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In this supplement, we discuss conditions C1 through C4 from the main paper and demonstrate

situations, where these conditions hold. Then, we state and prove some additional mathemati-

cal results. We also give the proofs of Remark 1 and Theorems 2, 3, 6 and 7 of the main text.

The biased estimators considered in the main paper are then compared empirically with their

bias-corrected versions based on jackknifing in terms of MSE. Finally, we provide the numerical

results related to the analysis based on both synthetic and real data.

S1 Discussion of conditions and related results

In this section, we demonstrate some situations, when conditions C1 through

C4 in the main article hold. Before that we prove and state the follow-

ing lemma. Recall from the paragraph following C2 in the main text that

γ=
∑n

i=1Ni(Ni−1)/N(N−1) with Ni being the size of the ith group formed
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randomly in RHC sampling design.

Lemma S 1. Suppose that C0 holds. Then, nγ → c for some c ≥ 1−λ > 0

as ν → ∞, where λ is as in C0.

Proof. Let us first consider the case of λ=0. Note that

n(N/n− 1)(N − n)/(N(N − 1)) ≤ nγ ≤

n(N/n+ 1)(N − n)/(N(N − 1))

(S1.1)

by (2.1) in Section 2 of the main text. Moreover, n(N/n+1)(N−n)/(N(N−

1))=(1+n/N)(N−n)/(N−1) → 1 and n(N/n−1)(N−n)/(N(N−1))=(1−

n/N)(N −n)/(N − 1) → 1 as ν → ∞ because C0 holds and λ=0. Thus we

have nγ → 1 as ν → ∞ in this case.

Next, consider the case, when λ > 0 and λ−1 is an integer. Here,

we consider the following sub-cases. Let us first consider the sub-case,

when N/n is an integer for all sufficiently large ν. Then, by (2.1), we have

nγ=(N − n)/(N − 1) for all sufficiently large ν. Now, since C0 holds, we

have

(N − n)/(N − 1) → 1− λ as ν → ∞. (S1.2)

Further, consider the sub-case, when N/n is a non-integer and N/n −

λ−1 ≥ 0 for all sufficiently large ν. Then by (2.1) in Section 2 of the main

text, we have

nγ = (N/(N − 1))(n/N)⌊N/n⌋
(
2−

(
(n/N)⌊N/n⌋

)
− (n/N)

)
(S1.3)
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for all sufficiently large ν. Now, since C0 holds, we have 0 ≤ N/n−λ−1 < 1

for all sufficiently large ν. Then, ⌊N/n⌋=λ−1 for all sufficiently large ν, and

hence

(N/(N − 1))(n/N)⌊N/n⌋
(
2−

(
(n/N)⌊N/n⌋

)
− (n/N)

)
→ 1− λ (S1.4)

as ν → ∞.

Next, consider the sub-case, whenN/n is a non-integer andN/n−λ−1 <

0 for all sufficiently large ν. Then, the result in (S1.3) holds by (2.1),

and −1 ≤ N/n − λ−1 < 0 for all sufficiently large ν by C0. Therefore,

⌊N/n⌋=λ−1 − 1 for all sufficiently large ν, and hence the result in (S1.4)

holds. Thus, in the case of λ > 0 and λ−1 being an integer, nγ converges

to 1 − λ as ν → ∞ through all the sub-sequences, and hence nγ → 1 − λ

as ν → ∞. Thus we have c=1− λ in this case.

Finally, consider the case, when λ > 0, and λ−1 is a non-integer.

Then, N/n must be a non-integer for all sufficiently large ν, and hence

nγ=(N/(N − 1))(n/N)⌊N/n⌋
(
2 −

(
(n/N)⌊N/n⌋

)
− (n/N)

)
for all suffi-

ciently large ν by (2.1) in Section 2 of the main text. Note that in this

case, N/n − ⌊λ−1⌋ → λ−1 − ⌊λ−1⌋ ∈ (0, 1) as ν → ∞ by C0. There-

fore, ⌊λ−1⌋ < N/n < ⌊λ−1⌋ + 1 for all sufficiently large ν, and hence

⌊N/n⌋=⌊λ−1⌋ for all sufficiently large ν. Thus nγ → λ⌊λ−1⌋(2−λ⌊λ−1⌋−λ)

as ν → ∞ by C0. Now, if m=⌊λ−1⌋ and λ−1 is a non-integer, then
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(m+ 1)−1 < λ < m−1. Therefore, λ⌊λ−1⌋(2− λ⌊λ−1⌋ − λ)− 1 + λ=−
(
1−

(2m + 1)λ +m(m + 1)λ2
)
=−(1 −mλ)(1 − (m + 1)λ) > 0. Thus we have

c=λ⌊λ−1⌋(2 − λ⌊λ−1⌋ − λ) > 1 − λ in this case. This completes the proof

of the Lemma.

Next, recall {Vi}Ni=1 from the paragraph preceding the condition C3 and

b from the condition C5 in the main text. Let us define Σ1=nN−2
∑N

i=1(Vi−

Tπi)
T (Vi − Tπi)(π

−1
i − 1) and Σ2=nγXN−1

∑N
i=1(Vi − XiV/X)T (Vi −

XiV/X)/Xi, where T=
∑N

i=1Vi(1−πi)/
∑N

i=1 πi(1−πi), the πi’s are inclu-

sion probabilities and V=
∑N

i=1 Vi/N . Now, we state the following lemma.

Lemma S 2. (i) Suppose that C0 and C5 hold, and {(h(Yi), Xi) : 1 ≤ i ≤

N} are generated from a superpopulation distribution P with EP||h(Yi)||4 <

∞. Then, C1, C2 and C4 hold a.s. [P].

(ii) Further, if C0 and C5 hold, and EP||h(Yi)||2 < ∞, then C3 holds a.s.

[P] under SRSWOR and LMS sampling design. Moreover, if C0 holds with

0 ≤ λ < EP(Xi)/b, C5 holds, and EP||h(Yi)||2 < ∞, then C3 holds a.s. [P]

under any πPS sampling design.

Proof. As before, for simplicity, let us write h(Yi) as hi. Under the con-

ditions C5 and EP||h(Yi)||4 < ∞, C1 holds a.s. [P] by SLLN. Also, un-

der C5, C2 holds a.s. [P]. Next, by SLLN, limν→∞Σ2=cEP(Xi)EP[(hi −

(EP(Xi))
−1Xi EP(hi))

T (hi − (EP(Xi))
−1XiEP(hi)) X

−1
i ] a.s. [P] for Vi=hi,
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hi − hXi/X and hi + hXi/X because nγ → c as ν → ∞ by Lemma

S1. Similarly, limν→∞Σ2=cEP(Xi)EP[(hi −EP(hi))
T (hi − EP(hi))/Xi] a.s.

[P] for Vi=hi − h, and limν→∞Σ2=cEP(Xi)EP[ (hi − EP(hi) − Cxh(Xi −

EP(Xi)))
T (hi − EP(hi) − Cxh(Xi − EP(Xi)))/Xi] a.s. [P] for Vi=hi − h −

Sxh(Xi−X)/S2
x. Here, Cxh=(EP(hiXi)−EP(hi)EP(Xi))/ (EP(Xi)

2−(EP(Xi))
2).

Note that the above limits are p.d. matrices because C5 holds. Therefore,

C4 holds a.s. [P]. This completes the proof of (i) in Lemma S2.

Next, note that Σ1=(1−n/N)(
∑N

i=1V
T
i Vi/N−V

T
V) under SRSWOR.

Then, C3 holds a.s. [P] by directly applying SLLN. Under LMS sampling

design, C3 can be shown to hold a.s. [P] in the same way as the proof of

the result σ2
1=σ2

2 in the proof of Lemma 2 in the Appendix. Next, we have

limν→∞ Σ1=EP
[{

hi+χ−1(EP(Xi))
−1Xi

(
λEP(hiXi)−EP(hi)EP(Xi)

)}T{
hi+

χ−1(EP(Xi))
−1Xi

(
λEP(hiXi) − EP(hi)EP(Xi)

)}{
EP(Xi)/Xi − λ

}]
a.s. [P]

for Vi=hi, hi − hXi/X and hi + hXi/X under any πPS sampling de-

sign (i.e., a sampling design with πi=nXi/
∑N

i=1Xi) by SLLN because C0

and C5 hold, and EP||hi||2 < ∞. Here, χ=EP(Xi) − λ(EP(Xi)
2/EP(Xi)).

Moreover, under any πPS sampling design, we have limν→∞ Σ1=EP
[{
hi −

EP(hi) + λχ−1(EP(Xi))
−1XiCxh

}T{
hi −EP(hi) + λχ−1(EP(Xi))

−1XiCxh

}
×{

EP(Xi)/Xi−λ
}]

a.s. [P] forVi=hi−h and limν→∞Σ1= EP
[{
hi−EP(hi)−

Cxh(Xi − EP(Xi))
}T{

hi − EP(hi) − Cxh(Xi − EP(Xi))
}{

EP(Xi)/Xi − λ
}]
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a.s. [P] for Vi=hi−h−Sxh(Xi−X)/S2
x. Note that the above limits are p.d.

matrices because C5 holds and C0 holds with 0 ≤ λ < EP(Xi)/b. There-

fore, C3 holds a.s. [P] under any πPS sampling design. This completes the

proof of (ii) in Lemma S2.

S2 Additional mathematical details

In this section, we state and prove some technical results, which will be

required to prove the theorems stated in the main text.

Lemma S 3. Suppose that C2 holds. Then, LMS sampling design is a high

entropy sampling design. Moreover, under LMS sampling design, there exist

constants L,L′ > 0 such that

L ≤ min
1≤i≤N

(Nπi/n) ≤ max
1≤i≤N

(Nπi/n) ≤ L′ (S2.1)

for all sufficiently large ν .

The condition (S2.1) was considered earlier in Wang and Opsomer

(2011), Boistard et al. (2017), etc. However, the above authors did not

discuss whether LMS sampling design satisfies (S2.1) or not.

Proof. Suppose that P (s) and R(s) denote LMS sampling design and SR-

SWOR, respectively. Note that SRSWOR is a rejective sampling design.

Then, P (s)=(x/X)/NCn and R(s)=(NCn)
−1, where x=

∑
i∈s Xi/n and s ∈
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S. By Cauchy-Schwarz inequality, we have D(P ||R)=ER((x/X) log(x/

X)) ≤ K1ER|x/X−1| ≤ K1ER(x/X−1)2 for some K1 > 0 since C2 holds,

and log(x) ≤ |x − 1| for x > 0. Here ER denotes the expectation with

respect to R(s). Therefore, nD(P ||R) ≤ K1(1− f)(N/(N − 1))(S2
x/X

2
) ≤

2K1(
∑N

i=1 X
2
i /NX

2
) ≤ 2K1(max1≤i≤N Xi/min1≤i≤N Xi)

2=O(1) as ν → ∞,

where f=n/N . Hence, D(P ||R) → 0 as ν → ∞. Thus LMS sampling de-

sign is a high entropy sampling design.

Next, suppose that {πi}Ni=1 denote inclusion probabilities of P (s). Then,

we have πi=(n − 1)/(N − 1) + (Xi/
∑N

i=1Xi)((N − n)/(N − 1)) and πi −

n/N=−(N − n)(N(N − 1))−1(Xi/X − 1). Further,

|πi − n/N |
n/N

=
N − n

n(N − 1)

∣∣∣∣Xi

X
− 1

∣∣∣∣ ≤ N − n

n(N − 1)

(
max1≤i≤N Xi

min1≤i≤N Xi

+ 1

)
.

Therefore, max1≤i≤N |Nπi/n − 1| → 0 as ν → ∞ by C2. Hence, K2 ≤

min1≤i≤N(Nπi/n) ≤ max1≤i≤N(Nπi/n) ≤ K3 for all sufficiently large ν and

some constantsK2 > 0 andK3 > 0. Thus (S2.1) holds under LMS sampling

design.

Next, suppose that {Vi}Ni=1, V, Σ1 and Σ2 are as in the previous Section

S1. Let us define V̂ 1=
∑

i∈s(Nπi)
−1Vi and V̂ 2=

∑
i∈s GiVi/NXi, where Gi’s

are as in the paragraph containing Table 8 in the main article. Now, we

state the following lemma.
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Lemma S 4. Suppose that C0 through C3 hold. Then, under SRSWOR,

LMS sampling design and any HEπPS sampling design, we have
√
n(V̂1 −

V)
L−→ N(0,Γ1) as ν → ∞, where Γ1=limν→∞Σ1. Further, suppose that

C0 through C2 and C4 hold. Then, we have
√
n(V̂2 − V)

L−→ N(0,Γ2) as

ν → ∞ under RHC sampling, where Γ2=limν→∞Σ2.

Proof. Note that SRSWOR is a high entropy sampling design since it is a

rejective sampling design. Also, (S2.1) in Lemma S3 holds trivially under

SRSWOR. It follows from Lemma S3 that LMS sampling design is a high

entropy sampling design, and (S2.1) holds under this sampling design. Fur-

ther, any HEπPS sampling design satisfies (S2.1) since C2 holds. Now, fix

ϵ > 0 and m ∈ Rp. Suppose that L(ϵ,m)=(n−1N2mΣ1m
T )−1

∑
i∈G(ϵ,m)(m

(Vi − Tπi)
T )2(π−1

i − 1) for G(ϵ,m)={1 ≤ i ≤ N : |m(Vi − Tπi)
T | >

ϵπiN(n−1 mΣ1m
T )1/2}, T=

∑N
i=1Vi(1−πi)/

∑N
i=1 πi(1−πi) and Zi=(n/Nπi)Vi

−(n/N)T, i=1, . . . , N . Then, given any η > 0, L(ϵ,m) ≤ (mΣ1m
T )−(1+η/2)

n−η/2ϵ−ηN−1
∑N

i=1(||m||||Zi||)2+η(Nπi/n) since |mZT
i |/(

√
nϵ(mΣ1m

T )1/2) >

1 for any i ∈ G(ϵ,m). It follows from Jensen’s inequality thatN−1
∑N

i=1 ||Zi||2+η

(Nπi/n) ≤ 21+η(N−1
∑N

i=1 ||Vi(n/Nπi)||2+η (Nπi/n)+||(n/N)T||2+η) since∑N
i=1 πi=n. It also follows from C1, C2 and Jensen’s inequality that

∑N
i=1 ||Vi||2+η

/N=O(1) as ν → ∞ for any 0 < η ≤ 2. Further,
∑N

i=1 πi(1 − πi)/n is

bounded away from 0 as ν → ∞ under SRSWOR, LMS sampling design and
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any HEπPS sampling design because (S2.1) holds under these sampling de-

signs, and C0 holds. Therefore, N−1
∑N

i=1 ||Vi(n/Nπi)||2+η(Nπi/n)=O(1)

and ||(n/N)T||2+η=O(1), and hence N−1
∑N

i=1 ||Zi||2+η(Nπi/n)=O(1) as

ν → ∞ under the above sampling designs. Then, L(ϵ,m) → 0 as ν → ∞

for any ϵ > 0 under all of these sampling designs since C3 holds. Therefore,

inf{ϵ > 0 : L(ϵ,m) ≤ ϵ} → 0 as ν → ∞, and consequently the Hájek-

Lindeberg condition holds for {mVT
i }Ni=1 under each of the above sampling

designs. Also,
∑N

i=1 πi(1−πi) → ∞ as ν → ∞ under these sampling designs.

Then, from Theorem 5 in Berger (1998),
√
nm(V̂1−V)T

L−→ N(0,mΓ1m
T )

as ν → ∞ under each of the above sampling designs for any m ∈ Rp and

Γ1=limν→∞Σ1. Hence,
√
n(V̂1 − V)

L−→ N(0,Γ1) as ν → ∞ under the

above-mentioned sampling designs.

Next, define L(m)=nγ(max1≤i≤N Xi)(N
−1

∑n
i=1N

3
i (Ni−1)

∑N
i=1(m(ViX/

Xi−V)T )4Xi)
1/2(X

3/2∑n
i=1Ni(Ni−1)mΣ2m

T )−1, where γ=
∑n

i=1Ni(Ni−

1)/N(N − 1) as before. Note that as ν → ∞, (N−1
∑N

i=1(m(ViX/Xi −

V)T )4(Xi/ X))1/2=O(1) and (max1≤i≤N Xi)/X=O(1) since C1 and C2 hold.

Now, recall from Section 2 in the main text that the Ni’s are considered

as in (2.1). Then, under C0, we have (
∑n

i=1 N
3
i (Ni − 1))1/2(

∑n
i=1 Ni(Ni −

1))−1=O(1/
√
n) and nγ=O(1) as ν → ∞. Therefore, L(m) → 0 as ν → ∞

since C4 holds. This implies that condition C1 in Ohlsson (1986) holds
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for {mVT
i }Ni=1. Therefore, by Theorem 2.1 in Ohlsson (1986),

√
nm(V̂2 −

V)T
L−→ N(0,mΓ2m

T ) as ν → ∞ under RHC sampling design for any

m ∈ Rp and Γ2=limν→∞Σ2. Hence,
√
n(V̂2 − V)

L−→ N(0,Γ2) as ν → ∞

under RHC sampling design.

Next, suppose that W=
∑N

i=1Wi/N , Ŵ1=
∑

i∈s(Nπi)
−1Wi and Ŵ2=∑

i∈s GiWi/NXi for Wi=(hi, Xihi, X
2
i ), i=1, . . . , N . Let us also define

X̂1=
∑

i∈s (Nπi)
−1Xi. Now, we state the following lemma.

Lemma S 5. Suppose that C0 through C2 hold. Then, under SRSWOR,

LMS sampling design and any HEπPS sampling design, we have Ŵ1 −

W=op(1),
√
n(X̂1 − X)=Op(1) and

√
n(
∑

i∈s(Nπi)
−1 −1)=Op(1) as ν →

∞. Moreover, under RHC sampling design, we have Ŵ2 −W=op(1) and

√
n(
∑

i∈sGi/NXi − 1)=Op(1) as ν → ∞.

Proof. We first show that as ν → ∞, Ŵ1−W=op(1),
√
n(X̂1−X)=Op(1)

and
√
n(
∑

i∈s( Nπi)
−1 − 1)=Op(1) under a high entropy sampling design

P (s) satisfying (S2.1) in Lemma S3. Fix m ∈ R2p+1. Suppose that R̃(s)

is a rejective sampling design with inclusion probabilities equal to those of

P (s) (cf. Berger (1998)). Under R̃(s), var(m(
√
n(Ŵ1 −W)T ))=m(nN−2

∑N
i=1(Wi − Tπi)

T (Wi − Tπi)(π
−1
i − 1))mT (1 + e) (see Theorem 6.1 in

Hájek (1964)), where T=
∑N

i=1 Wi(1 − πi)/
∑N

i=1 πi(1 − πi), and e → 0 as
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ν → ∞ whenever
∑N

i=1 πi(1− πi) → ∞ as ν → ∞. Note that (S2.1) holds

under R̃(s), and hence
∑N

i=1 πi(1 − πi) → ∞ as ν → ∞ under R̃(s) be-

cause (S2.1) holds under P (s), and C0 holds. Then, m(nN−2
∑N

i=1(Wi −

Tπi)
T (Wi−Tπi)(π

−1
i −1))mT ≤ nN−2

∑N
i=1(mWT

i )
2/πi=O(1) under R̃(s)

since C1 holds. Therefore,
√
n(Ŵ1 − W)=Op(1) as ν → ∞ under R̃(s)

since var(m(
√
n(Ŵ1 −W)T ))=O(1) as ν → ∞ for any m ∈ R2p+1 under

R̃(s). Now,
∑

s∈E P (s) ≤
∑

s∈E R̃(s) +
∑

s∈S |P (s)− R̃(s)| ≤
∑

s∈E R̃(s) +

(2D(P ||R̃))1/2 ≤
∑

s∈E R̃(s)+(2D(P ||R))1/2 (see Lemmas 2 and 3 in Berger

(1998)), where E={s ∈ S : ||
√
n(Ŵ1 − W)|| > δ} for δ > 0 and R(s) is

any other rejective sampling design. Let us consider a rejective sampling

design R(s) such that D(P ||R) → 0 as ν → ∞. Therefore, given any

ϵ > 0, there exists a δ > 0 such that
∑

s∈E P (s) ≤ ϵ for all sufficiently large

ν. Hence, as ν → ∞,
√
n(Ŵ1 − W)=Op(1) and Ŵ1 − W=op(1) under

P (s). Similarly, we can show that as ν → ∞,
√
n(X̂1 − X)=Op(1) and

√
n(
∑

i∈s(Nπi)
−1 − 1)=Op(1) under P (s). Now, recall from the proof of

Lemma S4 that SRSWOR and LMS sampling design are high entropy sam-

pling designs, and they satisfy (S2.1). Also, any HEπPS sampling design

satisfies (S2.1). Therefore, as ν → ∞, Ŵ1−W=op(1),
√
n(X̂1−X)=Op(1)

and
√
n(
∑

i∈s( Nπi)
−1−1)=Op(1) under the above-mentioned sampling de-

signs.
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Under RHC sampling design, var(m(
√
n(Ŵ2−W)T ))=m(nγXN−1

∑N
i=1

(Wi−XiW/X)T (Wi−XiW/X)/Xi)m
T (see Ohlsson (1986)). Recall from

the proof of Lemma S4 that nγ=O(1) as ν → ∞. Then, var(m(
√
n(Ŵ2 −

W)T )) ≤ nγ(X/N)
∑N

i=1(mWT
i )

2/Xi=O(1) as ν → ∞ since C1 and C2

hold. Hence, as ν → ∞,
√
n(Ŵ2 − W)=Op(1) and Ŵ2 − W=op(1)

under RHC sampling design. Similarly, we can show that as ν → ∞,

√
n(
∑

i∈sGi/NXi − 1)=Op(1) under RHC sampling design.

Recall from the 2nd paragraph in the Appendix that we denote the HT,

the RHC, the Hájek, the ratio, the product, the GREG and the PEML es-

timators of population means of h(y) by ĥHT , ĥRHC , ĥH , ĥRA, ĥPR, ĥGREG

and ĥPEML, respectively. Suppose that ĥ denotes one of ĥHT , ĥH , ĥRA,

ĥPR, and ĥGREG with d(i, s)=(Nπi)
−1. Then, a Taylor type expansion of

ĥ−h can be obtained as ĥ−h=Θ(V̂1−V)+Z, where V̂1=
∑

i∈s(Nπi)
−1Vi,

and the Vi’s, Θ and Z are as described in Table 1 below. On the other

hand, if ĥ is either ĥRHC or ĥGREG with d(i, s)=Gi/NXi, a Taylor type

expansion of ĥ − h can be obtained as ĥ − h=Θ(V̂2 − V) + Z. Here,

V̂2=
∑

i∈sGiVi/NXi, the Gi’s are as in the paragraph containing Table 8

in the main text, and the Vi’s, Θ and Z are once again described in Table 1.

In Table 1, X̂1=
∑

i∈s(Nπi)
−1Xi, X̂2=X̂1/

∑
i∈s(Nπi)

−1, β̂1=(
∑

i∈s(Nπi)
−1

∑
i∈s(Nπi)

−1hiXi − ĥHT X̂1)/(
∑

i∈s(Nπi)
−1

∑
i∈s(Nπi)

−1X2
i − (X̂1)

2) and
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Table 1: Expressions of Vi, Θ and Z for different ĥ’s

ĥ Vi Θ Z

ĥHT hi 1 0

ĥH hi − h (
∑

i∈s(Nπi)
−1)−1 0

ĥRA hi − hXi/X X/X̂1 0

ĥPR hi + hXi/X X̂1/X −(1− X̂1/X))2h

ĥGREG with hi − h−
(
∑

i∈s(Nπi)
−1)−1

(X̂2 −X)×

d(i, s)=(Nπi)
−1 Sxh(Xi −X)/S2

x (Sxh/S
2
x − β̂1)

ĥRHC hi 1 0

ĥGREG with hi − h−
(
∑

i∈s Gi/NXi)
−1

X((
∑

i∈s Gi/NXi)
−1

d(i, s)=Gi/NXi Sxh(Xi −X)/S2
x −1)(Sxh/S

2
x − β̂2)

β̂2=(
∑

i∈s(Gi/NXi)
∑

i∈s(Gihi/N)−ĥRHCX)/(
∑

i∈s(Gi/NXi)
∑

i∈s(GiXi/N)

−X
2
). Now, we state the following Lemma.

Lemma S 6. (i) Suppose that C0 through C3 hold. Further, suppose that

ĥ is one of ĥHT , ĥH , ĥRA, ĥPR, and ĥGREG with d(i, s)=(Nπi)
−1. Then,

under SRSWOR, LMS sampling design and any HEπPS sampling design,

√
n(ĥ− h)

L−→ N(0,Γ) as ν → ∞ (S2.2)

for some p.d. matrix Γ.

(ii) Next, suppose that C0 through C2 and C4 hold, and ĥ is ĥRHC or ĥGREG

with d(i, s)=Gi/NXi. Then, (S2.2) holds under RHC sampling design.

Proof. It can be shown from Lemma S4 that
√
n(V̂1 − V)

L−→ N(0,Γ1) as
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ν → ∞ under SRSWOR, LMS sampling design and any HEπPS sampling

design, where Γ1=limν→∞ nN−2
∑N

i=1(Vi−Tπi)
T (Vi−Tπi)(π

−1
i − 1) with

T=
∑N

i=1Vi(1 − πi)/
∑N

i=1 πi(1 − πi). Note that Γ1 is a p.d. matrix un-

der each of the above sampling designs as C3 holds under these sampling

designs. Let us now consider from Table 1 various choices of Θ and Z cor-

responding to ĥHT , ĥH , ĥRA, ĥPR, and ĥGREG with d(i, s)=(Nπi)
−1. Then,

it can be shown from Lemma S5 that for each of these choices,
√
nZ=op(1)

and Θ − 1=op(1) as ν → ∞ under the above-mentioned sampling designs.

Therefore, (S2.2) holds under those sampling designs with Γ=Γ1. This

completes the proof of (i) in Lemma 6

We can show from Lemma S4 that
√
n(V̂2 − V)

L−→ N(0,Γ2) as ν →

∞ under RHC sampling design, where Γ2=limν→∞ nγ XN−1
∑N

i=1(Vi −

XiV/X)T (Vi − XiV/X)/Xi with γ=
∑n

i=1Ni(Ni − 1)/N(N − 1). Note

that Γ2 is a p.d. matrix since C4 holds. Let us now consider from Table

1 different choices of Θ and Z corresponding to ĥRHC , and ĥGREG with

d(i, s)=Gi/NXi. Then, it follows from Lemma S5 that for each of these

choices,
√
nZ=op(1) and Θ − 1=op(1) as ν → ∞ under RHC sampling

design. Therefore, (S2.2) holds under RHC sampling design with Γ=Γ2.

This completes the proof of (ii) in Lemma 6

Let {Vi}Ni=1 be as described in Table 1. Recall Σ1 and Σ2 from the
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paragraph preceding Lemma S2 in this supplement. Note that the ex-

pression of Σ1 remains the same for different HEπPS sampling designs.

Also, recall from the paragraph preceding Theorem 3 in the main text that

ϕ=X − (n/N)
∑N

i=1 X
2
i /NX. Now, we state the following lemma.

Lemma S 7. (i) Suppose that C0 through C3 hold. Further, suppose that σ2
1

and σ2
2 denote limν→∞ ∇g(µ0)Σ1∇g(µ0)

T under SRSWOR and LMS sam-

pling design, respectively, where µ0=limν→∞ h. Then, we have σ2
1=σ2

2=(1−

λ) limν→∞
∑N

i=1(Ai − Ā)2/N for Ai=∇g(µ0)V
T
i , i=1, . . . , N .

(ii) Next, suppose that C4 holds, and σ2
3=limν→∞ ∇g(µ0)Σ2∇g(µ0)

T in

the case of RHC sampling design. Then, we have σ2
3=limν→∞ nγ((X/N)∑N

i=1A
2
i /Xi−Ā2). On the other hand, if C0 through C3 hold, and σ2

4=limν→∞

∇g(µ0)Σ1∇g(µ0)
T under any HEπPS sampling design, then we have σ2

4=

limν→∞
{
(1/N)

∑N
i=1 A

2
i

(
(X/Xi)−(n/N)

)
−ϕ−1X

−1(
(n/N)

∑N
i=1AiXi/N−

AX
)2}

. Further, if C0 holds with λ=0 and C1 through C3 hold, then we

have σ2
4=σ2

3=limν→∞((X/N)
∑N

i=1A
2
i /Xi − Ā2).

Proof. Let us first note that the limits in the expressions of σ2
1 and σ2

2

exist in view of C3. Also, note that ∇g(µ0)Σ1∇g(µ0)
T=nN−2

∑N
i=1(Ai −

TAπi)
2(π−1

i −1)=nN−2 [
∑N

i=1 A
2
i (π

−1
i −1)−(

∑N
i=1Ai(1−πi))

2/
∑N

i=1 πi(1−

πi)], where TA=
∑N

i=1 Ai(1− πi)/
∑N

i=1 πi(1− πi) and Ai=∇g(µ0)V
T
i . Now,

substituting πi=n/N in the above expression for SRSWOR, we get σ2
1=
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limν→∞ nN−2 [
∑N

i=1 A
2
i (N/n−1)−(

∑N
i=1 Ai(1−n/N))2/n(1−n/N)]=limν→∞

(1− n/N)
∑N

i=1(Ai − Ā)2/N . Since C0 holds, we have σ2
1=(1− λ) limν→∞∑N

i=1(Ai − Ā)2/N . Let {πi}Ni=1 be the inclusion probabilities of LMS sam-

pling design. Then, σ2
2−σ2

1=limν→∞ nN−2[
∑N

i=1A
2
i (π

−1
i −N/n)−((

∑N
i=1 Ai(1−

πi))
2/

∑N
i=1 πi(1 − πi) − (

∑N
i=1Ai(1 − n/N))2/n(1 − n/N))]. Now, it can

be shown from the proof of Lemma S3 that max1≤i≤N |Nπi/n − 1| → 0

as ν → ∞. Therefore, using C1, we can show that limν→∞ nN−2
∑N

i=1

A2
i (π

−1
i −N/n)=0 and limν→∞ nN−2[(

∑N
i=1Ai(1− πi))

2/
∑N

i=1 πi(1− πi)−

(
∑N

i=1Ai(1− n/N))2/n(1− n/N)]=0, and consequently σ2
1=σ2

2. This com-

pletes the proof of (i) in Lemma 7.

Next, consider the case of RHC sampling design and note that the limit

in the expression of σ2
3 exists in view of C4. Also, note that∇g(µ0)Σ2∇g(µ0)

T

=nγ(X/N)
∑N

i=1( Ai−ĀXi/X)2/Xi=nγ((X/N)
∑N

i=1A
2
i / Xi−Ā2), where

Ā=
∑N

i=1Ai/N and γ=
∑n

i=1Ni(Ni−1)/N(N−1). Thus we have σ2
3=limν→∞

nγ((X/N)
∑N

i=1 A
2
i /Xi − Ā2).

Next, note that the limit in the expression of σ2
4 exists in view of

C3. Substituting πi=nXi/
∑N

i=1Xi in ∇g(µ0)Σ1∇g(µ0)
T for any HEπPS

sampling design, we get σ2
4=limν→∞ nN−2[

∑N
i=1A

2
i (
∑N

i=1Xi/nXi − 1) −

(
∑N

i=1Ai(1− nXi /
∑N

i=1Xi))
2/

∑N
i=1(nXi/

∑N
i=1Xi)(1− nXi/

∑N
i=1 Xi)]=

limν→∞
{
(1/N)

∑N
i=1 A

2
i

(
(X/Xi)−(n/N)

)
−ϕ−1X

−1(
(n/N)

∑N
i=1AiXi/N−
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A X
)2}

. Further, we can show that σ2
4=limν→∞((X/N)

∑N
i=1A

2
i /Xi− Ā2),

when C1 and C2 hold, and C0 holds with λ=0. It also follows from Lemma

S1 that nγ → 1 as ν → ∞, when C0 holds with λ=0. Thus we have

σ2
3=σ2

4=limν→∞((X/N)
∑N

i=1 A
2
i /Xi− Ā2). This completes the proof of (ii)

in Lemma 7.

Lemma S 8. Suppose that C0 through C2 hold. Then under SRSWOR,

LMS sampling design and any HEπPS sampling design, we have

(i) u∗ = max
i∈s

|Zi| = op(
√
n), and (ii)

∑
i∈s

π−1
i Zi/

∑
i∈s

π−1
i Z2

i = Op(1/
√
n)

as ν → ∞, where Zi=Xi −X for i=1, . . . , N

Proof. Let P (s) be any sampling design and EP be the expectation with re-

spect to P (s). Then, EP (u
∗/
√
n) ≤ (max1≤i≤N Xi+X)/

√
n ≤ X(max1≤i≤N Xi/

min1≤i≤N Xi+1)/
√
n=o(1) as ν → ∞ since C1 and C2 hold. Therefore, (i)

holds under P (s) by Markov inequality. Thus (i) holds under SRSWOR,

LMS sampling design and any HEπPS sampling design.

Using similar arguments as in the first paragraph of the proof of Lemma

S5, it can be shown that
√
n(
∑

i∈s Zi/Nπi − Z)=
√
n
∑

i∈s Zi/Nπi=Op(1)

and
∑

i∈s Z
2
i /Nπi−

∑N
i=1 Z

2
i /N=op(1) as ν → ∞ under a high entropy sam-

pling design P (s) satisfying (S2.1) in Lemma S3. Therefore, 1/(
∑

i∈s Z
2
i /Nπi)

=Op(1) as ν → ∞ under P (s) since
∑N

i=1 Z
2
i /N is bounded away from 0 as
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ν → ∞ by C1. Thus under P (s),
∑

i∈s π
−1
i Zi/

∑
i∈s π

−1
i Z2

i =Op(1/
√
n) as

ν → ∞.

It follows from Lemma S3 that SRSWOR and LMS sampling design

are high entropy sampling designs and satisfy (S2.1) Also, any HEπPS

sampling design satisfies (S2.1) since C2 holds. Therefore, the result in (ii)

holds under the above-mentioned sampling designs.

S3 Proofs of Remark 1 and Theorems 2, 3, 6 and 7

In this section, we give the proofs of Remark 1 and Theorems 2, 3, 6 and 7

of the main text.

Proof of Theorem 2. Let us first consider a HEπPS sampling design.

Then, it can be shown in the same way as in the 1st paragraph of the

proof of Theorem 1 that
√
n(ĥPEML − ĥGREG)=op(1) for d(i, s)=(Nπi)

−1

under this sampling design. It can also be shown in the same way as in

the 1st paragraph of the proof of Theorem 1 that if ĥ is one of ĥHT , ĥH ,

and ĥGREG and ĥPEML with d(i, s)=(Nπi)
−1, then (5.1) in the proof of

Theorem 1 holds under the above-mentioned sampling design. Here, we

recall from Table 2 in the main text that the HT, the ratio and the product

estimators coincide under any HEπPS sampling design. Further, the asymp-
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totic MSE of
√
n(g(ĥ)−g(h)) is ∇g(µ0)Γ1 (∇g(µ0))

T , where µ0=limν→∞ h,

Γ1=limν→∞ nN−2
∑N

i=1(Vi −Tπi)
T (Vi −Tπi)(π

−1
i − 1), and Vi in Γ1 is hi

or hi − h or hi − h − Sxh(Xi − X)/S2
x if ĥ is ĥHT or ĥH , or ĥGREG with

d(i, s)=(Nπi)
−1, respectively. Now, since

√
n(ĥPEML − ĥGREG)=op(1) for

ν → ∞ under any HEπPS sampling design, g(ĥGREG) and g(ĥPEML) have

the same asymptotic distribution under this sampling design. Thus under

any HEπPS sampling design, g(ĥGREG) and g(ĥPEML) with d(i, s)=(Nπi)
−1

form class 5, g(ĥHT ) forms class 6, and g(ĥH) forms class 7 in Table 2 of

the main text. This completes the proof of (i) in Theorem 2.

Let us now consider the RHC sampling design. We can show from (ii)

in Lemma S6 that
√
n(ĥ−h)

L−→ N(0,Γ) as ν → ∞ for some p.d. matrix Γ,

when ĥ is either ĥRHC or ĥGREG with d(i, s)=Gi/NXi under RHC sampling

design. Further,
√
n(ĥPEML− ĥGREG)=op(1) as ν → ∞ for d(i, s)=Gi/NXi

under RHC sampling design since C2 holds, and S2
x is bounded away from

0 as ν → ∞ (see A2.2 of Appendix 2 in Chen and Sitter (1999)). Therefore,

if ĥ is one of ĥRHC , and ĥGREG and ĥPEML with d(i, s)=Gi/NXi, then we

have

√
n(g(ĥ)− g(h))

L−→ N(0,∆2) as ν → ∞ (S3.1)

for some ∆2 > 0 by the delta method and the condition ∇g(µ0) ̸= 0

at µ0=limν→∞ h. Moreover, it follows from the proof of (ii) in Lemma
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S6 that ∆2= ∇g(µ0)Γ2(∇g(µ0))
T , where Γ2=limν→∞ nγXN−1

∑N
i=1(Vi −

XiV/X)T (Vi − XiV/X)/Xi. It further follows from Table 1 in this sup-

plement that Vi in Γ2 is hi if ĥ is ĥRHC . Also, Vi in Γ2 is hi − h −

Sxh(Xi − X)/S2
x if ĥ is ĥGREG with d(i, s)=Gi/NXi. Now, g(ĥGREG) and

g(ĥPEML) have the same asymptotic distribution under RHC sampling de-

sign since
√
n(ĥPEML − ĥGREG)=op(1) for ν → ∞ under this sampling de-

sign as pointed out earlier in this paragraph. Thus g(ĥGREG) and g(ĥPEML)

with d(i, s)=Gi/NXi under RHC sampling design form class 8, and g(ĥRHC)

forms class 9 in Table 2 of the main article. This completes the proof of

(ii) in Theorem 2.

Proof of Remark 1. It follows from (ii) in Lemma S7 that in the case of

λ=0,

σ2
3 = σ2

4 = lim
ν→∞

((X/N)
N∑
i=1

A2
i /Xi − Ā2), (S3.2)

where σ2
3 and σ2

4 are as defined in the statement of Lemma S7, andAi=∇g(µ0)V
T
i

for different choices of Vi mentioned in the proof of Theorem 2 above. Thus

g(ĥGREG) with d(i, s)=(Nπi)
−1 under any HEπPS sampling design, and

with d(i, s)=Gi/NXi under RHC sampling design have the same asymp-

totic MSE. Therefore, class 8 is merged with class 5 in Table 2 of the main

text. Further, (S3.2) implies that g(ĥHT ) under any HEπPS sampling de-

sign and g(ĥRHC) have the same asymptotic MSE. Therefore, class 9 is
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merged with class 6 in Table 2 of the main text. This completes the proof

of Remark 1.

Proof of Theorem 3. Recall the expression of Ai’s from the proofs of

Theorem 1 and Remark 1. Note that limν→∞
∑

(Ai−Ā)2/N=limν→∞
∑

(Bi−

B̄)2/N , limν→∞ nγ
(
(X/N)

∑N
i=1 A

2
i /Xi−Ā2

)
=limν→∞ nγ

(
(X/N)

∑N
i=1B

2
i /Xi

−B̄2
)
and limν→∞

{
(1/N)

∑N
i=1A

2
i

(
(X/Xi) − (n/N)

)
− ϕ−1X

−1(
(n/N)×∑N

i=1AiXi/N−Ā X
)2}

=limν→∞
{
(1/N)

∑N
i=1 B

2
i

(
(X/Xi)−(n/N)

)
−ϕ−1X

−1

×
(
(n/N)

∑N
i=1BiXi/N − B̄ X

)2}
for Bi=∇g(h)VT

i and Vi as in Table 1

in this supplement since ∇g(h) → ∇g(µ0) as ν → ∞. Here, ϕ=X −

(n/N)
∑N

i=1X
2
i /NX. Then, from Lemma S7 and the expressions of asymp-

totic MSEs of
√
n(g(ĥ) − g(h)) discussed in the proofs of Theorems 1 and

2 , the results in Table 3 of the main text follow. This completes the proof

of Theorem 3.

Proof of Theorem 6. Using similar arguments as in the 1st paragraph

of the proof of Theorem 4, we can say that under SRSWOR and LMS

sampling design, conclusions of Theorems 1 and 3 hold a.s. [P] for d=1,

p=2, h(y)=(y, y2) and g(s1, s2)=s2 − s21 in the same way as conclusions of

Theorems 1 and 3 hold a.s. [P] for d=p=1, h(y)=y and g(s)=s in the 1st

paragraph of the proof of Theorem 4. Note that Wi=Y 2
i − 2YiY for the

above choices of h and g. Further, it follows from SLLN and the condition



ANURAG DEY AND PROBAL CHAUDHURI

EP(ϵi)
8 < ∞ that the ∆2

i ’s in Table 3 in the main text can be expressed

in terms of superpopulation moments of (Yi, Xi) a.s. [P]. Note that ∆2
2 −

∆2
1=cov2P(W̃i, Xi) a.s. [P], where W̃i=Y 2

i − 2YiEP(Yi). Then, ∆
2
1 < ∆2

2 a.s.

[P]. This completes the proof of (i) in Theorem 6.

Next consider the case of 0 ≤ λ < EP(Xi)/b. Using the same line

of arguments as in the 2nd paragraph of the proof of Theorem 4, it can

be shown that under RHC and any HEπPS sampling designs, conclu-

sions of Theorems 2 and 3 hold a.s. [P] for d=1, p=2, h(y)=(y, y2) and

g(s1, s2)=s2 − s21 in the same way as conclusions of Theorems 2 and 3 hold

a.s. [P] for d=p=1, h(y)=y and g(s)=s in the 2nd paragraph of the proof

of Theorem 4. Note that ∆2
7 − ∆2

5=
{
µ2
1covP(W̃i, Xi)

(
covP(W̃i, Xi)covP(Xi,

1/Xi)− 2covP(W̃i, 1/Xi)
)}

− λ2cov2P(W̃i, Xi)/χµ1 − λcov2P(W̃i, Xi) ≤
{
µ2
1×

covP(W̃i, Xi)
(
covP(W̃i, Xi)covP(Xi, 1/Xi) − 2covP(W̃i, 1/Xi)

)}
a.s. [P] be-

cause χ > 0. Recall from C6 that ξ=µ3 − µ2µ1 and µj=EP(Xi)
j for

j=−1, 1, 2, 3. Then, from the linear model set up, we have
{
µ2
1covP(W̃i, Xi)×(

covP(W̃i, Xi)covP(Xi, 1/Xi) − 2covP(W̃i, 1/Xi)
)}

=(β2µ1)
2(ξ − 2µ1)((ξ +

2µ1)ζ1−2ζ2). Here, ζ1=1−µ1µ−1 and ζ2=µ1−µ2µ−1. Note that (ξ+2µ1)ζ1−

2ζ2=ξζ1+2µ−1 and ζ1 < 0. Therefore,
{
µ2
1covP(W̃i, Xi)

(
covP(W̃i, Xi)covP(Xi,

1/Xi)− 2covP(W̃i, 1/Xi)
)}

< 0 if ξ > 2max{µ1, µ−1/(µ1µ−1 − 1)}. Hence,

∆2
7 −∆2

5 < 0 a.s. [P]. This completes the proof of (ii) in Theorem 6.
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Proof of Theorem 7. Using the same line of arguments as in the 1st para-

graph of the proof of Theorem 4, it can be shown that under SRSWOR

and LMS sampling design, conclusions of Theorems 1 and 3 hold a.s. [P]

for d=2, p=5, h(z1, z2)=(z1, z2, z
2
1 , z22 , z1z2) and g(s1, s2, s3, s4, s5)=(s5 −

s1s2)/((s3−s21)(s4−s22))
1/2 in the case of the correlation coefficient between

z1 and z2, and for d=2, p=4, h(z1, z2)=(z1, z2, z
2
2 , z1z2) and g(s1, s2, s3, s4)=

(s4 − s1s2)/(s3 − s22) in the case of the regression coefficient of z1 on z2 in

the same way as conclusions of Theorems 1 and 3 hold a.s. [P] for d=p=1,

h(y)=y and g(s)=s in the case of the mean of y in the 1st paragraph of the

proof of Theorem 4. Further, if C0 holds with 0 ≤ λ < EP(Xi)/b, then using

similar arguments as in the 2nd paragraph of the proof of Theorem 4, it can

also be shown that under RHC and any HEπPS sampling designs, conclu-

sions of Theorems 2 and 3 hold a.s. [P] for d=2, p=5, h(z1, z2)=(z1, z2, z
2
1

, z22 , z1z2) and g(s1, s2, s3, s4, s5)=(s5 − s1s2)/((s3 − s21)(s4 − s22))
1/2 in the

case of the correlation coefficient between z1 and z2, and for d=2, p=4,

h(z1, z2)=(z1, z2, z
2
2 , z1z2) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22) in the

case of the regression coefficient of z1 on z2 in the same way as conclusions

of Theorems 2 and 3 hold a.s. [P] for d=p=1, h(y)=y and g(s)=s in the case

of the mean of y in the 2nd paragraph of the proof of Theorem 4. Note that

Wi=R12[(Z1/S
2
1 −Z2/S12)Z1i+(Z2/S

2
2 −Z1/S12)Z2i−Z2

1i/2S
2
1 −Z2

2i/2S
2
2 +
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Z1iZ2i/S12] for the correlation coefficient, and Wi=(1/S2
2)[−Z2Z1i − (Z1 −

2S12Z2/S
2
2)Z2i − S12Z

2
2i/S

2
2 + Z1iZ2i] for the regression coefficient. Here,

Z1=
∑N

i=1 Z1i/N , Z2=
∑N

i=1 Z2i/N , S2
1=

∑N
i=1 Z

2
1i /N−Z

2

1, S
2
2=

∑N
i=1 Z

2
2i/N−

Z
2

2, S12=
∑N

i=1 Z1i Z2i/N − Z1Z2 and R12=S12/S1S2. Also, note that since

EP||ϵi||8 < ∞, the ∆2
i ’s in Table 3 in the main text can be expressed in

terms of superpopulation moments of (h(Z1i, Z2i), Xi) a.s. [P] for both the

parameters by SLLN. Further, for the above parameters, we have ∆2
2 −

∆2
1=cov2P(W̃i, Xi) > 0 and ∆2

7 −∆2
5=

{
µ2
1covP(W̃i, Xi)

(
covP(W̃i, Xi)covP(Xi,

1/Xi)− 2covP(W̃i, 1/Xi)
)}

− λ2cov2P(W̃i, Xi)/χµ1 − λcov2P(W̃i, Xi) ≤
{
µ2
1×

covP(W̃i, Xi)
(
covP(W̃i, Xi)covP(Xi, 1/Xi)−2covP(W̃i, 1/Xi)

)}
a.s. [P], where

W̃i is the same as Wi with all finite population moments in the expression of

Wi replaced by their corresponding superpopulation moments. Also, from

the linear model set up, we have
{
µ2
1covP(W̃i, Xi)

(
covP(W̃i, Xi)covP(Xi,

1/Xi) − 2covP(W̃i, 1/Xi)
)}

=K(ξ − 2µ1)((ξ + 2µ1)ζ1 − 2ζ2) for some con-

stant K > 0 in the case of the correlation coefficient, and
{
µ2
1covP(W̃i, Xi)×(

covP(W̃i, Xi)covP(Xi, 1/Xi)−2covP(W̃i, 1/Xi)
)}

=K ′(ξ−2µ1)((ξ+2µ1)ζ1−

2ζ2) for some constant K ′ > 0 in the case of the regression coefficient. Thus

proofs of both the parts of the theorem follow in the same way as the proof

of Theorem 6.



S4. COMPARISON OF ESTIMATORS WITH THEIR BIAS-CORRECTED
VERSIONS

S4 Comparison of estimators with their bias-corrected

versions

In this section, we empirically compare the biased estimators considered

in Table 5 in Section 4 of the main text with their bias-corrected versions

based on both synthetic and real data used in Section 4. Following the idea

in Stefan and Hidiroglou (2022), we consider the bias-corrected jackknife

estimator corresponding to each of the biased estimators considered in Table

5 of the main article. For the mean, we consider the bias-corrected jackknife

estimators corresponding to the GREG and the PEML estimators under

each of SRSWOR, RS and RHC sampling designs, and the Hájek estimator

under RS sampling design. On the other hand, for each of the variance,

the correlation coefficient and the regression coefficient, we consider the

bias-corrected jackknife estimators corresponding to the estimators that are

obtained by plugging in the Hájek and the PEML estimators under each of

SRSWOR and RS sampling design, and the PEML estimator under RHC

sampling design.

Suppose that s is a sample of size n drawn using one of the sampling

designs given in Table 5 of the main text. Further, suppose that s−i is

the subset of s, which excludes the ith unit for any given i ∈ s. Now, for
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any i ∈ s, let us denote the estimator g(ĥ) constructed based on s−i by

g(ĥ−i). Then, we compute the bias-corrected jackknife estimator of g(h)

corresponding to g(ĥ) as ng(ĥ) − (n − 1)
∑

i∈s g(ĥ−i)/n (cf. Stefan and

Hidiroglou (2022)). Recall from Section 4 in the main article that we draw

I=1000 samples each of sizes n=75, 100 and 125 from some synthetic as

well as real datasets using sampling designs mentioned in Table 5 and com-

pute MSEs of the estimators considered in Table 5 based on these samples.

Here, we compute MSEs of the above-mentioned bias-corrected jackknife

estimators using the same procedure and compare them with the original

biased estimators in terms of their MSEs. We observe from the above anal-

yses that for all the parameters considered in Section 4 of the main text, the

bias-corrected jackknife estimators become worse than the original biased

estimators in the cases of both the synthetic and the real data (see Tables 2

through 6 and 12 through 21 in Sections S5 and S6 below). Despite reduc-

ing the biases of the original biased estimators, bias-correction increases the

variances of these estimators significantly. This is the reason why the bias-

corrected jackknife estimators have larger MSEs than the original biased

estimators in the cases of both the synthetic and the real data.
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S5 Analysis based on synthetic data

The results obtained from the analysis carried out in Section 4.1 of the main

paper and Section S4 in this supplement are summarized in these sections.

Here, we provide some tables that were mentioned in these sections. Tables

2 through 6 contain relative efficiencies of estimators for the mean, the

variance, the correlation coefficient and the regression coefficient in the

population. Tables 7 through 11 contain the average and the standard

deviation of lengths of asymptotically 95% CIs of the above parameters.
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Table 2: Relative efficiencies of estimators for mean of y.
XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(Ŷ PEML, SRSWOR | Ŷ GREG, SRSWOR) 1.049985 1.020252 1.035038

RE(Ŷ PEML, SRSWOR | Ŷ H , RS) 4.870516 5.370899 4.987635

RE(Ŷ PEML, SRSWOR | Ŷ HT , RS ) 2.026734 2.061607 2.027386

RE(Ŷ PEML, SRSWOR | Ŷ PEML, RS) 1.144439 1.124697 1.170224

RE(Ŷ PEML, SRSWOR | Ŷ GREG, RS) 1.144455 1.124975 1.170267

RE(Ŷ PEML, SRSWOR| Ŷ RHC , RHC ) 2.022378 1.978623 2.143015

RE(Ŷ PEML, SRSWOR | Ŷ PEML, RHC) 1.089837 1.030332 1.094067

RE(Ŷ PEML, SRSWOR | Ŷ GREG, RHC) 1.089853 1.030587 1.094108

RE(Ŷ PEML, SRSWOR | 1Ŷ BCPEML, SRSWOR) 1.050461 1.021275 1.038282

RE(Ŷ GREG, SRSWOR | 1Ŷ BCGREG, SRSWOR) 1.002649 1.003156 1.005397

RE(Ŷ H , RS | 1Ŷ BCH , RS) 1.036379 1.006945 1.12841

RE(Ŷ PEML, RS | 1Ŷ BCPEML, RS) 1.016953 1.013402 1.011762

RE(Ŷ GREG, RS | 1Ŷ BCGREG, RS) 1.016692 1.011597 1.011493

RE(Ŷ PEML, RHC | 1Ŷ BCPEML, RHC) 1.01914 1.02292 1.024689

RE(Ŷ GREG, RHC | 1Ŷ BCGREG, RHC) 1.011583 1.052311 1.023058

1 BCPEML=Bias-corrected PEML estimator, BCH=Bias-corrected Hájek estimator,

and BCGREG=Bias-corrected GREG estimator.
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Table 3: Relative efficiencies of estimators for variance of y. Recall from Table 4 in

Section 2 that for variance of y, h(y)=(y2, y) and g(s1, s2)=s1 − s22.XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0926 1.0848 1.0419

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.0367 1.0435 1.0226

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 1.15067 1.136 1.1635

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 1.141 1.1849 1.1631

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 1.0208 1.01 1.0669

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 38.642 50.009 65.398

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 1.0029 1.0117 1.074

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 1.0112 1.023 1.0377

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 1.0141 1.015 1.0126

2 BC=Bias-corrected.

Table 4: Relative efficiencies of estimators for correlation coefficient between z1 and

z2. Recall from Table 4 in Section 2 that for correlation coefficient between z1 and z2,

h(z1, z2)=(z1, z2, z
2
1 , z

2
2 , z1z2) and g(s1, s2, s3, s4, s5)=(s5 − s1s2)/((s3 − s21)(s4 − s22))

1/2.
XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0304 1.0274 1.0385

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.0307 1.0838 1.0515

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 1.0573 1.1862 1.1081

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 1.0847 1.1459 1.0911

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 89.989 95.299 123.89

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 90.407 96.79 141.989

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 90.037 102.914 152.993

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 95.68 98.758 158.832

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 86.27 120.582 125.374
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Table 5: Relative efficiencies of estimators for regression coefficient of z1 on z2.

Recall from Table 4 in Section 2 that for regression coefficient of z1 on z2,

h(z1, z2)=(z1, z2, z
2
2 , z1z2) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22).XXXXXXXXXXXXXXXXXXXX

Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0389 1.0473 1.0218

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.0589 1.0829 1.0827

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 1.1219 1.1334 1.2137

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 1.2037 1.1307 1.1399

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 80.64 91.707 124.476

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 79.298 89.105 123.042

RE(g(ĥRS), RS | 2 BC g(ĥH), RS) 85.97 96.22 135.449

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 83.331 97.583 125.657

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 75.343 112.619 115.594

Table 6: Relative efficiencies of estimators for regression coefficient of z2 on z1.

Recall from Table 4 in Section 2 that for regression coefficient of z2 on z1,

h(z1, z2)=(z2, z1, z
2
1 , z1z2) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22).XXXXXXXXXXXXXXXXXXXX

Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0498 1.04 1.0301

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.0655 1.0652 1.0548

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 1.1073 1.1153 1.1135

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 1.0762 1.0905 1.1108

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 72.061 105.389 111.124

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 69.114 108.837 118.675

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 69.16 115.113 144.811

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 72.448 127.387 131.558

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 90.132 104.121 148.139
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Table 7: Average and standard deviation of lengths of asymptotically 95% CIs for mean

of y.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

Ŷ H , SRSWOR
536.821 538.177 539.218

(11.357) (9.0784) (6.8211)

3 Ŷ PEML, SRSWOR
44.824 38.81 34.648

(3.7002) (2.7727) (2.2055)

Ŷ HT , RS
689.123 597.999 535.951

(7.8452) (5.7176) (4.8422)

Ŷ H , RS
102.611 87.915 59.98307

(10.969) (8.453) (6.5828)

3 Ŷ PEML, RS
345.956 115.944 78.711

(654.77) (265.93) (1041.2)

Ŷ RHC , RHC
848.033 624.881 541.421

(6.8489) (4.9609) (4.0927)

3 Ŷ PEML, RHC
64.573 56.531 50.601

(715.16) (275.11) (651.31)

3 It is to be noted that in the cases of PEML and GREG estimators under any given

sampling design, we have the same asymptotic MSE and hence the same asymptotic

CI. Therefore, the average and the standard deviation of CIs are not reported for the

GREG estimator.
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Table 8: Average and standard deviation of lengths of asymptotically 95% CIs for vari-

ance of y. Recall from Table 4 in Section 2 that for variance of y, h(y1)=(y2, y) and

g(s1, s2)=s1 − s22.

Average length

(Standard deviation)
PPPPPPPPPPPPPPPPPPPPP

Estimator and
sampling design
based on which CI
is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
1010775 878689.4 786228

(34245.5) (26373.9) (20414.5)

g(ĥPEML), SRSWOR
29432.4 25929 23422

(6076.97) (4441.2) (3526.8)

g(ĥH), RS
444594.4 434160.7 239065

(44701.7) (31965.2) (26739.6)

g(ĥPEML), RS
1152403 1290084 235909.1

(9083944) (869339.1) (1183961)

g(ĥPEML), RHC
1031407 895639 801178.9

(7311193) (1530759) (417582.9)
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Table 9: Average and standard deviation of lengths of asymptotically 95% CIs for corre-

lation coefficient between z1 and z2. Recall from Table 4 in Section 2 that for correlation

coefficient between z1 and z2, h(z1, z2)=(z1, z2, z
2
1 , z

2
2 , z1z2) and g(s1, s2, s3, s4, s5)=(s5−

s1s2)/((s3 − s21)(s4 − s22))
1/2.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
8.2191 8.0909 8.0897

(2.429) (1.889) (1.449)

g(ĥPEML), SRSWOR
0.2542 0.2575 0.2583

(0.0467) (0.0365) (0.0294)

g(ĥH), RS
4.6847 3.3135 1.3942

(2.555) (1.884) (1.421)

g(ĥPEML), RS
5.0473 4.3229 3.1306

(162.9) (17.19) (21.04)

g(ĥPEML), RHC
8.3174 8.3898 8.3514

(15.82) (41.88) (19.62)
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Table 10: Average and standard deviation of lengths of asymptotically 95% CIs for

regression coefficient of z1 on z2. Recall from Table 4 in Section 2 that for regression

coefficient of z1 on z2, h(z1, z2)=(z1, z2, z
2
2 , z1z2) and g(s1, s2, s3, s4)=(s4−s1s2)/(s3−s22).

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
5.9565 5.068 4.4818

(2.013) (1.514) (1.135)

g(ĥPEML), SRSWOR
0.2596 0.2251 0.2032

(0.0429) (0.0324) (0.025)

g(ĥH), RS
3.0488 1.469 1.1532

(2.178) (1.517) (1.171)

g(ĥPEML), RS
3.6477 1.8558 1.4023

(19.09) (4.697) (4.672)

g(ĥPEML), RHC
6.111 5.1324 4.6658

(25.16) (38.36) (11.17)
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Table 11: Average and standard deviation of lengths of asymptotically 95% CIs for

regression coefficient of z2 on z1. Recall from Table 4 in Section 2 that for regression

coefficient of z2 on z1, h(z1, z2)=(z2, z1, z
2
1 , z1z2) and g(s1, s2, s3, s4)=(s4−s1s2)/(s3−s22).

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
11.2173 9.6463 8.5885

(3.238) (2.418) (1.877)

g(ĥPEML), SRSWOR
0.4198 0.3652 0.3307

(0.0661) (0.0531) (0.0405)

g(ĥH), RS
6.7247 3.3547 1.7421

(3.546) (2.539) (1.921)

g(ĥPEML), RS
11.3373 9.988 8.7889

(151.9) (31.83) (7.405)

g(ĥPEML), RHC
19.9049 3.5595 1.8327

(28.77) (321.7) (8.164)
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S6 Analysis based on real data

The results obtained from the analyses carried out in Section 4.2 of the main

paper and Section S4 in this supplement are summarized in these sections.

Here, we provide some scatter plots and tables that were mentioned in

these sections. Figures 1 through 4 present scatter plots and least square

regression lines between different study and size variables drawn based on

all the population values. Tables 12 through 21 contain relative efficiencies

of estimators for the mean, the variance, the correlation coefficient and the

regression coefficient in the population. Tables 22 through 31 contain the

average and the standard deviation of lengths of asymptotically 95% CIs of

the above parameters.
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Figure 1: Scatter plot and least square regression line for variables y1 and x
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Figure 2: Scatter plot and least square regression line for variables y2 and x



S6. ANALYSIS BASED ON REAL DATA
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Figure 3: Scatter plot and least square regression line for variables y3 and x
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Figure 4: Scatter plot and least square regression line for variables y4 and x



S6. ANALYSIS BASED ON REAL DATA

Table 12: Relative efficiencies of estimators for mean of y1.XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(Ŷ PEML, SRSWOR | Ŷ GREG, SRSWOR) 1.008215 1.005233 1.020408

RE(Ŷ PEML, SRSWOR | Ŷ H , RS) 3.503939 3.880443 4.175886

RE(Ŷ PEML, SRSWOR | Ŷ HT , RS) 1.796937 2.182675 1.8311

RE(Ŷ PEML, SRSWOR | Ŷ PEML, RS) 1.20961 1.228022 1.50233

RE(Ŷ PEML, SRSWOR | Ŷ GREG, RS) 1.21831 1.237737 1.553863

RE(Ŷ PEML, SRSWOR | Ŷ RHC , RHC) 3.274031 2.059141 2.030995

RE(Ŷ PEML, SRSWOR | Ŷ PEML, RHC) 1.088166 1.388563 1.51547

RE(Ŷ PEML, SRSWOR | Ŷ GREG, RHC) 1.097934 1.398241 1.567545

RE(Ŷ PEML, SRSWOR | 1Ŷ BCPEML, SRSWOR) 1.070226 1.019958 1.007533

RE(Ŷ GREG, SRSWOR | 1Ŷ BCGREG, SRSWOR) 1.146007 1.116225 1.117507

RE(Ŷ H , RS | 1Ŷ BCH , RS) 1.240493 1.012969 1.155246

RE(Ŷ PEML, RS | 1Ŷ BCPEML, RS) 1.374578 1.046986 1.055930

RE(Ŷ GREG, RS | 1Ŷ BCGREG, RS) 1.466647 1.138300 1.205053

RE(Ŷ PEML, RHC | 1Ŷ BCPEML, RHC) 1.566827 1.083589 1.132790

RE(Ŷ GREG, RHC | 1Ŷ BCGREG, RHC) 1.460886 1.037045 1.028358
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Table 13: Relative efficiencies of estimators for variance of y1. Recall from Table 4 in

Section 2 that for variance of y1, h(y1)=(y21 , y1) and g(s1, s2)=s1 − s22.XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.3294 1.2413 1.1476

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 2.5303 1.6656 1.5374

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 3.1642 2.4051 2.5831

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 2.5499 4.7704 3.0985

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 1.1812 1.2736 1.8669

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 4.3526 4.8948 6.0349

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 1.115 1.1239 1.2269

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 1.4373 1.1739 1.6481

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 1.8502 1.0186 1.0384



S6. ANALYSIS BASED ON REAL DATA

Table 14: Relative efficiencies of estimators for mean of y2.XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(Ŷ HT , RS | Ŷ H , RS) 4.367712 4.008655 4.463214

RE(Ŷ HT , RS | Ŷ PEML, RS) 1.148074 1.082488 1.088804

RE(Ŷ HT , RS | Ŷ GREG, RS) 1.216958 1.115967 1.154132

RE(Ŷ HT , RS | Ŷ RHC , RHC) 1.073138 1.03213 1.07484

RE(Ŷ HT , RS | Ŷ PEML, RHC) 1.230884 1.0937 1.207308

RE(Ŷ HT , RS | Ŷ GREG, RHC) 1.304737 1.127526 1.279746

RE(Ŷ HT , RS | Ŷ PEML, SRSWOR) 2.440441 2.305339 2.350916

RE(Ŷ HT , RS | Ŷ GREG, SRSWOR) 2.58687 2.376638 2.49197

RE(Ŷ H , RS | 1Ŷ BCH , RS) 1.252123 1.325047 1.241809

RE(Ŷ PEML, RS | 1Ŷ BCPEML, RS) 1.988105 2.146357 2.260343

RE(Ŷ GREG, RS | 1Ŷ BCGREG, RS) 2.055588 2.018015 2.287817

RE(Ŷ PEML, RHC | 1Ŷ BCPEML, RHC) 1.831377 2.083210 2.006134

RE(Ŷ GREG, RHC | 1Ŷ BCGREG, RHC) 1.925938 1.983984 2.091003

RE(Ŷ PEML, SRSWOR | 1Ŷ BCPEML, SRSWOR) 1.001786 1.004973 1.060588

RE(Ŷ GREG, SRSWOR | 1Ŷ BCGREG, SRSWOR) 1.021103 1.008525 1.003390
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Table 15: Relative efficiencies of estimators for variance of y2. Recall from Table 4 in

Section 2 that for variance of y2, h(y2)=(y22 , y2) and g(s1, s2)=s1 − s22.XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥH), RS | g(ĥPEML), RS) 11.893 6.967 34.691

RE(g(ĥH), RS | g(ĥPEML), RHC) 5.0093 19.456 21.919

RE(g(ĥH), RS | g(ĥH), SRSWOR) 9.8232 10.27 16.763

RE(g(ĥH), RS | g(ĥPEML), SRSWOR) 2.4768 4.8093 6.2264

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 13.301 6.3589 33.579

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 4.448 7.4621 7.989

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 21.855 3.0076 11.368

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 8.7641 5.6119 13.7

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 6.2655 2.0015 6.959

Table 16: Relative efficiencies of estimators for correlation coefficient between y1 and

y3. Recall from Table 4 in Section 2 that for correlation coefficient between y1 and y3,

h(y1, y3)=(y1, y3, y
2
1 , y

2
3 , y1y3) and g(s1, s2, s3, s4, s5)=(s5 − s1s2)/((s3 − s21)(s4 − s22))

1/2.
XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0967 1.0369 1.0374

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.317 1.4831 1.2561

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 1.9803 1.9874 1.8441

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 2.0562 1.9651 1.8541

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 23.149 51.887 45.976

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 90.769 163.74 154.97

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 72.604 79.355 163.03

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 24.483 35.874 43.164

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 29.189 65.949 43.13



S6. ANALYSIS BASED ON REAL DATA

Table 17: Relative efficiencies of estimators for regression coefficient of y1 on

y3. Recall from Table 4 in Section 2 that for regression coefficient of y1 on y3,

h(y1, y3)=(y1, y3, y
2
3 , y1y3) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22).XXXXXXXXXXXXXXXXXXXX

Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0298 1.0504 1.0423

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.8046 1.2304 1.3482

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 2.2709 1.5949 1.854

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 1.8719 1.5069 1.5626

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 31.789 50.26 50.107

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 236.49 119.88 222.23

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 63.933 77.049 184.45

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 31.503 44.945 263.5

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 65.145 76.533 90.413

Table 18: Relative efficiencies of estimators for regression coefficient of y3 on

y1. Recall from Table 4 in Section 2 that for regression coefficient of y3 on y1,

h(y1, y3)=(y3, y1, y
2
1 , y1y3) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22).XXXXXXXXXXXXXXXXXXXX

Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥPEML), SRSWOR | g(ĥH), SRSWOR) 1.0997 1.2329 1.1529

RE(g(ĥPEML), SRSWOR | g(ĥH), RS) 1.3948 1.3329 1.368

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RS) 3.6069 1.5532 1.8035

RE(g(ĥPEML), SRSWOR | g(ĥPEML), RHC) 2.5567 1.4867 1.5335

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 26.09 29.557 32.345

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 98.43 104.19 165.95

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 100.3 110.15 196.34

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 11.416 71.664 23.433

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 13.268 28.198 50.571
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Table 19: Relative efficiencies of estimators for correlation coefficient between y2 and

y4. Recall from Table 4 in Section 2 that for correlation coefficient between y2 and y4,

h(y2, y4)=(y2, y4, y
2
2 , y

2
4 , y2y4) and g(s1, s2, s3, s4, s5)=(s5 − s1s2)/((s3 − s21)(s4 − s22))

1/2.
XXXXXXXXXXXXXXXXXXXX
Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥH), RS | g(ĥPEML), RS) 1.448 1.696 2.027

RE(g(ĥH), RS | g(ĥPEML), RHC) 1.491 2.135 2.27

RE(g(ĥH), RS | g(ĥH), SRSWOR) 2.39 2.521 2.849

RE(g(ĥH), RS | g(ĥPEML), SRSWOR) 2.185 2.396 2.594

RE(g(ĥH), RS | 2 BC g(ĥPEML), RS) 79.092 58.241 120.229

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 82.309 61.995 316.929

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 175.22 74.847 220.74

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 87.942 36.363 97.432

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 120.02 51.959 121.42

Table 20: Relative efficiencies of estimators for regression coefficient of y2 on

y4. Recall from Table 4 in Section 2 that for regression coefficient of y2 on y4,

h(y2, y4)=(y2, y4, y
2
4 , y2y4) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22).XXXXXXXXXXXXXXXXXXXX

Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥH), RS | g(ĥPEML), RS) 1.8158 2.3771 3.2021

RE(g(ĥH), RS | g(ĥPEML), RHC) 2.5985 2.6002 3.4744

RE(g(ĥH), RS | g(ĥH), SRSWOR) 3.3278 4.5041 6.312

RE(g(ĥH), RS | g(ĥPEML), SRSWOR) 2.9788 3.9417 6.0391

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 125.17 256.45 260.15

RE(g(ĥPEML), RS | 2 BC g(ĥPEML), RS) 145.1 333.5 135.65

RE(g(ĥPEML), RHC | 2 BC g(ĥPEML), RHC) 86.93 238.32 292.89

RE(g(ĥPEML), SRSWOR | 2 BC g(ĥPEML), SRSWOR) 93.707 101.93 121.44

RE(g(ĥH), SRSWOR | 2 BC g(ĥH), SRSWOR) 115.85 146.16 104.66



S6. ANALYSIS BASED ON REAL DATA

Table 21: Relative efficiencies of estimators for regression coefficient of y4 on

y2. Recall from Table 4 in Section 2 that for regression coefficient of y4 on y2,

h(y2, y4)=(y4, y2, y
2
2 , y2y4) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 − s22).XXXXXXXXXXXXXXXXXXXX

Relative efficiency

Sample size
n=75 n=100 n=125

RE(g(ĥH), RS | g(ĥPEML), RS) 1.3146 1.6055 1.937

RE(g(ĥH), RS | g(ĥPEML), RHC) 1.652 2.7715 2.0362

RE(g(ĥH), RS | g(ĥH), SRSWOR) 3.8248 2.4388 3.4371

RE(g(ĥH), RS | g(ĥPEML), SRSWOR) 3.1843 2.3399 3.038

RE(g(ĥH), RS | 2 BC g(ĥH), RS) 47.3317 73.749 52.592

RE(g(ĥH), RS | 2 BC g(ĥPEML), RS) 105.87 126.42 323.82

RE(g(ĥH), RS | 2 BC g(ĥPEML), RHC) 93.403 79.453 91.347

RE(g(ĥH), RS | 2 BC g(ĥPEML), SRSWOR) 530.94 173.19 191.26

RE(g(ĥH), RS | 2 BC g(ĥH), SRSWOR) 394.29 156.27 164.7
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Table 22: Average and standard deviation of lengths of asymptotically 95% CIs for mean

of y1.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

Ŷ H , SRSWOR
0.7233 0.7303 0.7333

(0.2304) (0.1885) (0.1431)

3 Ŷ PEML, SRSWOR
0.3703 0.3734 0.3847

(0.1608) (0.1534) (0.1074)

Ŷ HT , RS
0.7738 0.7735 0.8271

(0.2724) (1.071) (0.2001)

Ŷ H , RS
0.4345 0.455 0.5414

(0.8312) (8.807) (0.5479)

3 Ŷ PEML, RS
0.6784 0.7207 0.7896

(0.3945) (12.176) (0.2694)

Ŷ RHC , RHC
0.7415 0.7716 0.8014

(0.4007) (0.6359) (0.2931)

3 Ŷ PEML, RHC
0.4911 0.5078 0.5289

(0.9865) (0.4992) (0.3594)
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Table 23: Average and standard deviation of lengths of asymptotically 95% CIs for

variance of y1. Recall from Table 4 in Section 2 that for variance of y1, h(y1)=(y21 , y1)

and g(s1, s2)=s1 − s22.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
5.2879 4.2111 4.4304

(8.762) (9.309) (6.856)

g(ĥPEML), SRSWOR
2.7519 2.9935 3.0013

(7.181) (8.622) (5.952)

g(ĥH), RS
3.5121 3.1177 3.1095

(1.345) (11.37) (10.88)

g(ĥPEML), RS
3.7475 3.939 3.792

(4.041) (16.14) (11.08)

g(ĥPEML), RHC
3.6365 3.4972 3.4158

(14.99) (8.278) (10.95)
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Table 24: Average and standard deviation of lengths of asymptotically 95% CIs for mean

of y2.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

Ŷ H , SRSWOR
312.1 322.48 326.36

(150.08) (121.86) (93.707)

3 Ŷ PEML, SRSWOR
243.23 216.42 198.11

(65.059) (55.256) (44.972)

Ŷ HT , RS
184.98 160.79 144.43

(24.336) (17.942) (13.89)

Ŷ H , RS
189.49 163.19 145.82

(314.18) (209.6) (164.32)

3 Ŷ PEML, RS
343.6 300.14 272.63

(60.804) (20.411) (21.998)

Ŷ RHC , RHC
277.91 240.09 214.78

(16.039) (12.042) (9.2784)

3 Ŷ PEML, RHC
279.97 242.43 217.09

(52.788) (58.394) (21.356)
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Table 25: Average and standard deviation of lengths of asymptotically 95% CIs for

variance of y2. Recall from Table 4 in Section 2 that for variance of y2, h(y2)=(y22 , y2)

and g(s1, s2)=s1 − s22.

Average length

(Standard deviation)
PPPPPPPPPPPPPPPPPPPPP

Estimator and
sampling design
based on which CI
is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
1498664 1588740 2418155

(3236118) (2694726) (3205532)

g(ĥPEML), SRSWOR
1035032 1077345 1002397

(1472036) (1376947) (1573834)

g(ĥH), RS
887813.9 764055.6 684218.5

(464853) (377760) (298552)

g(ĥPEML), RS
1385778 1168689 1055339

(1584677) (1339377) (1177054)

g(ĥPEML), RHC
1319413 1134532 1072290

(1473379) (1384754) (1472584)
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Table 26: Average and standard deviation of lengths of asymptotically 95% CIs for corre-

lation coefficient between y1 and y3. Recall from Table 4 in Section 2 that for correlation

coefficient between y1 and y3, h(y1, y3)=(y1, y3, y
2
1 , y

2
3 , y1y3) and g(s1, s2, s3, s4, s5)=(s5−

s1s2)/((s3 − s21)(s4 − s22))
1/2.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
0.3682 0.3753 0.3893

(0.1138) (0.1039) (0.0936)

g(ĥPEML), SRSWOR
0.2747 0.2881 0.2884

(0.1095) (0.1008) (0.0879)

g(ĥH), RS
0.3351 0.3453 0.3587

(0.1652) (0.0938) (0.1034)

g(ĥPEML), RS
592.48 260.44 469.36

(0.2859) (0.3441) (2.738)

g(ĥPEML), RHC
3838.4 2740.5 2238.3

(1.2271) (0.1467) (0.1104)
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Table 27: Average and standard deviation of lengths of asymptotically 95% CIs for

regression coefficient of y1 on y3. Recall from Table 4 in Section 2 that for regression

coefficient of y1 on y3, h(y1, y3)=(y1, y3, y
2
3 , y1y3) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 −

s22).

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
1.6443 1.781 1.8077

(1.223) (1.127) (0.8849)

g(ĥPEML), SRSWOR
1.3984 1.4239 1.491

(0.8867) (0.7898) (0.6645)

g(ĥH), RS
1.4072 1.5299 1.5449

(0.6463) (0.4833) (0.4883)

g(ĥPEML), RS
3240.4 4938.4 1705.3

(4.3202) (1.659) (2.017)

g(ĥPEML), RHC
50701.7 17291.2 22245.7

(2.659) (3.93) (1.51)
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Table 28: Average and standard deviation of lengths of asymptotically 95% CIs for

regression coefficient of y3 on y1. Recall from Table 4 in Section 2 that for regression

coefficient of y3 on y1, h(y1, y3)=(y3, y1, y
2
1 , y1y3) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 −

s22).

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
0.1387 0.1449 0.1508

(0.091) (0.072) (0.0616)

g(ĥPEML), SRSWOR
0.1015 0.0994 0.1002

(0.0868) (0.0692) (0.0593)

g(ĥH), RS
0.1305 0.1379 0.1447

(0.0919) (0.0438) (0.0357)

g(ĥPEML), RS
113.4 263.23 78.782

(0.1712) (0.0725) (0.0545)

g(ĥPEML), RHC
798.95 490.91 286.92

(0.6227) (0.0862) (0.1107)



S6. ANALYSIS BASED ON REAL DATA

Table 29: Average and standard deviation of lengths of asymptotically 95% CIs for corre-

lation coefficient between y2 and y4. Recall from Table 4 in Section 2 that for correlation

coefficient between y2 and y4, h(y2, y4)=(y2, y4, y
2
2 , y

2
4 , y2y4) and g(s1, s2, s3, s4, s5)=(s5−

s1s2)/((s3 − s21)(s4 − s22))
1/2.

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
0.3428 0.359 0.3821

(0.191) (0.1783) (0.1844)

g(ĥPEML), SRSWOR
0.3088 0.3279 0.3537

(0.1886) (0.171) (0.1773)

g(ĥH), RS
0.2924 0.2926 0.298

(0.1561) (0.1491) (0.1568)

g(ĥPEML), RS
833.87 300.13 242.51

(0.5226) (0.4406) (0.8658)

g(ĥPEML), RHC
7593.1 3526.1 2390.9

(0.4385) (0.4869) (0.2661)
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Table 30: Average and standard deviation of lengths of asymptotically 95% CIs for

regression coefficient of y2 on y4. Recall from Table 4 in Section 2 that for regression

coefficient of y2 on y4, h(y2, y4)=(y2, y4, y
2
4 , y2y4) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 −

s22).

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
1.1188 1.1117 1.1566

(1.251) (1.061) (1.171)

g(ĥPEML), SRSWOR
0.9865 1.0005 1.0534

(0.9935) (0.8784) (0.8758)

g(ĥH), RS
0.8575 0.847 0.8427

(0.6472) (0.5219) (0.4524)

g(ĥPEML), RS
1583.8 1647.2 1533.9

(1.733) (1.822) (1.302)

g(ĥPEML), RHC
24127.4 10798.8 5076.1

(2.05) (1.468) (2.385)



S6. ANALYSIS BASED ON REAL DATA

Table 31: Average and standard deviation of lengths of asymptotically 95% CIs for

regression coefficient of y4 on y2. Recall from Table 4 in Section 2 that for regression

coefficient of y4 on y2, h(y2, y4)=(y4, y2, y
2
2 , y2y4) and g(s1, s2, s3, s4)=(s4 − s1s2)/(s3 −

s22).

Average length

(Standard deviation)
XXXXXXXXXXXXXXXXXXXXXXXX

Estimator and
sampling design
based on which CI is constructed

Sample size

n=75 n=100 n=125

g(ĥH), SRSWOR
0.1607 0.1727 0.1682

(0.2236) (0.2175) (0.1744)

g(ĥPEML), SRSWOR
0.1456 0.1586 0.1577

(0.2018) (0.1868) (0.1616)

g(ĥH), RS
0.1219 0.1232 0.1273

(0.0798) (0.0663) (0.0615)

g(ĥPEML), RS
236.81 108.3 85.466

(0.3529) (0.1879) (0.3227)

g(ĥPEML), RHC
1568.1 2215.1 659.3

(0.4045) (0.197) (0.1416)
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