max [uz—l _ al—l] m
1<i<n

which is of order o,(n~%/2). Therefore, we have

as n diverges.

For I2(i), it follows from Lemmas |1/ and [3| that

021(0)
Ui + aa? GHQ*H 10gne
max |17 < max |&;—a]| | ———in | <p 107
1<i<n 1<i<n U; n

which is of order o,(n"/2).

For Iéi), we have

; " [0 k)] B
Ié):{z“ﬂ R s *Z =%

k=1

N {Za;ﬂknm
k=1

" (0M(6;k)  0%(6%:K)
- {2“2"1 ( T R S )

k=1

=1 4+ 1) 4+ 1),

Note that |I§11)| can be further bounded as

n % n—1
) 1 [0%1(6% k)
601 |3t [ o)+ 3o
k=1 j=1
a 9’0" K)
1 —
+;[u2n Uy, ]E[ﬁakﬁﬁn}

1E[

+

-1 -1
aai + [u2n uQn] 8571

T u 1% — N(0,1)

6107 \/nlogn e

14(|0*|

l~Jogn

n—

0*(0%; Kk

0008,

0*1(0*; k

1

]:1

00v,03;

By Lemma |§|, the first term is upper bounded by ell¢”

6_2“9*”0077[

I

)

821(0; k)

Y

n

>]<ﬁ—

o

90.0p;

55)

9%1(0%; K

T | s - )

l log n/n in

probability, and by Lemma and (S1.4), the second term is upper bounded

CRUOR) .
5000 )(6 —@)}
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by €!619°ll= 1ogn/n in probability. Therefore, we have maxi<;<, |1V <p
20187l 1og n /.

For I?Eg), we have

11| < ZUQ Tin(cy, — ) +Zu_1I B7)
n n—l1 ~
+ Z[azn Uz | Zien (G — o) +Z 1 Z5(8; = B5)| -
k=1 J=1

By Lemma m, the first term is upper bounded by e2°1¢"ll< log n /1 in prob-
ability, and by Lemma (3] and (S1.4),the second term is upper bounded
by e'619"ll< logn/n in probability. Therefore, we have max;<i<, 110 <p

20187l 1og n /.

For I ?E?, it follows from Lemma , Lemmaand (S1.4) that max<i<, |/ 3(;)| Spe

e 4107l 1og n/n. Then, combining the upper bounds for each term and

Lemma [2 yields that

max |(

1<i<n ’

N L0105 Kk) 010" K) 2097l Jog n
RN T I it S Sl R4 1227 N <, - e
Q; — ) {uz aai + Uy, aﬁn ~P n

(52.8)

ol —10U6%3K) - : . . _ _
where u; ! ( ) +u nlﬁ is asymptotic normal with variance u; ' +u, .
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Next, we turn to bound Bj — B;, where

N y ol(6; __,01(0;
B = B; =(B; = B}) + i E%ﬁ) — iyt (86:)

) 010" k) UO;K), . .. =OUO:K),
:(5j—ﬁ;)+anij{ (aﬁjﬁ)jL a(ﬁgn)<5j_ﬁj)+ZM

91(0%; Kk 921 0n )
u”l{ T E: 9000 k_c%)}

*, . o s
- {anijm - ’llznlm} + (85— 5;) {1 + ﬂ;ijw

0B; 0B 057
“L N TR (CHD) 1(6; k) . O°UO;K)
+{;(“’“_0"“>[ e 8%8@”

—J9 4 g9+ g9,

Similarly as the case of a; — o, we have

; _, 0l(0%;K) _,0l(0%; k) ol0"; k)
J1(J) - {un}rjﬁ—ﬁj B u2n18—ﬂn +[-u n+J - unﬂ} T 98,

where it follows from Lemma [2] and (S1.4)) that

ol(O"; k) ACET) M08l 1og
s | [y ) —ga = [l ] =52 S
Further, we also have
146l | 206" lloo |
max |J2])| <p ogn7 and max ]Jéj | <p ‘ e
1<j<n—1 n 1<j<n~—1 n

Combing all the results together and Lemma [2] we have

~ AT Y () 20197l 1og n
L BF) — 1 Yt i Sl A O I NN~ R
(ﬁj BJ) { n+] aﬁ] Uap, aﬁn ~P n (829)
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—1 0l(6*;k) _u—l ol(0*;k)
n-+j 3,6’j 2n 9p,

where central limit theorem implies that u is asymp-

totic normal with variance u;}rj + Uy,

—101(6%:)
T Oa;

—101(0% k)

Define r € R?*"~!, where r; = u + Uy, Tg5,— for i € [n], and

Tntj = u;i i 81(80;;”) — Uy, mg’;f) for j € [n—1]. It is not difficult to verify that

for any fixed d, r[1.q is asymptotically multivariate normal with mean zero

and covariance matrix Hyi.q1.q. By (52.8)) and (S2.9), we obtain ||§ —0" —

r|loo = 0,(n"1/2), and thus complete the proof of asymptotical normality.

By Lemma |l| and (S1.2) in Lemma , we have

. logn
<p 20l [2OBTL
n

Then, (77?) is obtained from (S2.8) and (52.9). O

L, 0l(0;K)
1 )
T

max
1<i<2n

Proof of Proposition ?77. Let a; be the solution of the estimation equa-

tion
n

k=1,ki

It follows from Theorem ?? that the asymptotic variance of @; is w;(v})™2.

But by the Cramer-Rao bound, we also have
27(0* -1
var(a;) > (—E {aal((f? )}) = —(uf)" .

By letting n — oo, we get w;(v;)™2 > |uf|~! for any ¢ € [n]. Similarly, we

can also get w;(v;)™2 > |uf|~! for any ¢ = n + 1, ..., 2n. Therefore, for any
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i € [2n], we have

5 (%) 2 * \—2 (%) —2 x \—2
avar(?\l) _ wl(vlz 71—|— wz,:(vf?) > min {wl(ifz)1 | UJ2n<*’U27i)1 } >l
avar(6;) i [t + fus,| |u;] U3, |

This completes the proof of Proposition ?7?. O

Proof of Theorem ??. By (52.8) and (52.9)), we have

PO 010" K) _,01(0%; k) .
<ai—a->—<a:—a*>={uﬁ——w*) —oa [ to(n79),
/ J (9061' J 80@ P

~ olo*; oleo*; 1
(Bi—B)— (8 - 8) = {(ug% - u;ij%T;"‘)} T oy(n),

which immediately imply (?7).
By (?7), similar to the derivation of (S1.4]), we have
610" | V108 ™

~1 -1
max |uZ —u; ’,Spe mEYER

1<i<2n

which, together with Lemma [2, implies that
%~ 05)°

07045 (0s5 + 03;)

=+ () — )

% 7
= max J J

i) 07,0:;(83 + 0%,)

*\—1 _ §-1) _
max [(9;;)”" — 0;; | = max

6116* oo 1,~3/2 Tog 10 .
€ n ogn — 51107 lloo /logn.

~P n—3/2

(52.10)

Simple algebra yields that

~

0 [(@ — ) — (o — )]

1] J
=(07) " [(@ — &) — (o] —af)] + (05" = (67,) ) [(@ — &) — (o] — @})] |
where the first term converges to N (0, 1) in distribution following (?7), and

the second one is bounded by O, (eI~ log n/\/n) = 0,(1) following (??)
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and (52.10). The case for 3,;11.7”“ [(,/8\Z - B\]) — (B; — B;)] is similar. This

completes the proof of Theorem 77. n

Proof of Theorem ?7. First, by the definition of FDR, we have

R =2 |15 byt | = 3B Mgt

keSo keSo
> > amin(l, K)
=3 o B e tooso] <30 g 3P (e < ),
=1 keSo =1 kS

(S2.11)

where the third equality is due to that for each ry > 0,

1 1
T_Ol{pké%}l{rwo} 1{pk<mo}1{m>0}z (_ T+ 1) 1{ka }1{7‘0>0}Zl [+1)

1
=l Z ml{owgl}'
=1

amin(l,K) )

It thus suffices to establish an upper bound for maxyes, Pr (pk < —%r

Note that for any k € Sy, it follows from ((S2.8|) that

~

~ < logn
a; — o = Vi + (w; — wg) with max lwi —wi| <p e2010% 10 5
0

n

—101(0%K) . —101(8* k) N —181(0* K) _185(0*;@
where Vi, = u; oo Uk " oar and w; = (@;—aj)—q T Uy =55, -

Then, we have

max Pr <pk < AL mi[r;(Ll, K))
= max Pr (2 (52tla —anl)] < %(le)
—iréa)gPr< ‘Vszr *wk)‘ > ¢! (177am2inK(ll,/K)))
< maxPr < Uy > 3! <1 B am;r;((lL,K)> ~ e%mw:gogn)Q) + P (Mzk - W)
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where ju;; = H((S;}c)_l - 8\5@1} Vik

Note that (63,)"'Vix — N(0,1) in distribution following (??), then it

+

S (wi — wk)‘ :

follows from the Berry—FEsseen theorem that

maxsup}Pr ((05) Vi < t) — ’— <\/_)

keSo tcR

It further implies that

(LK) el (log n)?
V] > @t (1 - cminls
%?%Pr ((%) \Vik| = @ (1 oKL

§2{1 e {@1 (1 - O‘mzi?((lL’K)) - (IO\%)QH ( : >

amin(l, K) Lo (ezone*”“’(logn)Z) '
KL Jn

(S2.12)

Also, it follows from (52.10f) that

(logn)?
hesy r(’“‘— /n

il + lwi — wi ]} + |(5:k>71(wi —wyi)| >

< max Pr ()(6;-2)1 — 5

kESH

But it follows from (S2.8)) and ((S2.10]) that

20197l (Jog n)?
)

(2016
vn
Therefore, maxyes, Pr (i > €?19°l1= (log n)?//n) = O (1) following Lemma.

~ logn
*\—1 - 1 )
max ‘ (0) ™" — Ok

el lwi — wil ] (5) 7w — wi) | Sp

Putting the above results together, we obtain that
amin(l, K) amin(l, K) 20197l (Jog n)? 1
p < — 1 )= 210 ol =
ks (p FSTTRL > KL n oL
_ amin(l, K) Lo (620||9*°°(10gn)2> '

KL NG
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It then implies that

FDRgil(lil)kgoPr(pkgami;(Ll’K)>
(p’“< ) leJrl ( i)}

al 20107l (1og n)? > 1
foro (T )|

—K+1
< aKy oKy o <6209*|°°K0(10gn)2> .

Il
bl
m
%)
/_/H
-
e
=
)
=)

«a 62()‘|6*H‘>‘>(10gn)2
pro( )|}
vn

As 2197l [{;n=12(logn)? = o(1), the desired upper bound on FDR fol-
lows immediately. O
S3 Appendix C: proof of lemmas

Proof of Lemma [1l. First, simple algebra yields that

I L) R Y Tt R

3041-2 aalaﬁj
216 ) B o) ($3.13)
K K .
SRR L) B S (Tt
9p; i=1,i#j 0008,
(0;x e®ithj —k;)e®i P —Kq
It is shown that B[~ ) = (14777 )2 { - egﬁﬁj)ﬂlw) - eaﬁlﬁfﬁIZJ

for any i # j. Also, we have max; ; (o] + 35| < 2[|0"||«. It can be verified

that there exists a positive constant ¢ such that

<c

_ ear‘rﬂj + (1 — /iz') eal-i-ﬁ] + 11—k

+ri

. 1672”9*“ eithj (1 _ K/i>eai+/3j 1 — kK,
(1 + e@ithi)2

for any 1 < i,5 < n. It then follows from (S3.13) that ¢ 'ne 2107l <

. af+p%
1o=2(10% [l « (Itwi)e * 79 )f <
> +B7 T =

ming<;<o, 4; < MaxXj<;<o, U; < cn. Further, we have ¢~ (
== == 14
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¢ for any 1 < 4,5 < n, and then it follows from the definition of v; that

* . . .
¢ Ine 207~ < minj<;<2, ¥; < MaxXj<<o, ¥; < cn. Similarly, note that

x4 g*
1o 210" < (Itri)e™ 7 1y (1—ri
— f+B;)Q

o ) < c for any 1 < 4,7 < n, which implies
+e *

that ¢ Ine 2197l < min;<;c0, w; < max|<jco, w; < cn.
Let M = (mj)nxn With m;; = B; + ;. As [(0; k) depends on «; and

B; only through m;, we may write [(6; k) as [(M; k) with M = (m;)7,_,

without causing any confusion, and it holds that

it also follows from (S3.13)) that

%1(0;k) _ 0%1(M;k)
dai0l, — om?, Next,

2’0, k) 00" k) "L |0%(0; k) O*(0*K)
max — < max —
1<i<n 863 8912 1§i§nj:1 i 8042-85]- 80éi86j
(M k) OPl(M*; k) -
— ) - ) < o * < o *
2 2 |Tom T am | S 2 o ml Sl =6l
J=1,5#i Y Y J=1,5#1

where the second inequality is due to the fact that there exists a constant
€ > 0 such that

PIM; k)

3
oms;

— 0(1).

sup  max
0:(10—0" || c<e 7

Similarly, we also have

Pl k) U™ K)
062 062

max < nll0 — 0" .

n+1<:<2n

The proof is similarly for

PlO;k)  O°U(O; k")
062 062

n~! max
1<i<2n

= O(llk = K[|,

which completes the proof of Lemma [I] m
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Proof of Lemma [2l Note that |y;;] <1 for any 7,5 € [n], and it can also

be verified that Eal(%’;’%*) =0 and n!

‘95(%;91“*)‘ < 2 for any i € [2n]. It

then follows from Hoeffding’s inequality that

Pr (s, lo~ Bl > VA0 Diogln 1)) < 3 r (1~ Eal > /T~ Dlogin — 1)

i=1

<o () e
and
Pr (llglli%}é{n %&i“*) > /16(n — 1) log(n — 1) ) ZPr (‘ k') > /16(n — 1) log(n — 1)>
< dnexp (_32<” e Tt

Then, (S1.2) holds since by (], we have

olO*; k")
00,

ole*; k) 0l(6"; k")

00, 00,

ol0; k)

max
1<i<2n

— Imax
1<i<2n

< max
1<i<2n

Also, there exists a positive constant ¢ such that |Z;;| < ¢/2 for any

i,7 € [n]. Again, by Hoeffding’s inequality, we have

0?1(0%; k)
Z o\ 1> _ _
Pr (122(” o0 u;| > cv/(n —1)log(n 1))
2n
0?1(0;
ng:;Pr ( % +ui| > ev/(n — 1) log(n — 1))
2(n — —
<dnexp ~2¢*(n—1)log(n — 1) _ A ‘
A(n—1) (n—1)2
This completes the proof of Lemma 2] O

Proof of Lemma [3. The proof mainly follows from the results in [Yan

et al.| (2016), except that we have k here which approximates true values
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rk*. Note that
0F;(0"; k) i (14 k;)e*i +ok

e = —;, for i € |n],
aai k=1,k+#i (1+€ai+ﬁk)2 [ ]
OF (67 k) (1t )i |
M) S A = e fxjeln]
k=1,k%j

By Lemmall] there exist positive constants ¢; and ¢, such that —9F (0; k)/06 €
L(cre™ 8%l c) where L(c;e™219"l= ¢,) is defined as in Section 2.1 of [Yan!
et al.| (2016).

By Lemma , with probability at least 1—4n/(n—1)?, we have max { maxy<;<, |d;—

Ed;|, maxi<j<n b — Ebj|} < \/4(n — 1)log(n — 1). Then,

|ki — KF]
2?;;|F1<0;’{)| lfélfg;wz Egi llélz%zklk#,l—keO‘H@
:7 1

<V4(n —1log(n —1) + (n = 1|k — £l

=[1+o(1)]\/4(n — 1)log(n — 1).

Similarly, maxi <<y |Fnt;(6; &) < [1+0(1)]/4(n — 1)log(n — 1). Accord-

ing to Theorem 7 in [Yan et al| (2016) with m = ce 219"l M = ¢,
Ky =({1+k)(n—-1), Ky = %, p = eS8l and r < 8197l | /logn/n,

it holds that with probability approaching 1, F(8; k) = 0 has a solution 8,

T op < 167, 1087
—pr — n

Next, we prove the uniqueness of 8 by contradiction. If there exists 0 +

and it satisfies

16— 6 < -

0 such that F(8; k) = 0, we define h(t) = (t0+(1—1)0)TF(t0+(1—1)0; k),
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and

Wit)=(0—-6)" 5 (6 —6).

8F(t§+(1—t)9;n)] -

Since —0F(0;k)/00 is a diagonally dominant matrix with positive diago-
nals (Yan et al., 2016), it implies that —0F'(0;k)/00 is a positive definite
matrix, and thus A/(t) < 0 for any ¢ € [0, 1]. This contradicts with the fact

that h(0) = k(1) = 0, and the uniqueness of @ then follows immediately. [

Proof of Lemmall Let h = —F(0;k) — F'(6*;k)(0 — 0") and g =

(g1, .-y g2n—1) . Further denote

g(0;k) = (01(0; k), ..., gon1 (0 K)) T,

e+ Ki % JrB] K
where g;(0; k) = > 1,k#i 1:& Ij-ﬁk and g,,4;(0; k) = >4 1,k#£j 1iak+ﬁjk for
i,j € [n]. Note that g(0*; k*) = Eg. Then,
0-0" = —[F'(6"; k)| "' (g—Eg)—[F'(6"; k)] (g(6"; k") —g(8"; k)~ [F'(6"; k)] 'h.

By Lemmal3] and Lemmas 8, 9 of[Yan et al| (2016)), we have ||[F"(0"; k)] "'h|s <
eOll0" Nl ||0—6* |2, <p e'8l9"l=1og n/n. Similarly, we have |[F'(6%; k)] (g(0*; k*)—
g0%: k) |lso S el — k*||oo < €897 Jogn/n. The desired results

follows immediately. O]

Proof of Lemma [5l Note that for any [ € [n — 1],

o [021(6%; k)
U, IE[ 80,05, :|\/_Un+l(gn+l Egn-H)
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is a sub-Gaussian random variable with zero mean and by Lemma [I]

8[16” [l

>] VAU (gnst - Egnm} cadlr

n2

9%1(0%; K
aazaﬁl

?

max var {u;lE [

1<i<n—1

where ¢; is a constant. We have

80[1 6/61

n—1

(0" Kk
E u;lE |: ( ):| \/_vn+[<gn+l Egn-i—l)
=1

< eyl 1087

B n

< eyl 1087
o n

— 021(6*; k)
>1 —n max Pr ( Zu;lE [ ] \/_Un+l(9n+l Egn11)

1<i<n — do; 0
21 2
>1 —2nexp <—C2 ogn) =1-—
2cq n

where the second inequality is due to Hoeffding’s inequality, and the last

equality holds with ¢, = 2,/c;. Similarly, we can establish the bound for

max
1<j<n

0%(0%; K
e p 2] ot

and thus we complete the proof of (S1.5).

For (S1.6)), note that for any [ € [n — 1],
w7 Zyv/noy L (Gnsne — Egnan)

is also a sub-Gaussian random variable with zero mean and by Lemma [T}

£1e816°

max var u; L7\ /nv E ,
1<I<n—1 { v/n n+l(gn+l\z gn-l—l\z) ST e

where ¢; is a constant. The rest of the proof is similar to that of (S1.5)).
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Proof of Lemma [6l By Lemma [4] we have

" (06 k) . O21(0*; k) .
et [ | Vo0 + e [T v
_ . -1 U0 k) 1/ -1 . ,
- 2n]E aakﬁﬁ \/ﬁ [Uk (gk Egk) + Uy (9211 ]Eg2n) + 61:|

k n

1
nzl 82 0* ) \/ﬁ[v—l <g —Eg )_,U—l(b —Eb)+€ }
— 8&2 aﬁl n+I\Yn+l n+l on \Yn n n+l

:éuz_nl]E [82 (6 )} Vg (gr — Egi) + Z“_lE [02 0 x q Vo (Gnt — Egnia)

aakﬁﬁ a@zaﬁl

8 l(f;/sn)} Vs

216" k)
-1 3 —1 —1
Uu, E [a&—aﬁn] \/ﬁv% (g2n - Eg?n) + ’;:1: uan |:

[0 k)
+Z 1E|: 3041551 :|\/_€n+l

82 9* 82l 0*
= Z uy [ )} Vo (gr — Egi) + Zu_lE [ ( q Vvt (gnrt = Egart) + i

00y, 008,

By (S1.5) in Lemma |5 ' we have

" [0%(6% k) . logn
S ug) < A6, 1087
. U’QnE |: 304;495 :| \/_Uk ( ]Egk) ~P € n

n—1
;u" 1E{ 90,00 ]\/_ 20T (gnst — Bgnir)| Sp 197l \/7 |

and it follows from Lemmas [1} 2] and [4] that for any i € [n],

a&zaﬁl

ri] Sp 21> 10gn/v/n + 1971=\/n|k — K*||oo < X187l 10gn//n.

Therefore, it holds true that
-1

D [02%1(6%; k) . o | = 1o [0%1(6% k) 5 o
12520 ,;1 Z"IE[ 901,06, }ﬁ(a’“*a’w;“i IE{ 90i0p) ]“W”'Bl) o

¢20010° e Tog

NG

Similarly, we can also show that

9%1(0*; k) 1. [0%1(6%;K) 20107 llee 1og n
- E E <p o — 08T
Zfo"“ “k){“”ﬂ { 90, 05; } fan {aakaﬁn ” ST

1<]<7’L 1
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This completes the proof of Lemma [6] n

Proof of Lemma [7l. By Lemma [4, we have

n n—1
Z Unp Lien /10 (G — @) + Z u; ' Zuv/n(B — By)
=1

= Z Ug,, Ilm\/_ Uk (gk - Egk) + Vg, (g2n - Eg?n) + € }

n—1

+ Z u;  Tav/n [0, (Gnst — Bgnii) — 03, (b — Eby,) + €n]
=1

n—1
—ZU2nIkn\/_ nvg ' (gx — Egr) +ZU Tav/nu, (G — Egaga)
k=1 =1

+ u2n \/_v2n (an - Eg?n Z Ikn 1\/_U2n n Z Izl
+ Z UQ_nlI]m\/EGZ + Z ’LLZ-_IZZ'Z \/Een—&-l
k=1 =1

= Z u;;Ikn\/ﬁvk_l (gk\n - Egk\n) + Z UQ_nIIkn\/ﬁvk_l(ykn — Eyin)
k=1 k=1

n—1 n—1

+ Z w7 Zan/nvy Ly (G — Egnan) + Z u; Tuv/nvy (v — Eya)
=1 -1

Ugp — U2n —
+ \/ﬁvgnl (9211 - Ean)% - \/ﬁv%l (bn — Ebn)

2n
n n—1
—1 —1
+ E uan]m\/ﬁQ—i— E (3 Iil\/ﬁen+l

n—1

- Z ugn Ikn\/_vk (.gk\n - Egk\n + Z u Izl\/_vn—l-l (gn—i-l\z ]Egn—l—l\z) + 8.

k=1 =1

L vy (b, — Eb

n)

Im

i
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By (S1.6) in Lemma |5 we have

o _ . logn
Z U Lo V0, (G — Egion) | Sp 10714 [ —=;

e
o

n—1
logn
-1 —1 4)|6*|| g

max E u; T/ L (G — Egnrni) <p eHOlleey [ 2

T =1

and it follows from Lemmas [1} 2] and [4] that

max [si] Sp 11 log n/ v+ I= /il — k¥, S 1= logn/ i,
<i<n

Therefore, it holds true that

£20[6% e

max
1<i<n

n n—1

. logn
S up T/l — o) + Y ui " Tuv/n(B - )| <p — e
k=1 =1

Similarly, we can also show that

2016”1 Jog 1y

<

This completes the proof of Lemma [7] ]

max
1<j<n—1

> Vinlar —op) {un Ty — up) Tin }
k=1

Appendix D: estimation of k and asymptotics

Define Z} = {i € [n] : k; = Ko1} and n] = |Z7|. We develop a selection
procedure to determine the pattern of each node in sending negative edges.
Specifically, for each i € [n], we calculate (; = n™! ZZ:L,#Z. Liyy=—1}, and
define Z; = {i € [n] : § > &}, where &, is a pre-specified threshold.

Further, let k; = K if i € Z;, where x is the unknown parameter we are
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going to estimate, and k; = logn/n if otherwise. Without loss of generality,
we assume Z; = [n] and define 8, = (v, ..., &y, B1, vy Bny—1) |- Then, the

log likelihood based on the subnetwork with n; nodes takes the form

1(01;k) = Zl: lij(ci + Bj; k).

i.j=1,i%j

To estimate x, we consider the following restricted MLE

(01,k) = argmin [(01; k),
[101]]oc <7 log n1
HG[’Y”NI_'YH]

where 7 > 1/40 and ~,, € (0,1/2). Given &, we let K = (K1, ..., k), where

k; = Kk if i € 7y and K; = logn/n if otherwise.

Lemma 8. Suppose ||0*]|o0 < clogn with0 < ¢ < 1/40, koo < 2197l log n/n

and ko1 € (Yn,1 — ). Choose &, such that \/logn/n < &, < %n’%.

Then, Pr(Z; = Z7) — 1 as n grows to infinity.

Proof of Lemma [8 By Hoeffding’s inequality,

1
max | — EG| Sp /o,
1€[n] n
which implies that

[logn . [logn
min €Z| E;P min |]E<-’L| - g z ’yne_4H9 ”oo _ g 2 ’ynn_%,
1€LY i€y n —n

o 0w toen  [Togn . oz
- max [EG|+ /== < R =
i€[n\Z} ie[n)\Z} n n 0 o

max |G| Sp max

This completes the proof. n
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Let p;j(a;, B, k) represent the distribution of y;; under parameters (o, 3}, k)
and pi; = pij(a;, B}, ko1). Define the KL-divergence of p;; from pj;(ay, B;, k)

as

ply | af + B, ko)
p(y | ai_’_ﬂjv’i) '

D (pijllpij(ci, B, 8) = > ply | af + B}, k1) log

ye{-1,0,1}

For any p > 0, define B, (p) = {k : |k — ko1| < p} and BS(p) = [y, 1 —

]\ B (p)-

Lemma 9. Under the same conditions of Lemma[8, suppose

1 = .
1 [ D .. .. . . > —12(|07 ]|
101l logns 7y (my — 1) ;Z. Dienpyllpylas, By, 1)) Z pe ’
KEBE (p) i,j=1,17#]

(S3.14)

1267

then we have |k — ko1| Sp €191l logn, /n;.

Proof of Lemma [9. The proof is similar to the proof of Theorem 2 in[Yan

et al.| (2019), and thus we only show the main steps and different parts. We

have
ni

1(91; /f) - El(@l; ’f) = Z{l{yijzl} - El{yijzl}}logp<1 | o + 5;'7 “)
i#]

+ {1{%’]':0} - El{yijzo}} logp(0 | o + Bj, k) + {1{%1:*1} - El{yz’j=*1}} logp(—1| a; + Bj, k).

Note that there exists a constant ¢ such that

max max |logp(y | a; + Bj, k)| < clogn,.
101 ]|oo <7 logn1 y€{—1,0,1}
KE[yn,1—n] i#j
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Then, by Hoeffding’s equality, there exists a possibly different constant c;

such that
1 logni(n; — 1) log n4
——|l(01; k) —El(O; < 1 <
||01||£1Sa;'}§0gn1 nl(nl — ]_)| ( 1 K/) ( 1y l{)| P Cl Og nl\/ ’[’Ll(nl — 1) Cl nl 5
Heh/nv]-_'}/n]
(S3.15)
where ¢; may take different values. For any p > 0, define
() = —— E[1(01; 501 B0, )]
n\P) =y max s Kot)| — max K ,
P n1(n1 - ].) [01]|co <Tlogn1 b oL [|01]]co <Tlog n1 !

wEBF (p)

and p, = 1inf {p > 0: €,(p) > 2¢1logny/ni}. Similar as proof of Theorem 2

in Yan et al. (2019), (S3.15)) implies

1 1

max E[l(6;K)] > max ————E[l(0; k)],

o o iy — 1) ) 101l vlogr 71 (1 — 1) (61; )
KEBZ (pn

which further leads that k € B, (py).
Note that
ni ni
E[l(6y, k)] = — > Dir(pijllpi(ai B, 5) + Y S(piy),
i,j=1,i#j i,j=1,i#j
where Dr(pij||pij(cu, Bj, k)) is the KL-divergence of p;; from p;;(cu, §;, k)
as defined earlier, and

S(pij) = Z p(y | o + B}, ko) log p(y | of + B, kou).-
ye{-1,0,1}
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Then by (S3.14)), we have

max  E[l(0; ko1)| — max  E|l(01;k
101]|co <7 logn1 [( ! 01)] [01]|cc <7 logm1 [< ! )]
KEBY (p)

ni ni
=—  min > Drilpijllpi(ai, By, k1)) +  min > Dir(pijllpi(ci, 85, %))

161l <Tlogni 161 ]|co <7 logni

i,j=1,i#j] KEBS(p)  BIFLFE]
ni
= o, min Y Drelpyllpy(ei 85, 5) Z pra(ng = 1)e219l= > 0,

01llc<Tlogn1 “—
KEBE (p) 1,j=1,i#]

which implies that e,(p) > e 1211l Since €,(p) is continuous, we get
2¢; logny/ny = en(pn) = pe '210tll< wwhich leads that p, < e!219ill=logn, /n;.

12|67

Therefore, |k — ko1| Sp e lls Jog ny /m;y. O

Based on Lemmas [§]and [0, we have the following proposition specifying

the convergence rate of kK, which satisfy the requirement in Theorem ?7.

Proposition 1. Under the same conditions of Lemma@ suppose ny 2 n.

o121

Then, we have |k — K*||o0 Sp l Jog n /.
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