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S1 Bridge density for linear Gaussian diffusion

Consider the following stochastic differential equation (SDE),

dXt = b(t,Xt)dt+ σ(t,Xt)dWt (S1.1)

where Xt is an n-dimensional diffusion process, Wt is an m-dimensional

standard Brownian motion for m ≤ n. For b(t,Xt) := b0 + b1(t)Xt and

σ(t,Xt) := σ(t) ∈ Rn×m, the solution to (S1.1) at discrete time points

t0 < t1 < . . . is given by Jazwinski (2007); Evans (2012)

Xti+1
= Φ(ti, ti+1)Xti + a(ti, ti+1) +

∫ ti+1

ti

Φ(ti, t)σ(t)dWt (S1.2)

where the fundamental matrix function Φ ∈ Rn×n satisfies the following for

all s, t, u ≥ t0

dΦ(s, t)

dt
= b1(t)Φ(s, t), Φ(t, t) = In×n, Φ(s, t)Φ(t, u) = Φ(s, u),

the vector a(ti, ti+1) ∈ Rn is given by a(ti, ti+1) =
∫ ti+1

ti
b0Φ(ti, t)dt. There-

fore the transition density fti,ti+1
(x′|x) can be expressed as a Gaussian as

follows,

fti,ti+1
(x′|x) :=

exp
(
−1

2
(x′ − µ(x, ti, ti+1))

⊤ R−1(ti, ti+1) (x
′ − µ(x, ti, ti+1))

)
√
|2πR−1(ti, ti+1)|

,

∝
exp

(
−1

2
(x− µ̂(x′, ti, ti+1))

⊤ R̂−1(ti, ti+1) (x− µ̂(x′, ti, ti+1))
)

√
|2πR̂−1(ti, ti+1)|

=: f̂ti,ti+1
(x|x′),
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where

µ(x, ti, ti+1) := Φ(ti, ti+1)x+ a(ti, ti+1),

µ̂(x′, ti, ti+1) := Φ−1(ti, ti+1)x
′ − Φ−1(ti, ti+1)a,

R(ti, ti+1) :=

∫ ti+1

ti

Φ(ti, t)σ(t)σ
⊤(t)Φ⊤(ti, t)dt,

R̂(ti, ti+1) :=

∫ ti+1

ti

Φ−1(t, ti+1)σ(t)σ
⊤(t)Φ−⊤(t, ti+1)dt.

Assume s < τ < t, then in addition to sampling p(xτ |xs) exactly, one can

also sample Xτ ∼ p(xτ |xs, xt) exactly where

p(xτ |xs, xt) ∝ fs,τ (xτ |xs)fτ,t(xt|xτ ) ∝ fs,τ (xτ |xs)f̂τ,t(xτ |xt)

∝ N

(
xτ ;
(
R−1(s, τ) + R̂−1(τ, t)

)−1 (
R−1(s, τ)µ(xs, s, τ) + R̂−1(τ, t)µ̂(xt, τ, t)

)
,(

R−1(s, τ) + R̂−1(τ, t)
)−1
)
.

S2 Proof of Lemma 1

The following propositions will be used in the final proof.

Proposition 1. Let X be the Brownian motion which starts at X0 = x0,
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then the following equality holds for any a > 0:

Pr
(

sup
0≤s≤∆

Xs −X0 ≥ a|X∆ = x∆

)

=


exp

{
− 2a

∆
[a− (x∆ − x0)]

}
, a > x∆ − x0

1, a ≤ x∆ − x0

Proof. Define τa as the hitting time of a as follows,

τa = inf {s ∈ [0,∆] |Xs −X0 = a}

A hitting time is also a stopping time. Then by applying the reflection

principle (please refer to Theorem 2.19 of Mörters and Peres (2010)), the

process {X∗ : t ≥ 0}, called Brownian motion {Xt : t ≥ 0} reflected at τa,

defined by

X∗
t = XtIt≤τa + (2Xτa −Xt)It>τa

= XtIt≤τa + (2a+ 2x0 −Xt)It>τa

is also a Brownian motion. Thus,

Pr
(
τa ≤ ∆, X∆ ∈ [x∆, x∆ + dx]

)
=Pr

(
X∗

∆ ∈ [2a+ 2x0 − x∆ − dx, 2a+ 2x0 − x∆]
)

=Pr
(
X∗

∆ −X0 ∈ [2a+ x0 − x∆ − dx, 2a+ x0 − x∆]
)

=
dx√
2π∆

exp
{
− [2a− (x∆ − x0)]

2

2∆

}
.
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Note that,

Pr
(
X∆ ∈ [x∆, x∆ + dx]

)
=Pr

(
X∆ −X0 ∈ [x∆ − x0, x∆ − x0 + dx]

)
=

dx√
2π∆

exp
{
− (x∆ − x0)

2

2∆

}
.

Division between two equations above concludes the proof.

Proposition 2. Let X be the Brownian motion which starts at X0 = x0,

then the following equality holds for any a > 0:

Pr

(
inf

0≤s≤∆
Xs −X0 ≤ −a|X∆ = x∆

)

=


exp

{
−2a

∆
[a+ (x∆ − x0)]

}
, a > −(x∆ − x0)

1, a ≤ −(x∆ − x0).

Proof. A similar approach as in Proof S2 but define τ−a = inf{s ∈ [0,∆]|Xs−

X0 = −a} and apply the reflection principle by defining the Brownian mo-

tion {X∗ : t ≥ 0}, the Brownian motion {Xt : t ≥ 0} reflected at τ−a,

formally defined by

X∗
t = XtIt≤−τa + (−2a+ 2x0 −Xt)It≥−τa .

Proposition 3. Let X be defined as in Proposition 1, then the following
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inequality holds:

Pr
(

sup
0≤s≤∆

|Xs −X0| ≥ a|X∆ = x∆

)

≤


2 exp

{
− 2a

∆
[a− |x∆ − x0|]

}
, a > |x∆ − x0|

1, a < |x∆ − x0|

Proof.

Pr
(

sup
0≤s≤∆

|Xs −X0| ≥ a|X∆ = x∆

)
≤Pr

(
sup

0≤s≤∆
Xs −X0 ≥ a|X∆ = x∆

)
+ Pr

(
inf

0≤s≤∆
Xs −X0 ≤ −a|X∆ = x∆

)

=


exp

{
−2a

∆
[a− (x∆ − x0)]

}
+ exp

{
−2a

∆
[a+ (x∆ − x0)]

}
a > |x∆ − x0|

1, a ≤ |x∆ − x0|

≤


2 exp

{
−2a

∆
[a− |x∆ − x0|]

}
a > |x∆ − x0|

1, a ≤ |x∆ − x0|
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Proof of Lemma 1

Proof.

Pr
(
E1 > 0

∣∣∣κ = k > 0
)

=E

{
I

[(
k∏

j=1

(
1 +

∆

η
(λ (X0))− λ

(
Xτj

)))
> 0

] ∣∣∣κ = k, τ1, . . . , τk

}

≥E
{
I
[

max
j∈{1,...,k}

∆

η
|λ (X0)− λ

(
Xτj

)
| < 1

] ∣∣∣κ = k, τ1, . . . , τk

}
=Pr

(
max

j∈{1,...,k}
|λ (X0)− λ

(
Xτj

)
| ≤ η

∆

∣∣∣κ = k, τ1, . . . , τk

)
.

We can obtain an upperbound for Pr(E1 < 0|κ = k) by

Pr
(
E1 < 0

∣∣∣κ = k
)
≤ Pr

(
max

j∈{1,...,k}
|λ (X0)− λ

(
Xτj

)
| ≥ η

∆

∣∣∣κ = k, τ1, . . . , τk

)
≤ Pr

(
max

j∈{1,...,k}
|X0 −Xτj | ≥

η

∆l

∣∣∣κ = k, τ1, . . . , τk

)

where we assume λ(·) is an l−Lipschitz function.

Pr

(
max

j∈{1,...,k}
|X0 −Xτj | ≥

η

∆l

∣∣∣κ = k, τ1, . . . , τk

)
≤ Pr

(
sup

0≤s≤∆
|X0 −Xs| ≥

η

∆l

)
.

Applying Proposition 3, we have

Pr (E1 < 0|κ > 0) ≤


2 exp

{
−

2η
∆l(

η
∆l

−|x∆−x0|)
∆

}
, η

∆l
≥ |x∆ − x0|

1, η
∆l
≤ |x∆ − x0|

(S2.3)
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S3 Expectation of the probability bound

This section establishes the unqualified bound ((4.8) in the manuscript).

The goal is to determine the following expectation for Y = |X∆ − X0|

where X∆ −X0 ∼ N (0,∆), (thus Y is a half-normal random variable):

E {I [E < 0] |κ > 0}

=E
{
I [E < 0]× I

[
Y <

η

∆l

]
+ I [E < 0]× I

[
Y ≥ η

∆l

]
|κ > 0

}
≤E

{
2 exp

(
−

2η
∆l

(
η
∆l
− Y

)
∆

)
I
[
Y <

η

∆l

]}
+ Pr

(
Y ≥ η

∆l

)
=

∫ ∞

0

2 exp

(
−

2η
∆l

(
η
∆l
− y
)

∆

)
I
[
y <

η

∆l

]
×
√
2√
π∆

exp

(
− y2

2∆

)
dy + Pr

(
Y ≥ η

∆l

)
=

∫ η
∆l

0

2
√
2√

π∆
exp

(
− 2η2

∆3l2

)
× exp

(
−
(
y − 2η

∆l

)2 − 4η2

∆2l2

2∆

)
dy + Pr

(
Y ≥ η

∆l

)
=

∫ η
∆l

0

2
√
2√

π∆
exp

(
−
(
y − 2η

∆l

)2
2∆

)
dy + Pr

(
|X∆ −X0| ≥

η

∆l

)
=4

[
Φ

(
2η

∆
3
2 l

)
− Φ

(
η

∆
3
2 l

)]
+ 2×

(
1− Φ

(
η

∆
3
2 l

))
=2 + 4Φ

(
2η

∆
3
2 l

)
− 6Φ

(
η

∆
3
2 l

)
.
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S4 Proof of Lemma 2

Proof.

Ei = exp
(
−∆λ(X(i−1)∆)

) κi∏
j=1

(
1 +

λ(X(i−1)∆)− λ(Xτj)

l

)

≤
κi∏
j=1

(
1 +

∣∣X(i−1)∆ −Xτj

∣∣)
≤

κi∏
j=1

(
1 + max

(i−1)∆≤s≤i∆

∣∣Xs −X(i−1)∆

∣∣)

=

(
1 + max

0≤s≤∆
|Bs|

)κi

=: Fi. (S4.4)

We truncate the Poisson estimate as E+
i = EiIAc

i
and bound IA

∏m
i=1Ei as

follows. ∣∣∣∣∣E
{
IA

m∏
i=1

Ei

}∣∣∣∣∣ ≤ E

{
m∏
i=1

E2
i

} 1
2

E {IA}
1
2 . (S4.5)

The term E {IA}
1
2 can be bounded using the union bound

E {IA} ≤
m∑
i=1

E {IAi
} = mE {IAi

} = m× 2 exp

(
− 1

2∆

)
(S4.6)

The other term can be proved to be finite, i.e. E {
∏m

i=1E
2
i } <∞. Since the

increment of Brownian motion X is independent of each other, and using

the inequality (S4.4), one can show

E

{
m∏
i=1

E2
i

}
≤ E

{
m∏
i=1

F 2
i

}
= E

{
F 2
i

}m
, ∀ i.
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It remains therefore to bound E {F 2
i }.

E
{
F 2
i

}
= E

{(
1 + max

0≤s≤∆
|Bs|

)2κi

}

= E

{
∞∑
k=0

(∆l)ke−∆l

k!

(
1 + max

0≤s≤∆
|Bs|

)2k
}

= exp(−∆l)E
{
exp

(
∆l(1 + max

0≤s≤∆
|Bs|)2

)}
≤ exp(−∆l)E

{
exp

(
∆l(2 + 2× max

0≤s≤∆
B2

s )

)}
= exp(∆l)E

{
exp

(
2∆l × max

0≤s≤∆
B2

s

)}
= exp(∆l)×

∫ ∞

0

Pr

(
exp

(
2∆l × max

0≤s≤∆
B2

s

)
> w

)
dw

= exp(∆l)×
[
1 +

∫ ∞

1

Pr

(
exp

(
2∆l × max

0≤s≤∆
B2

s

)
> w

)
dw

]
= exp(∆l)×

[
1 +

∫ ∞

1

Pr

(
max
0≤s≤∆

|Bs| >
√

log(w)

2∆l

)
dw

]

≤ exp(∆l)×
[
1 +

∫ ∞

1

2 exp

(
− log(w)

4∆2l

)
dw

]
= exp(∆l)×

[
1 +

∫ ∞

1

2w− 1
4∆2ldw

]
= exp(∆l)×

(
1 + 4∆2l

1− 4∆2l

)

where in the fourth last line we apply the inequality for running maximum

of Brownian motion which starts at zero, i.e. Pr (max0≤s≤∆ |Bs| > a) ≤

2 exp
(
− a2

2∆

)
for any positive number a.
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Therefore,

E
{
E2

1 · · ·E2
m

}
≤ exp (T l)×

(
1 + 4∆2l

1− 4∆2l

)m

. (S4.7)

Plugging (S4.6) and (S4.7) into (S4.5) concludes the proof.

S5 Experiments for Wald’s identity

In this section, we wish to numerically show that the Wald estimate is

biased, i.e. Eθ(L̂(θ))/L(θ) changes as θ changes where K = inf{k > 0 :

E(1) + . . .+ E(k) > 0}, L̂(θ) =
∑K

i=1 E
(i) and L(θ) = Eθ

(
Gθ(X0)

)
.

Here is an example of which we know the true solution to. The dynamics

that describes how one dimensional process X evolves is given by

dXt = bdt+ dWt

where b is some constant and W is a one dimensional Brownian motion.

Hence

Xt|Xt′ = x ∼ N (x+ b× (t− t′), t− t′) .

Thus, θ = b in this case. We can exactly calculate L(b) for λ(x) = x+ 10,

L(b) = E
(
exp

(
−
∫ T

0

λ(Xt)dt

) ∣∣∣X0 = 0

)
= exp

(
−10T − b

2
T 2 +

1

6
T 3

)
where the expectation is taken with respect to Brownian motion X|X0 = 0.

Note that
∫ T

0
(10 +X0 + bt+Wt −W0)dt ∼ N

(
10T + b

2
T 2, 1

3
T 3
)
for X0 =

W0 = 0.
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(a) (b) (c)

Figure 1: (a) Plot of Eθ(K|X0 = 0), (b) L̂′/L and (c) estimate (S5.8)/L versus θ = b.

We obtain N = 106 independent samples L̂(b) for every value of b:

L̂′(b) =
1

N

N∑
j=1

Kj∑
i=1

E
(i)
j ≈ Eθ(L̂(b))

where Kj = inf{k > 0 : E
(1)
j + . . .+E

(k)
j > 0}. Each E

(i)
j is an independent

sample where E
(i)
j ← PE(T, 0, T, 0). Figure 1a shows that as b increases,

the number of draws to make Wald estimate positive increases. For this

example E is

E = exp (−T (X0 + 10))
κ∏

i=1

[1 + [X0 −Xτi ]]

where κ ∼ Po(T ) and τ1, . . . , τκ ∼ U(0, T ) are i.i.d. samples. Larger b (i.e.

larger drift dragging the particle towards positive direction) increases the

chances of meeting negative Poisson estimate. In Figure 1b, we notice a

clear trend that the empirical ratio, L̂′(b)/L(b), increases with b. Finally

we plot

1

N

N∑
j=1

1

Kj

Kj∑
i=1

E
(i)
j . (S5.8)
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S6 Exact computation of likelihood function

This section is to determine the following likelihood function.

E
{
exp

[
−
∫ T

τ

(αXt + β) dt

] ∣∣∣Xτ = x0, XT = x1

}

The procedure can be splitted into 4 steps.

1. As Xt|XT is a Gaussian process, the Lebesgue integral is Gaussian

random variable, see Folland (1999): approximate the given integral

as Riemann sums and each Riemann sum is Gaussian and hence the

limit will also be Gaussian.

(∫ T

τ

αXt + βdt
∣∣∣Xτ = x0, XT = x1

)
∼ N

(
αµ+ β (T − τ) , α2σ2

)

2. Calculate mean µ:

E
[∫ T

τ

Xtdt
∣∣∣Xτ = x0, XT = x1

]
=

∫ T

τ

E
[
Xt

∣∣∣Xτ = x0, XT = x1

]
dt

=

∫ T

τ

x0 +
t− τ

T − τ
(x1 − x0) dt

=
1

2
(T − τ) (x0 + x1)
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3. Calculate variance σ2:

E
[(∫ T

τ

Xtdt

)(∫ T

τ

Xtdt

) ∣∣∣Xτ = x0, XT = x1

]
− µ2

=E
[∫

[τ,T ]2
XuXvdudv

∣∣∣Xτ = x0, XT = x1

]
− µ2

=

∫
[τ,T ]2

E
[
XuXv

∣∣∣Xτ = x0, XT = x1

]
dudv − µ2

=

∫
[τ,T ]2

cov (Xu, Xv) + E
[
Xu

∣∣∣Xτ = x0, XT = x1

]
×

E
[
Xv

∣∣∣Xτ = x0, XT = x1

]
dudv − µ2

=

∫
[τ,T ]2

(u ∧ v − τ)(T − u ∨ v)

T − τ
+

(
x0 +

u− τ

T − τ
(x1 − x0)

)
×(

x0 +
v − τ

T − τ
(x1 − x0)

)
dudv − µ2

=

∫ T

τ

∫ v

τ

(u− τ)(T − v)

T − τ
dudv +

∫ T

τ

∫ T

v

(v − τ)(T − u)

T − τ
dudv

=
(T − τ)3

12

4. Calculate the likelihood:

E
{
exp

[
−
∫ T

τ

(αXt + β)dt

] ∣∣∣Xτ = x0, XT = x1

}
=exp

[
−α

2
(T − τ)(x0 + x1)− β(T − τ) +

α2(T − τ)3

24

]
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Therefore, the exact likelihood for t1:np and yt1:tnp
, where np is the number

of observations, is

L = E

{[
np∏
i=1

(Xti + 10) gθ(yti |Xti)

× exp

(
−ti − ti−1

2

(
Xti−1

+Xti

)
− 10(ti − ti−1) +

(ti − ti−1)
3

24

)]
× exp

(
−
T − tnp

2

(
Xtnp

+XT

)
− 10(T − tnp) +

(T − tnp)
3

24

)}
.

To find the ground truth for values of np > 2, we use Algorithm 3 described

in the manuscript with line 8 using the exact evaluation (given by (S6.1)).

This allows the computation of Monte Carlo estimate described in Section

5.1 of manuscript.

E
(i)
k = exp

[
−1

2

(
t∆k − t∆k−1

) (
X∆

k−1 +X∆
k

)
− 10

(
t∆k − t∆k−1

)
+

(
t∆k − t∆k−1

)3
24

]
.

(S6.1)
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S7 No Observation Case and Two Observations Case

The exact likelihood for no observation received within [0, T ] is

E
{
exp

(
−
∫ T

0

λ(Xs)ds

)}
=E

{
E
[
exp

(
−
∫ T

0

λ(Xs)ds

)
|X0 = 0, XT

]}
=E

{
exp

(
−TXT

2
− 10T +

T 3

24

)}
=

∫ ∞

−∞

1√
2πT

exp

(
−10T +

T 3

24
+

T 3

8

)
exp

(
−
(xT − T 2

2
)2

2T

)
dxT

=exp

(
−10T +

T 3

6

)

and the exact likelihood for two observations received within [0, T ] is

L =E

{[
2∏

i=1

λ (Xti) g
θ (yti |Xti) exp

(
−
∫ ti

ti−1

λ(Xs)ds

)]
exp

(
−
∫ T

t2

λ (Xs) ds

)}

=

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
(v1 + 10) (v1 + v2 + 10)

× 1

2πσ2
y

exp

(
−(yt1 − v1)

2 + (yt2 − v1 − v2)
2

2σ2
y

)
× exp

(
−t1v1

2
− t2 − t1

2
(2v1 + v2)−

T − t2
2

(2v1 + 2v2 + v3)− 10T

)
× exp

(
t31 + (t2 − t1)

3 + (T − t2)
3

24

)
× 1√

2πt1
× 1√

2π(t2 − t1)
× 1√

2π(T − t2)

× exp

(
− v21
2t1
− v22

2(t2 − t1)
− v23

2(T − t2)

)
dv3dv2dv1



S7. NO OBSERVATION CASE AND TWO OBSERVATIONS CASE

The first integral with respect to v3 is

∫ ∞

−∞
exp

(
−T − t2

2
v3 −

v23
2(T − t2)

)
dv3 =

√
2π(T − t2) exp

(
1

8
(T − t2)

3

)
.

The second integral with respect to v2 is

∫ ∞

−∞
(v1 + v2 + 10) exp

(
−(yt2 − v1 − v2)

2

2σ2
y

)
× exp

(
−t2 − t1

2
v2 −

T − t2
2
× 2v2

)
× exp

(
− v22
2(t2 − t1)

)
dv2

=

∫ ∞

−∞
(v1 + v2 + 10) exp

(
−
(

1

2σ2
y

+
1

2(t2 − t1)

)
v22 −

(
−yt2 + v1

σ2
y

− t1 + t2 − 2T

2

)
v2

)
× exp

(
−
y2t2 − 2v1yt2 + v21

2σ2
y

)
dv2

=

∫ ∞

−∞
(v1 + v2 + 10) exp

(
−
y2t2 − 2v1yt2 + v21

2σ2
y

+
µ2
2

2σ2
2

)
exp

(
−(v2 − µ2)

2

2σ2
2

)
dv2

=
√

2πσ2
2 (µ2 + v1 + 10) exp

(
−
y2t2 − 2v1yt2 + v21

2σ2
y

+
µ2
2

2σ2
2

)

where

σ2
2 =

(
1

σ2
y

+
1

t2 − t1

)−1

, µ2 = σ2
2

(
yt2 − v1

σ2
y

+
t1 + t2 − 2T

2

)
= σ2

2(av1+b)

and for

a = − 1

σ2
y

, b =
yt2
σ2
y

+
t1 + t2 − 2T

2
.
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The third integral with respect to v1 is as follows,

∫ ∞

−∞
(v1 + 10) (µ2 + v1 + 10) exp

(
−
(yt1 − v1)

2 + y2t2 − 2v1yt2 + v21
2σ2

y

)

× exp

(
σ2
2

2

(
a2v21 + 2abv1 + b2

))
× exp

(
−t1v1

2
− (t2 − t1) v1 − (T − t2)v1

)
exp

(
− v21
2t1

)
dv1

=

∫ ∞

−∞

[
(σ2

2a+ 1)v21 +
(
10(σ2

2a+ 1) + σ2
2b+ 20

)
v1 + 10σ2

2b+ 100
]

× exp

(
−
(

1

σ2
y

− a2σ2
2

2
+

1

2t1

)
v21 +

(
2yt1 + 2yt2

2σ2
y

+ abσ2
2 +

t1 − 2T

2

)
v1

)
× exp

(
−
y2t1 + y2t2
2σ2

y

+
b2σ2

2

2

)
dv1

=
√

2πσ2
1

[
(σ2

2a+ 1)(µ2
1 + σ2

1) +
(
10(σ2

2a+ 1) + σ2
2b+ 20

)
µ1 + 10σ2

2b+ 100
]

× exp

(
−
y2t1 + y2t2
2σ2

y

+
b2σ2

2

2
+

µ2
1

2σ2
1

)

where σ2
1 =

(
2
σ2
y
− a2σ2

2 +
1
t1

)−1

and µ1 = σ2
1

(
yt1+yt2

σ2
y

+ abσ2
2 +

t1−2T
2

)
Therefore,

L =
1

2πσ2
y

× σ1σ2√
t1 (t2 − t1)

[(
σ2
2a+ 1

) (
µ2
1 + σ2

1

)
+
(
10
(
σ2
2a+ 1

)
+ σ2

2b+ 20
)
µ1

+10σ2
2b+ 100

]
× exp

(
−
y2t1 + y2t2
2σ2

y

+
b2σ2

2

2
+

µ2
1

2σ2
1

)
× exp

(
−10T +

t31 + (t2 − t1)
3 + (T − t2)

3

24
+

1

8
(T − t2)

3

)
.

The exact likelihood are used to compute the relative MSE for Section 5.1

of manuscript and Section S8 of Supplementary Material.



S8. EMPIRICAL RELATIONSHIP BETWEEN RELATIVE VARIANCE AND ∆

Figure 2: Plot of relative variance versus ∆ for different values of np and fixed N = 100

in log scale.

S8 Empirical relationship between relative variance

and ∆

Figure 2 reports the relationship between relative variance and ∆ for dif-

ferent np values and fixed N = 100. For np = 0 and np = 2 cases, the

exact likelihood is computed using solutions calculated in Section S7, for

other larger values of np, the Monte Carlo estimate LMC is used in relative

variance computation. Results show that the relationship between relative

variance and ∆ can be highly np-dependent. As np of problem increases,

the rate of change in relative variance becomes less positive when ∆ ap-

proaches zero. A more general trend that applies to all values of np is that

the relative variance eventually becomes constant as ∆ goes to zero.
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S9 Born and Wolf observation model

In this section, we plot the point spread function of Born and Wolf obser-

vation model at different de-focus levels. For (x1, x2) ∈ R2,

qx3(x1, x2) =
4πn2

α

λ2
e

∣∣∣∣∫ 1

0

J0(
2πnα

λe

√
x2
1 + x2

2ρ) exp(
jπn2

αx3

n0λe

ρ2)ρdρ

∣∣∣∣2 , (S9.2)

where n0 is the refractive index of the objective lens immersion medium

and nα is the numerical aperture of the objective lens. λe is the emission

wavelength of the molecule. J0(·) and J1(·) represents the zero-th order and

the first order Bessel function of the first kind, respectively.

S10 Thinning algorithm for creating data

This section describes the thinning algorithm we use to generate observation

data. Please refer Algorithm 1 for details.

S11 Additional experiments

In Figure 4a, we plot the true trajectory of a molecule, and simulate using

parameters {θ = (1.0, 1.0, 1.0)⊤, µ = (0.5, 0.5, 6.0)⊤, p0 = 0.01} for time

interval [0, 5.0]. Other parameters remain the same as in the manuscript.

Figure 4c shows the filtered (x1, x2) mean locations of molecules, which

deviate from their right positions. Figure 4d shows the filtered mean of x3



S11. ADDITIONAL EXPERIMENTS

(a) x3 = 0µm (b) x3 = 2µm

(c) x3 = 5µm (d) x3 = 8µm

Figure 3: Born and Wolf point spread function at different defocus levels. Mesh rep-

resentations are shown for (S9.2) at different defocuses x3, computed with wavelength

λe = 0.52µm, numerical aperture nα = 1.4, refractive index of the objective lens immer-

sion medium n0 = 1.515. The x3 values shown correspond to point source positions (a)

x3 = 0µm (in focus), (b) 2µm, (c) 5µm and (d) 8µm.

and regions of ±1 standard deviation together with the true state of X3

at the observation times. In comparison to the Figure 6c and 6d of the

manuscript, Figure 4c and 4d of Supplementary Material shows that higher
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Algorithm 1: Thinning Algorithm for simulating the observation times with

intensity function λ(Xt) on [0, T ]

Input: λmax = λ0, T

1 Generate N ∼ Po(λmaxT );

2 Generate t1, t2, . . . , tN ∼ U(0, T );

3 Sort t1, t2, . . . , tN and relabel them so that t1 < t2 < . . . < tN ;

4 Generate X0 ∼ ν(x) and set τ = 0;

5 for i ∈ {1 : N} do

6 Propagate Xti from previous τ , i.e. Xti ∼ fθ
ti−τ (xti |Xτ );

7 Generate U ∼ U(0, 1);

8 if U ≤ λ(Xti)/λmax then

9 Keep ti as a real observation time and set τ = ti;

10 Generate yti which is a realisation of Yti ∼ gθ(y|Xti) with Born and

Wolf point spread function.

Output: all pairs of (ti, yti)

values of x3 degrade the estimation quality of particle filtering algorithm on

the state of molecule and this is due to the exponential function structure

of Born and Wolf image function which generates photons that are detected

very far from the true molecule position.



(a) (b)

(c) (d)

Figure 4: (a) True trajectory of a molecule; (b) observed photon locations; (c) estimated

(x1, x2) molecule locations and (d) true x3 molecule locations and estimated location.
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