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This material is organized as follows. Section S1 presents more numerical examples including
the LSTM model, the comparisons of LEnKF with sequential importance sampling, and the
comparisons of LEnKF with some stochastic gradient MCMC algorithms such as SGLD, pS-
GLD and SGNHT. Section S2 presents the convergence theory of LEnKF, where the proofs for

Theorem [I] and Theorem [2] are provided.

S1 More Numerical Examples

S1.1 Bayesian Variable Selection for Large-Scale Linear Regres-
sion

Comparison of LEnKF with SGLD, pSGLD and SGNHT as reported in Sec-

tion 4.1

For comparison, SGLD (Welling and Teh, 2011)), preconditioned SGLD
(pSGLD, [Li et all [2016), and stochastic gradient Nosé-Hoover thermo-

stat (SGNHT, |Ding et al., 2014) were applied to this example. For these
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algorithms, the learning rates have been tuned to their maximum values
such that the simulation converges fast while not exploding. For SGLD,
we set ¢ = 4 x 107/ max{ty, t}*® with ¢, = 1000; for pSGLD, we set
e = 5 x 107/ max{ty, t}*® with ¢, = 1000; and for SGNHT, we set
e = 0.0001. Other than the learning rate, pSGLD contains two more tuning
parameters, which control the extremes of the curvatures and the balance of
the weights of the historical and current gradients, respectively. They both
were set to the default values as suggested by |Li et al. (2016]). SGNHT also
contains an extra parameter, the so-called diffusion parameter, for which
different values, including 1, 5, 10, and 20, have been tried. The algorithm
performed very similarly with each of the choices. Figure summarizes
the results of the algorithm with the diffusion parameter being set to 10.
Further, for fairness of comparison, we ran SGLD, pSGLD and SGNHT
for 20,000 iterations, 10,000 iterations, and 15,000 iterations, respectively;
and they took about 387 CPU seconds, 410 CPU seconds and 380 CPU
seconds, respectively. Each of the three algorithms took slightly longer

CPU time than LEnKF'.
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Figure S1: Trajectories of (81, 82, .., 89) produced by SGLD (upper), pSGLD (upper
middle), SGNHT (lower middle), and LEnKF (lower) for a large-scale linear regression
example, where the blue rectangle highlights the first 5% iterations of the runs. The
highlighted parts are presented in Figure [2| of the main text.

Comparison of LEnKF with parallel SGLD, pSGLD and SGNHT

For a thorough comparison, we also ran SGLD (Welling and Teh, 2011)),

pSGLD (Li et al) 2016) and SGNHT (Ding et all 2014) in parallel for

the linear regression example considered in Section 4.1. Each of the three
algorithms was run for 1,000 iterations with 100 chains and exactly the same
parameter setting as used in Section 4.1. The CPU times costed by SGLD,

pSGLD, and SGNHT were 38.18, 43.19, 42.39 CPU seconds, respectively.
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Recall that LEnKF with an ensemble size of m = 100 cost 35.14 CPU
seconds for 1,000 iterations on the same computer. Figure shows the
trajectories of (01, fa,...,Bs) produced by SGLD, pSGLD, SGNHT and
LEnKF in the runs, where each trajectory was obtained by averaging over
100 chains at each iteration. For this example, LEnKF took less than
100 iterations to converge to the true values, SGNHT took about 1000

iterations, while SGLD and pSGLD failed to converge with 1000 iterations.

S1.2 Comparison of LEnKF with sequential importance sam-

pling

To evaluate the performance of LEnKF, we compared it with sequential
importance sampling (see e.g. |Kantas et al.| (2009)). For sequential im-
portance sampling, at each stage t € {2,3,..., T}, we set the trial density
functions as 7(xy|xi_1)m(zi—1|y14—1) for drawing importance particles from
m(x¢|y1.¢) based on the particles from 7(z;—1|y1.+—1) and then perform a re-
sampling step to get equally weighted particles. This setting of the trial
density function is in parallel to the stage transition procedure of LEnKF,
which uses the predictive distribution 7(x;|y1.,_1) as the prior distribution
at each stage. Such a sequential importance sampling algorithm is also

called a sequential Monte Carlo (SMC) algorithm, as it generates equally
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Iteration

Figure S2: Convergence trajectories of SGLD, pSGLD, SGNHT and LEnKF for a large-
scale linear regression example.
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weighted particles via resampling at each stage.

The comparison was conducted with the Lorenz-96 model where we set
T = 500. LEnKF was run with an ensemble size m = 50 and the same
settings of K and learning rates as given in Section .2 At each stage, the
state was estimated by averaging over the ensembles generated in the last
iteration, i.e., setting kg = K — 1. The run was replicated for 100 times
independently, and each run cost 18.4 seconds (with a standard error of
0.23 seconds). SMC was also run for 100 times independently. In each run,
we set the population size m’ = 5000 to maintain its effective sample size at
a reasonable size, and estimated the states in the standard way by weighted
averaging all particles produced at each stage. Each run cost about 59.7
seconds (with a standard error of 0.61 seconds). With these runs, each
algorithm produced 100 estimates for each state X; for t = 1,2,...,T.
Figure [S3|shows 100 estimation curves of X!° produced by each algorithm,
which indicate that the estimates produced by SMC have a large variation,
while those by LEnKF are more accurate and follow the pattern of the true
curve closely, although SMC cost longer CPU time than LEnKF. From
the between-runs variation of their estimated curves, we can conclude that
LEnKF produced almost the same effective sample size (ESS) at each stage,

while the ESS produced by SMC varied with stages. This further implies
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that LEnKF tends to be immune to sample degeneracy, while SMC doesn’t.

401 —— Langevinized EnkF (m=50)
— .~ SMC (M=5000)
30- -=-- True State

Value of State 10
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Figure S3: Comparison of LEnKF and SMC: estimated curves of X} by LEnKF (red)
and SMC (purple) along with stage ¢ in 100 independent runs.

Further, to quantify the relative efficiency of the two algorithms, we
calculated the ESS ratio by Rpssii0 = m'0eyc10/(MO7 puicry10), Where
0%ncn10 A 0F g0 denote the variance of 100 estimates of X0 pro-
duced by SMC and LEnKF, respectively. Figure (a) shows the curve of
Rpssii0 along with stage t. The ESS ratio has very large values around
stage 50, which correspond to a high fluctuation of X!° around the same
stage. Figure (b) shows the curve of Rpgs: = 22021 Rgsst /40, which

averages the values of Rpgg;r over components k. It implies that LEnKF
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can be much more efficient than SMC especially for the problems with

drastically fluctuated state values.
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Figure S4: Comparison of LEnKF and SMC: (a) curve of Rgss, 10 along with stage ¢,
which has an average value of 28270.62 over all stages; (b) curve of Rggs, along with
stage t, which has an average value of 26443.01 over all stages.

S1.3 Online Learning with LSTM Neural Networks

Reformulation of LSTM Model The LSTM model is a recurrent neural
network model proposed by Hochreiter and Schmidhuber| (1997, which has
been widely used for machine learning tasks in dealing with time series
data. Compared to traditional recurrent neural networks, hidden Markov
models and other sequence learning methods, LSTM is less sensitive to gap
length of the data sequence. In addition, it is easy to train, less bothered by
exploding and vanishing gradient problems. The LSTM model has been suc-

cessfully used in natural language processing and handwriting recognition.
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It won the ICDAR handwriting competition 2009 (Graves et al., 2009)) and
achieved a record 17.7% phoneme error rate on the classic TIMIT natural
speech dataset (Graves et al., [2013)). In this section we show that LEnKF
is not only able to train LSTM models as the stochastic gradient descent
(SGD) method, but also able to quantify uncertainty of the estimates for
the quantities of interest.

Consider an autoregressive model of order ¢, denoted by AR(q). Let
zt = (Zt—q+1, - , %1—1, %) denote the regression vector at stage t. Let y; =
241 € R? denote the target output at stage t. The LSTM model with s

hidden neurons is defined by the following set of equations:

m=h (Wm)zt + R, |+ b(n)) 7

o (W Dz + RDp, _, + b(i)> :

iy

fi=o (W(f)zt + R, |+ b(f)) ’
(S1.1)

C — Agz)nt —I— Agf)ct_l,

oy =0 (W(O)zt + R, | + b(")) )

¢t - Ai(EO)h (ct) ’

where Al = diag (f:) LAY = diag (4;), and A = diag (0¢). The acti-
vation function h(-) applies to vectors pointwisely and is commonly set to

tanh(-). The sigmoid function o(+) also applies pointwisely to the vector el-
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ements. In terms of LSTM models, z; € R% is called input vector, ¢, € R?
is called the state vector, 1, € R? is called the output vector, and %;, f, and
o, are called the input, forget and output gates, respectively. For the coeffi-
cient matrices and weight vectors, we have W™ W® W) w0 ¢ Rsxad,
R™M RD RY RO e R*s and ™, b® b b c Rs. For initialization,
we set 1, = 0, and ¢y = 0. Given the output vector 1, , we can model the
target output y, as

Y = Wrip, + b+ uy, (S1.2)

where W € R¥* b € RY, and u; ~ N(0,T).

For convenience, we group the parameters of the LSTM model as 8 =
{W,b, W(n)7 R(”), b(ﬂ)j vv(i)7 R(i), b(i), W(f),R(f),b(f), W(O), R(O),b(o)} c
R™, where ng = 4s® + 4sqd + 4s + sd + d. With the state-augmentation
approach, we can rewrite the LSTM model as a state-space model with a

linear measurement equation as follows:

_ 0, | _ 0, [l e -

e | Q (ct_l,zt,'gbt_l) N ¢,

Y, T (ct,zt,d)tfl) £, ’ (S51.3)
| Ve ] I Wup, +b | =

Y = Yy T Uy,
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where €, ~ N(0,al;) for some constant 0 < oy < 1, v, ~ N(0, (1 — a)T}),

and T is as defined in (S1.2). Let 7 = (67, ¢!, 4, ~T). Then

7T(€I3t|$t—1, Zt) = 7T(9t|9t—1, Zt)W(Ct|9t, Ci—1, '%bt_p Zt)W(TM@ta Ct, ’%bt—u Zt)

X 7(Y¢|0¢, ;).

As in (3.9)), we can rewrite the state-space model (S1.3)) as a dynamic sys-

tem:
€ .
Tk = Tipo1 + 5 Va log T(@epoa[@io1 51, 21) + @i
(S1.4)
Ye = Hy g + v,
where x; ;, denote an estimate of x; obtained at iteration k for k = 1,2, ..., K,

yr =y for k = 1,2,...,K, H = (0,1) such that Hiz;, = v, wip ~
N(0,€1,), p is the dimension of x;, and v,y ~ N(0, (1 — a)I'y). With this
formulation, Algorithm [3| can be applied to train the LSTM model and

quantify uncertainty of the estimates for the quantities of interest.

Wind Stress Data We considered the wind stress dataset, which can be
downloaded at https:// iridl.ldeo.columbia.edu. The dataset consists of
gridded (at a 2 x 2 degrees resolution and corresponding to d = 1470 spatial
locations) monthly summaries of meridional wind pseudo-stress collected

from Jan 1961 to Feb 2002. For this dataset, we set ¢ = 6 and T" = 300,
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i.e., modeling the data of the first 300 months using an AR(6) LSTM model.
The data was scaled into the range (—1, 1) in preprocessing and then scaled
back to the original range in results reporting.

LEnKF was first applied to this example. For the model part, we
set e, ~ N(0,0.00017), ¢, ~ N(0,0.00017), & ~ N(0,0.00011), u; ~
N(0,0.00017). These model parameters are assumed to be known, although
this is not necessary as discussed at the end of the paper. For this example,
we have tried different settings for the model parameters. In general, a
smaller variance setting will lead to a better fitting to the observations. For
the algorithmic part, we set the ensemble size m = 100, K = 10, ky = 9,
a = 0.9, the number of hidden neurons s = 20, and the learning rate €, =
0.0001/ max{ky, k}°% with k, =8 for k =1,--- Kandt =1,--- ,T. At
each stage t, the wind stress was estimated by averaging over 4, = H;@s
for last KC/2 iterations. In addition, the credible interval for each component
of x; was calculated based on the ensemble obtained at stage t. Each run
cost about 5334.5 CPU seconds. The results are summarized in Figure [S5]
where the wind stress estimates at four selected spatial locations and their
95% credible intervals are plotted along with stages.

For comparison, SGD was also applied to this example with the same

setting as LEnKF, i.e., they share the same learning rate and the same
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iteration number I = 10 at each stage. The results are also summarized in
Figure S5, where the wind stress estimates at four selected spatial locations
are plotted along with stages. Each run of SGD cost about 15.9 CPU
seconds. Since LEnKF had an ensemble size m = 100, each chain cost only
53.3 CPU seconds. LEnKF cost more CPU time and as return, it produced
more samples for uncertainty quantification.

Further, we calculated the mean squared fitting error ||g; — |5 for
stages t = 1,2,...,T and for both methods. The results are summarized
in Figure [S6, which indicates that LEnKF produced slightly smaller fitting
errors than SGD. Figure [S7) shows the heat maps of the wind stress fitted
by LEnKF and SGD for six different months, August 1965, October 1969,
December 1973, February 1978, April 1982, and June 1986. The comparison
with the true heat maps indicates that both SGD and LEnKF can train
the LSTM model very well for this example.

In summary, this example shows that LEnKF is not only able to train
LSTM model as does SGD, but also able to quantify uncertainty of the

estimates for the quantities of interest.
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Figure S5: Wind stress estimates at four spatial locations and their 95% credible interval
along with stages: the red line is for the LEnKF estimate; the pink shaded band is for
credible intervals of LEnKF, the green line is for the SGD estimate; and the blue cross
"+’ is for the true wind stress value.
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Figure S6: Comparison of the mean squared fitting errors produced by SGD, LEnKF
and ensemble averaging LEnKF.

S2 Convergence Theory of LEnKF

We are interested in studying the convergence of LEnKF in 2-Wasserstein
distance. The r-Wasserstein distance between two probability measures p
and v is defined by

Wr(ﬂ,y):( inf /X XXd(x,y)Tdﬂ(x,y))l/T: inf {Ed(X, V)Y

rell(u,v) e (1)

where II(p, v) denotes the collection of all probability measures on X x X

with marginals p and v respectively.
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Figure S7: Heat maps of the wind stress fitted by LEnKF and SGD for six different
months, August 1965, October 1969, December 1973, February 1978, April 1982, and
June 1986: For both left and right panels, the left, middle and right columns show
the true heat map, the heat map fitted by LEnKF, and the heat map fitted by SGD,
respectively.
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S2.1 Proof of Theorem (1

Proof. First, we consider the Kalman gain matrix K; = Q. H} (R;+H;QH}')™!,

which, with some algebra, can be shown

K, = - KH)QH'R ' = (H'R'H, + Q") 'HI' R . (S2.1)

Let p, = BE(xf |20 ) = 2% | + 6;, where &, = €135 V log m(zf_). Therefore,
:)3{ = H{; + Wt.-

Taking conditional expectation on both sides of equation (3.5)), we have

E(m?‘x?_l) = //Lt—i_Kt(yt_Htﬂt) = x{—l—Kt(yt—Ht:C{)—([—Kth)wt (822>
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With the identity (52.1)), (S2.2]) can be further written as

E(xf|zg ) = xf 4 + 0 + Ki(ys — Hywf | — Hydy)

=2y + K (ye — Hex? ) + (I — K Hy)oy

=+ (] - Kth)QtHfRfl(yt - Ht$?_1) + (] - Kth)5t

= a4+ (I — K.H)Qu [HY Ry — Hyxl ) + Q10
a n N Ty r—1 a a

=T, + ﬁ(l — K.H,)Q, EHt V7 (ye — Hyxgy) + Viogm(zi_y) |
a €t N Ty —1 a a

=Tyt Ezt EHt V= (y — Hixf 1) + Vg m(xf )],

(52.3)

by defining ¥; = % (/ — K H;) and by noting Q; = €I, and R, = 2V.

For LEnKF, the difference between equations (3.5 and (S2.2)) is
€ = ([ — Kth)'LUt — Kﬂ)t = Wy — Kt<Ht'LUt -+ Ut),

for which the mean F(e;) = 0 and the covariance is given by

n n n n
Var(e;) = NQt + Kt(NHtQthT + NRt)KtT - QNKthQt
n
=N (Qr + K H Qy — 2K, H, Q4]
n
= N(I - Kth>Qt = €42,

where the second equality holds due to the symmetry of @); and R; and the
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identity K;(H,Q:H +R,) K = K;(H,Q:HI + R,)(H;QT HI + RI') ' H,QT =
KiH;Q;. Then, by (52.3)), we have

xy = m{ + K, [yn — Htx{ — Uti|

N (52.4)
€
=i+ ézt [EHtTth(yt — Hyxy ) + Vogm(zi_y)| + e,

where %HtT V= y,— Hyz? ) represents an unbiased estimator for the gradi-
ent of the log-likelihood function, and V log w(z{_,) represents the gradient

of the log-prior density function. The proof can then be concluded. O]

Remark S1. Let 7; denote the empirical distribution of z{, and let 7, =
m(x|y) denotes the target posterior distribution 7(z|y). By Corollary
(with n = 0), we have lim;_, o, Wa(7;, mi) = 0. For Algorithm , it is easy to
see that is satisfied, for which the bias factor n = 0 as X H'V = (y, —
Hix¢ )+ Vlogm(xzf¢ ) forms an unbiased estimator of Vlog 7(z|y) at z¢_,,
and the variance of the estimation error is upper bounded by a quadratic

function of ||z, ||.

S2.2 Proof of Theorem [2

Let m = m(x¢|y1.1) denote the filtering distribution at stage ¢, and let 7,
denote the marginal distribution of a:? /Zc generated by Algorithm (3| at iter-

ation C of stage t. To study the convergence of Algorithm [3] we make the
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following assumptions for the dynamic system ({I.1f):

Assumption S1. 7; is s;-strongly log-concave:
s
fa) = fa) = V) (@ — ) > gtHfUt —zyll3, Ve, xp € Ry, (S2.5)
where f(x;) = —log(z|yr4) = —logm, and sy is a positive number satis-

fying s > ¢ Ny for some constant ¢y > 0.

Assumption S2. log(m;) is Si-gradient Lipschitz continuous:
IV f(xe) = Vf@p)llz < Sillwe = 24ll2, - Vg, 24 € RY. (52.6)
where Sy 1s a positive number satisfying Sy < co Ny for some constant co > 0.

Note that we must have s; < S;.

Assumption S3. Let ¥, = (I — Ky Hyy), and assume that

N
)\t,l S Hgf Amin(zt,k> S sup /\max(Et,k) S )\t,u
k

for some Ay and Ay, where Apax(-) and Amin(-) denote the largest and
smallest eigenvalues, respectively. In addition, there exist constants c3 > 0

and ¢y > 0 such that cs(ng/Ny) < My < A < ca(ng/Ny).

Assumption S4. )\max(HZkvt’lHt’k) < csny for some constant cs > 0.
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Assumption S5. The stochastic error induced by the sub-sampling proce-

dure has a bounded variance, i.e., Vo € RY,

E(|(Ne/ne) H Vi (g — Heww) — HY T (ye — Hin)|P] < o (o + [l2]1%),

for some constant O’ZS > 0, where the expectation is with respect to random

sub-sampling. In addition, we assume that si\;; — \/§at,s)\t7u > 0.

Assumption S6. The state propagator g(x;) is I-Lipschitz and bounded by
My (i.e., sup, |lg(@)|| < M), and X, ; > Amax(Us) = Amin(Ur) > Ars > 0 for

some positive constants N, , and A .

Assumption S7. There exist some constant M such that Wa(vpyq, m11) <
M for allt > 0, where vy (xis1) = [ T(@psr|2e)me(ze)day is the ideal stage
initial distribution of x?jm fort > 1, and vy is the initial distribution used

at stage 1. Similarly, we define Dy1(xi41) = [ 7(@ps1|2e) T (20)day to be the

practical stage initial distribution of xfjﬁl’o fort>1.
Assumption S8. There exists a constant ¢; such that V; = [ ||z||?dr, <
C7p.

Remark S2. Log-concavity and strong log-concavity are preserved by prod-
ucts and marginalization (Saumard and Wellner} [2014). If the prior density

m(x1) is log-concave, the state transition density m(x¢|x;—1) is log-concave
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with respect to both z; and z;_; for each stage ¢, and the emission density
7(ys|xe) is A-strongly-log-concave for each stage ¢ where )\ is the smallest
eigenvalue of HtT ry 'H,, then Assumption holds with s, = A\;. Further-
more, by Brascamp-Lieb inequality (Brascamp and Lieb} 2002), we must

have that 7, has finite variance, that is
pot, = Ex | X = E(X)[I* < p/s:. (S2.7)

Strongly log-concave conditions are commonly used in the theoretical study
of Langevin Monte Carlo, see e.g. Dalalyan and Karagulyan (2019) and
Cheng and Bartlett| (2018). These conditions potentially can be relaxed

following the work of Durmus and Moulines| (2017)).

Remark S3. With some simple linear algebra, we can show

)

t t

Et,k = —([ - K kHt,k:) = F([ - Et,kHZk(Gt,kHt,ngk + QVt)_lHt,k),

which implies that all eigenvalues of ¥ lie in the range (0, n¢/N;). Thus, it
is reasonable to assume that A;;, A¢, < n:/N;. In addition, due to random
subsampling used in stochastic gradient evaluation, it is natural to assume
that 0,5275 = (Ny/n;). Therefore, s;\i; — V201 M\ > 0 holds trivially by

Assumption [S1| and large subsample size n;.
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Remark S4. Assumption says the ideal initialization distribution at
each stage is not too bad, which essentially requires that the data are co-
herent to the state space model in the sense that the predictive distri-
bution based on y;; (i.e., m(x441|y1+)) and the state estimate based on y;11

only (i.e., &1 = (H Hyor) P HEL i) are close.

Lemma S1. Let p and v be two distribution laws on RP, and let f be an

L-Lipschitz continuous function, then

|/ i - f it

Proof. By the definition of 2-Wasserstein distance, there exist random vari-

< LWs(u,v).

ables X; and X5, whose marginal distributions follow p and v respectively,

such that || X, — Xa|1, = (B|| X1 — Xa|3)Y/2 = Wa(u, v).

e s

< E|[f(X1) = f(Xo)|| < EL[| X1 — Xalo

= LE\/[| X1 — Xof3 < Ly/ B[ X1 — Xol5 = LWa(p, v

= [Ef(X1) = Ef(X2)]]
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Lemma S2. If Assumption [S¢ holds, then

Wo(Dry1, Vi) < IWa(e, 7).

Proof. By the definition of 2-Wasserstein distance, there exist random vari-
ables X; and X5, whose marginal distributions are m; and 7; respectively,
and B(|| X1 —X5||3) = W(7;, 7). Define Yy = g(X1)+u, and Yo = g(x9)+u,
where u ~ N (0, U;;1) such that the marginal distributions of ¥ and Y3 are

Vi1 and 7y respectively. Then,

W3 (Pri1, vi41) < E|Vi = Yalz = Ellg(X1) — g(Xo)]I2

< EZZHXl - X2||§ = 12W22(7Tt>7~ft)-

Lemma S3. If f is an L-Lipschitz continuous function, then E|f(X) —

E(f(X))I3 < L2E|IX — E(X)]3.
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Proof. Let X; and X5 be two independent copies of X. Then

E|f(X) = E(f(X)I5 = 1/2E|f(X1) — f(X2)|3
< (1/2)E(L|| X1 — X3|l2)°
< LX(1/2)E([| X1 — Xal|2)?

= L*E|X — E(X)|3-

Lemma S4. Let X ~ p andY ~ v, then

EI|Y —E(Y)|3 < B|IX —B(X) 34+ W3 (. v)+2Wa(p )y E| X — E(X)[3

Proof. By definition of Wasserstein metric, we can assume that X and Y
satisfy [| X =Yz, = (E|| X =Y ||2)"/? = Wy(u, v). Without loss of generality,

we also assume that £X, the mean of measure pu, is 0. Then
[EIIY = E(Y)|z — BN X)) = W3 (4, v)

=EYTY - (EY)'(EY) - EXTX - EX"X — EY'Y + 2EXTY

=2EXTY —2EXTX — (EY)T(EY) <2EXT(Y — X) <2E|X|2||Y — X||2

<2\/EXIBEY — X|I} = 2Wa(u, v)y/ B X3
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Lemma S5. Let X ~ p andY ~ v, then

B|Y|* < BIIX[]* + W5k, v) + 2Wa(p, v)V/ E[| X 2.

Proof. By definition of Wasserstein metric, W.O.L.G, we can assume that

X and Y satisfy E|| X — Y||? = Wi(u,v). Then

[E|Y[]* — E[|X[]*] = W5 (p,v)
=EYTY —EX"X - EXTX —EYTY +2EXTY

=2EXTY —2EXTX =2EXT(Y — X) < 2E|X||[|]Y — X||

<2VE|X|PEY - X|? = 2Wa(u, )/ E|| X[

Lemmal [S6]is a generalization of Theorem 4 of Dalalyan and Karagulyan

(2019), and a generalization of Lemma S2 of [Song et al.| (2020)) as well.

Lemma S6. Let xp and xpq be two random vectors in RP satisfying

Thp1 =z — X[V (1) + G] + V2eepi1,

where exr1 ~ N(0,%), and ( denotes the random error of the gradient

estimate which can depend on xy. Let m, be the distribution of xy, and let
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7. < exp{—f} be the target distribution. Suppose that (y satisfies

IE(Gklzo)I* < n’p,  ElllGk — E(Glar)|’] < oip + aallaxl®,  (S2.8)

for some constants n and o, and (;’s are independent of exi1’s. If the
function f is s-strongly convex and S-gradient-Lipschitz, Amin(X) = A\,

Amax(X) = Ay, and the learning rate e < 2/(sA\ + SA,), then

2
W2(mp1,m) < [(1 = Nise + V203 0)Wo(mp, ) + 1.655(\2e*p) /2 + en)\u\/g_)]

+ EQOfAip + 2620;)\3]7‘7,

(52.9)
where V = [ ||z||2m. () dz.
Proof. First of all, the updating iteration can be rewritten as:
Trar = Tx — €[ VF( @) + &) + V2€rp1, (S2.10)

where f(z) = f(2%z), 7 = B2y, G = 2V2¢, and &,y ~ N(0,1).
Let 7, denote the distribution 7, o< exp{— f }. It is easy to see that the

distribution 7, is sA;-strongly log-concave and S\,-gradient-Lipschitz. In
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addition, ¢y satisfies

1Bl 17 = ISV E(Glan)l® < Aan’p
E(lIG: — E(GlEn)l°] = BIIEY2G — BE2Glan)|P] < otp + Ao3 || 221,

(S2.11)

Let L; be the stochastic process defined by dL, = —(SY2V f(XY2L,))dt+
V2dW; with initialization Ly ~ 7, (hence L; ~ 7,). Define Ay = L, — 141
and Ay = Lo — Z;. Then, by the same arguments used in the proof of

Proposition 2 in Dalalyan and Karagulyan| (2019). we have

ISV2007, <{II=V2A; — e2V2U |1, + |22 W |1, + €| SYV2E(Gldn) 1, )
+ V(G — E(Glzn)3,,

(S2.12)

where W = [*(Vf(L;) — Vf(Lo))dt and U = V (&), + Ay) — V f (i)

By Lemma 4 of Dalalyan and Karagulyan| (2019),

W ]|, <0.54/€1S3X3p + (2/3)4/263pS A, < 1.655\,(€p) /2.

By similar arguments of Lemma 2 of Dalalyan and Karagulyan (2019), we

can show that ||SY2A; — eXV2U |, < p||2Y2A]|2, where p = max(1 —
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s\ie, SAye — 1) =1 — s\je. Combining with (S2.11)) and (S2.12]), we have
Y2803, < (AL 2A0]1, + LESS(XED) 2 + Auny/BY + X207
+ENOLE |,

which further implies

Wi (i1, me) < {(1 = sNe)WE(mpy1, ) + 1.65S(A23p)% + eduny /D)

+ ENo?p + EN20L B2
By Lemma , Ellz|)* < (Wa(mp, m) + ﬁ){ we can derive that

W3 (T, ) < [(1 — shie)Wa(my, my) + 1-655()\36329)1/2 + 677>\u\/1_7}2
+ E0I\p+ EoRAE (Wa(me, m.) + V V)2
< [(1 = s\e)Wa(me, m) + 1655 (X2 ep) Y + enhuy/p]”
+ 202\ + 220202V + 2202 N2 W2 (my,, )
< [(1 — M€ + V200eN ) Wo (mp, ) + 1.65S(A\2e3p) /2 + 677/\“/]_9} i

+ E0iNip + 2€2U§>\i‘7,

which concludes the proof. O

Remark S5. Consider a Langevin Monte Carlo algorithm with inaccurate
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gradients, varying conditioning matrices and a constant learning rate €, i.e.,

Tpr1 = Tk — €SR[V F(@1) + Gl + V2e&i1; err ~ N(0, 5).

If ¥ is positive definite, A; < infg Apin(2r) < supy Amax (k) < A, and
e < 2/(sA\ 4+ SAy), then (S2.9) holds for all iterations. Conditioned on

Try1 € O for some measurable set O, it is easy to justify that

W22(7Ark+1ﬂ7r*) < W22(7Tk+1,7T*)/PT(ZEk+1 € @)7 (8213)

where 75,1 is the marginal distribution of x;,; conditional on xy,, € ©O.
Combining it with (S2.9)) and Lemma 1 of Dalalyan and Karagulyan| (2019)),
one can obtain that, if Pr(zyy € Oz, € ©) > 1 — § for some sufficiently

small constant § and all k, then conditional on the event {z1,...,z; € O},

1 — she + V209e\,
Vv1—90

Wo(mg, i) < ( ) Wo(mo, 74)

. NAur/D 1.655 (A3 ep)t/2 Ve (02p + 202V)
SN — V2050 — 0 SN — V200 — 0 1.65S(\p)/2V/1 =68
(S2.14)

The next corollary provides a decaying learning-rate version of the con-

vergence result ((S2.14]).
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Corollary S1. Consider a Langevin Monte Carlo algorithm

Tha1 = T — €126V () + G + V261865 & ~ N(0,Zy),
where (j satisfies when xy, € O, X 1s positive definite,
)\l S H]if )\min(zk) S sup )\max<2k> S )\u>
k

and the learning rate €, = €o/k™ for some ¢g < 2/[(s\; + SA,) and w €
(0,1). Let K denote the total number of iterations of the algorithm. If
s\ > V209, and Pr(zy ..., o € ©) > 1 — 0 holds with 6 = o(1/K), then
we have that conditioned on the event {x1,...,xx € O},

Au
lim sup Wy (7, mi) < L NAu/p

, for some constant p € (0,1).
K—oo —1- SOS)\Z — \/50'2)\7J f 7 ( )

(S2.15)

Proof. The proof of this corollary closely follows the proof of Theorem 2(i)
in Song et al. (2020). Let Ky = 0, and K; (i > 0) be the smallest integer
such that K;® < (1 +14)7X, where x = w/(1 — w). Thus, asymptotically,
we have K1 — K; = (x/w) K7,

Note that Pr(z;...,zx € ©) > 1 —§ implies that Pr(z; € O]z; 10) >

1—0 foralli <k, and § < s\, — /209, given a large k since § = o(1/k). In
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the spirit of (52.14]), we have that conditional on the event {z1,...,2x,,, €

o},

W2(7TK1-+1; 71'*) S (1 _ (3)\1 - \/§U2>\U)GKi+1)Ki+l_Ki<l _ 5)—(K¢+1—K¢)/2W2(7TK“ 7'('*)

NA\ur/P 1.655(\3p)'/2 Aa(02p + 202V)
SN — V2050, — 0 | s\ — V202, — 6 L65S(\p)/2V1 =0

€K;-

Note that due to the fact that K;,1 — K; =~ (X/w)el}zl_“, we have

lim [1 — (s\; — \/§Ug>\u)€Ki+1]Ki+1_Ki = exp {—

i—00

60(8)\[ — \/EUQAU)X} < 1

w

lim [1 — 6]7(Ki+1*K¢)/2 -1

Kit1<k,k—o0

Therefore, for any positive constant ¢ > exp

(_M), there exists

a constant k,, such that when k& > k,, and K, ; <k,

(1—(sh — \/EagAu)eKm)Km—Ki(l _ 5)—(K¢+1—Ki)/2 <o

that is,
nAu\/ﬁ
Waolrmk,, ,,m) < @Walmk,, Te) +
2( Ky ) 2 2( K ) s)\l—\/§a2)\u—(5
1.655(\3p)L/2 Aa(02p + 202V)

N — V20 — 0 1.655(Aup)2vT =0 | YV
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The above recursive inequality implies that for K; < k and k& > k,,

I

_ NAur/P
Wo(mk,, s S@IWWOZW,W*—i— <pt1
2, ) 2{Try = o, ) (; SV

Z el e 1.65S(X3p)'/2 Au(o?p + 203V)
4 N — V20 h — 0 1.65SOup) 2V =3
(S2.16)

As k — oo and I — oo, 321 o 'K; %> — 0, hence we have that

¢ muvp
W2(7TK1+177T*) — 1—¢ s\ —v2022u N

Remark S6. For technical simplicity, we require @w < 1 for the decay of
the learning rate (¢; o< t~%) in the above corollary. We conjecture that the
corollary still holds under the choice ¢ o< t71, i.e., @w = 1. However, more
subtle technical tools are necessary to rigorously characterize the conver-

gence rate under the setting €; oc 71, see [Teh et al.| (2016).

Assumption S9. The stochastic gradient can be expressed as @f(x, Q)+,
where ( is random variable independent of the past SGLD path and the
SGLD noise ey, and (' is deterministic, such that @f(w, ) is an unbiased
estimator of V f(z) and ' is a bounded bias. That is,

EVf(x,¢) =V f(x), [IVf(x1,0) = V(22,0 < Lollay — all,
(S2.17)

IV f(z. Ol <M, |¢| <B,
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where x, is the optimum of density f.

Remark S7. In Assumption [S9, ¢ usually stands for a simple random
subsample used in stochastic gradient evaluation. Therefore, Assumption
[S9| requires that for any fixed subsample, the stochastic gradient function

is Lo-Lipschitz.

Lemma S7. Assume that conditions [S9 for the stochastic gradient and
s-strongly convexity for the target distribution. For any constant k > 1,

0 >0, let

R > max{+/400plog(2K/5)/slog r, 21/ (4M?2 + 2B2 + 2p)/s,8B/s},

where IC is the number of SGLD iterations, and let €, = €y/k® with w €
0,1). If |xg — x]| < R with at least (1 — §/2) probability and the learning
rate g < min((2 —v/2)?p(LokR+ B+ M)~2,1,s/(8L2)), then max<r ||z; —

z|| < KR holds with at least (1 — 0) probability.

Proof. The proof strictly follows Lemma 6.1 of [Zou et al. (2021). First,

denote by e, an independent normal variable with the identity covariance
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matrix, we then have

Elllzi — zol3lan] = Bllar — 2. — e(Vf (2, ¢) + () + V2eens|3]an]
=llzx — 2] = 26 B[(xr — 2, V f (20, Q) |24] — 26 Bl (i — 2, )]

+ G B[V f (0, Q) + ¢35z + 2pe.
<llor — 2ull* = 2eesllwn — 2.l|* + 26 Bllwx — 2] + 467 Lloe — 2.l2

+ 463]\/[2 + 26?32 + 2pe,
=(1 — 2s€; + 4L3eN) |vp — 2. ||* + 26, By, — .|| + 42 M? + 262 B* 4 2pe;.

(52.18)

The above result implies that E[||zyy1 —x.||3|7x] < (1—s€) ||z, — 4|3, since
e < min(1,s/(8L3)) and ||z, — x.||* > max((16 M*+8B*+8p)/s,64B%/s%).

The concavity of the log-function implies that for any ||z — z.||2 > R,

Ellog(||zs1 —2.l[2)|2x] < log(El|zn —z.ll3lza]) < —see+log([lan —z.l2).

(S2.19)
On the other hand, ||z — .||z — |2k — 2ul2 < ||V F(x, O + el|C|] +
V2€|lexs1]l2 and |lexy1|| has a sub-Gaussian distribution satisfying that
P(|lexsl]2 > \/}_9+\/§Z) <e*#forz>0. If |zk|l2 < KR, then ||@f(m,()|| <

Lok R 4 M. If we further assume that ¢, < (2 — v/2)?p(LokR + B + M)~2,
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then for any z > 0,

P(llsr = xllz = llon = z.l2 > 2v/@p + 2/ez) < e

If further R < ||z||2 holds, then

2| zr1 = wulla = 2f|zk — 24l

log(|lzr1 — z4]l2) — log(l|lz — z.l2) < iz

Therefore, if R < ||zx]ls < kR,

P(log(||zg1 — .][3) — log([lzx — z./[3) = 4y/e@pR ™" +4t\/eR™) < e

(S2.20)

With slight modifications to the proof of Fact 1 in Lemma 6.1 of [Zou

et al.| (2021)) and Theorem 2 of Shamir| (2011) (such that they apply to vary-
ing step size SGLD), we have that [log(||lzx||?) + s .5, &]’s have subgaus-
sian martingale difference. Further, given 800plog(2K/d)/(sR?*) < 2log k
for some C?_, then conditioned on the event ||zg —z.|| < R, ||z; — z.|]| < kKR
for all 1 < ¢ < K with probability at least 1 — 6/2. This concludes the

proof. n

Remark S8. The result of Lemma [S7] can be easily generalized to pre-

conditioned SGLD, i.e., (S2.4)), via the transformation (S2.10). If the
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eigenvalues of the preconditioning matrix ¥ are bounded from above and
from below by A, and );, respectively, then Lemma [S7] holds with ¢, <

min((2 — v2)?p(LokR + B + M)72\;2,1, \is/(8A\2 L)) and

R > /A, max{/400plog(2KC/8) /(Nislog k), 21/ (4N2 M2 + 2X2 B2 + 2p) /(\;s),

SAUB/)\IS}

Proof of Theorem 2]

Proof. Define K; as in the proof of Corollary , and we let £ = K, (=<
5}/7) for some » where y = @/(1 — @).

At stage t = 1, Algorithm 4 performs exactly as Algorithm 2; that is,
it is a Langevin Monte Carlo algorithm with a varying conditioning matrix
as discussed in Section 3. By Corollary [S1| with no bias n = 0, © = RP and
§ = 0, we obtain that there exists some ¢; > exp(—e; o(s\ — V2020, X /@),

such that

W (7, m1) < o Wa(vy, m1)

. (Z%: KT e LO5S A/ DAL 0% Mau(p+2V1)
n—j 1,0 )
= ! ! 511, — \/§Ul,s>\1,u 1.6551y/ A 1,up

(S2.21)

w /X

where the first term is of order O(p7) < ¢} and the second term is
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of order O(»X/?) < K~%/2 with respect to (w.r.t.) the iteration number
K. Note that log(¢¥) = K¥/Xlogp; < —K¥/X/log K, therefore, w.r.t. K,
Wy (71, m1) decreases polynomially.

Now, we study Wo(7yy1,m41) for t > 1. As discussed in Section 3.1, at

stage t 4+ 1, the algorithm can be rewritten as

A . N .
a,i o a T -1 a,t
Tyiq o1 = Tphq g T €441 k+1 2441 k+1 [ o Hyx Vi (Yes1e — Ht-l-l,kxtﬂ,k)

+ Vlog 77@?4:11@@%)] t e

A ai
=Tyt i1kt 1 5 1kr1 (1) + (I1)] + egqa,

(S2.22)

where e;41 ~ N(0, 2€,41 j+12041 4+1), and f;k denotes a sample drawn from
the set X; according to an importance weight proportional to W(x?jlk]:ii L)
We first study the bias of the gradient estimate used in (52.22). Note
that the term (I) is unbiased due to the property of simple random sampling.
To study the bias of term (II), we define 7r(z|xfj:‘1,k, Y1) X W(Q:?fl’k|z)7rt(z|y1:t);
that is, m(z|2{7;, y14) can be viewed as a posterior density obtained with

a,t

the prior density m.(z|y1.¢) and the likelihood 7(z;}, |2). Similarly, we define

7~r(z|x?jf17k, Y1) X W(x?j17k|z)ﬁt(z|y1:t). Then, by equation l) of the main
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text, the bias of term (II) can be bounded by

[ V0w (et N o) = d Gl

= /Ut_l[x?—’:l,k - 9(2)][d7~7(2|$ﬁ1,k»ylzt) - dﬁ(z|x?3:1,ka Yi:t)] ‘
(52.23)

= |- [ —dw(zmzfl,k,yu)]H

§2Mg/>\t,sa

which holds for any 7(+|). In other words, the bias of term (II) is uniformly
bounded, i.e., the bound bias requirement of Assumption [S9 holds. For the
rest of Assumption [S9] similar to the discussion in Remark [S7] ¢ represents
a minibatch of the data and an importance particle from the pool of parti-
cles collected at the proceeding stage. Thanks to Assumptions and [S6],
Assumption [S9| holds with Ly o< Ny, and thus Lemma [S7] applies.

Without loss of generality, we assume that the global optimum of 7,
t =1,2,...,T, denoted by zj, is bounded by My, ie., ||z;| < M;. Let
§ = K2, Without loss of generality, we assume that the initialization of
each stage (for ¢ > 1) is bounded by M/ + ¢,M, for some constant ¢, > 0.
For simplicity of notation, we simply set ¢, = 1 in the proof. In simulations,
this can be ensured by setting 7 = g(zy") ) + uf"* and restricting uf"’ to

an appropriate range.



Peiyi Zhang, Qifan Song AND Faming Liang

By Lemma [S7 and remark [S8] we define

R, = Corn/plog(2K/0)/s;log k,

for some constant Cp. Let .41 =< (n7,, log )~! which satisfies the stepsize
assumption in Remark [S8 Then we have that all K iterations of the SGLD
path in the (¢ + 1)-th stage are bounded within a compact set O, = {x :
|z — 2 || < KRyy1} with probability 1 — 4§ for a sufficiently large KC.

On the other hand, when fojlk — a7, || < KRy for all k, we can fur-
ther refine the bound for the bias of term I1. Define ¢; := [ W(I?_:lk |2) (2| Y1) dz,
Cp 1= fW(:E?j:17k|2)7~rt(z|y1:t)dz, ae -= fVJCW(JZ?jl,k|Z)7Tt(z|y1:t)dz>
a; = [V ( ast+1k| )7 (2|y1e)dz, e, := ¢ —cy, and d,, 1= Gy —ay. Therefore,

the bias of the term (II) can be re-expressed as

Ay ay

Ct Ct

ag 6Ct

a,

Ct

CiCt

Note that |a,|| is uniformly bounded by (27)77/2(\;4 1)~ PY/2C for some

constant C', due to Assumption [S6] and the fact

(@l 1l2) = (2m) PR (det(Upin)) ™ PU S (2 — 9(2))

x exp{—(z — g(2))" U3 (z — g())/2},
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by Lemma , we have that |0.,| < [(27)7P/2(A\py1s) " PHY2COWy (7, 71
and [|0,, ]| < [(27) 72 (Ayr,s) O PCWy (my, 7).
With probability 1 — 4§, x € {x : ||z — z7|| < KRy} which implies that

|lz]| < KRy + My, and

“ = ||m||srz%)ifo,z (27r)p/2(d;f(Ut+1))1/2 exp{—(z = 9(2))" Ui (x — 9(2)/2)

>(2m) PP (Nyy) P2 min exp{—[lg(2)[1*/ A1} exp{—l|2]*/ A1}

lz||<kRo+Mjy,z
:(ZW)_pm(AQH,s)_pﬂ eXP{—M;/)\tH,S} exp{—(kRo + My)*/Ay1,s}-

(S2.24)

The same bound applies to ¢; as well.
Combining all the above derivations together, we obtain the bound

a,t
when 37, . € Oy,

Bias = Biasy; <CYCy(T/8) O/ Wy, 7r), (S2.25)

for some constants Cj, Cy and C3 that depend on constants r, A s, A; , My

and cyM,.

By Condition (A.4), the variance of term (I) is bounded by o7, ((p +
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|z]|?). The variance of term (II) is upper bounded by

2
EHVIOg (T, Tg) — B (Vlogm(zy, 12t ))

< (U2 ElE = E@ )P (by Lemma[S3) (82.26)
S (l//\t75)2 |:W2(7Tt, ﬁ't)2 + p<7t2,v + 2W2(7Tt, ﬁ't)\ /pO't%vi| y
by Lemma [S4] and (52.7). Combining the above results together, the vari-
ance of the estimated gradient is upper bounded by

2‘7t2+1,sp + 2(1/ A s ) (Wa(me, 70) + \/pOEy)* + 20152+1,3H33?5:1,k”2 (52.27)

= ‘712; + 2‘7t2+1,s||x?3:1,k||2~

As implied by (S2.25) and (52.27)), a smaller value of Wy(m, 7r;) will help

to reduce the variance and bias of the stochastic gradient at stage ¢t + 1.
Recall that 7,1, denotes the practical state initial distribution of x?ﬁLo.
Applying equation (S2.16|) in Corollary , we obtain that conditioned on

the event {;110,...,%T16 € Opp1} whose probability is 1 — K72, there
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exists some ;11 € (0, 1) such that

W2(7~Tt+1, 7Tt+1)
Ptr1 )\t+1,quCél(IC/§)C3P/8t+1

1 — Qi1 Sip1 41,0 — 20041 s M 1,0 — o

1.65S:114/PA 10 R /Aer1,u(0) + 40;:2+1,s‘7t)

§@f+1w2(5t+1> Ti1) + Wo (e, )

+ Y (N
(; 4G J )V St+1A\41,] — 20441 s A1, — O 1.65S;114/p(1 — 0)

Pr+1 >\t+1,uC{)C§l(IC/5)C3p/St+1

L — 01 St41 410 — 20441,6 i+ 1,u — o

1.65Sp114/PN . VArra(0? + 402, Vi)

§@f+1lW2<7~rta 7Tt) + 90;{+1M + W2(7Tt, 7~Tt)

+ I K E?) e
(; 4G / JVero St41 M 41,0 — 20441,s A t41,u — O 1.65S;114/p(1 — 0)

(S2.28)

where we use the fact that Wy (01, ma1) < M + IWs(7y, ) (due to As-
sumption (A.6) and Lemma [S2)).

As shown by ((S2.21) and the discussion below (S2.21)), Wa (71, m1) de-

creases polynomially w.r.t. K. Recursively, when p/s;;; is small enough,
all terms in the RHS of decreases polynomially w.r.t. K. Therefore,
trivially by mathematical induction, we have that conditioned on the event
{240, .. xec € ONt < T}, Wo(7p, mr) = o(1) as K goes to infinity. Since
this event holds with probability 1 — 7T'/K?, we interpret the convergence
result as, with dominating probability, xaT’,C follows a probability law 7/,

and limy oo Wa(7/p, 1) = 0. O
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