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In this document, additional proofs of auxillary lemmas are included.

e Section S.1 includes the data-adaptive tuning parameter selection.

Section S.2 includes an extension to the case with a divergent number of samples.

Section S.3 includes the connection to maximum mean discrepancy.

Section S.4 includes the additional results for simulation studies.

Section S.5 includes the additional results for real examples.

Section S.6 includes the proofs for main theorems and lemmas.

S.1 Data-adaptive tuning parameter selection

Smoothing parameter selection plays an important role in nonparametric estimation. Classical
methods such as the generalized cross-validation (GCV) (Craven and Wahba, 1976) and the re-
stricted maximum likelihood (REML) (Wahba, 1985; Wood, 2011) provide data-adaptive estimates
of the smoothing parameter. However, how to select the smoothing parameter in the nonparamet-
ric inference is still an open question. Here, we introduce a data-adaptive method to select the
smoothing parameter in our proposed PLR test.

In practice, how to choose the tuning parameter X is essential for the proposed test to achieve a
high power. Theorem 3.2 provides a theoretical guidance that the optimal test rate can be achieved

by choosing A* to minimize the distinguishable rate d,, defined in (3.14). That is, A* must balance
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the trade-off between the squared bias of the estimator and the standard deviation of the test
statistic. Since d,, is related to the spectral decomposition of the population kernel which is usually
unknown, we consider an estimate of d,, by plugging in the empirical eigenvalues of the kernel

matrix as
dn = /A +0r/n

where 83\ = 22:1 m and pp, p=1,...,n, are the empirical eigenvalues of the kernel matrix
KM with the ijth entry K((z;, 2:), (;,2;)). Since 7y is a decreasing function of A, the A that
minimizes c/i\n is

N =max {\ | A <7y/n}. (S.1)
We call (S.1) as our data-adaptive criterion for choosing A. Notice that N depends on the eigen-
values of the kernel matrix, especially the first few leading eigenvalues. When the sample size is

large, we can approximate 33\ via the top eigenvalues, see Drineas and Mahoney (2005), Ma and

Belkin (2017) for fast computation of the leading eigenvalues.

S.2 Extension to the case with a divergent number of samples

Most relevant literature is under the classical asymptotic theory framework with a fixed number
of samples. How the number of samples affects the minimax distinguishable rate remains an open
problem. Recently, Kim (2021) proposed a perturbation-based multiple-sample test under distance
metrics relying on the choice of the kernel. In this section, we extend our theory to the case with
a divergent number of samples to establish the new minimax rate under the regular Ly norm.
We first construct the eigensystem of #H for a given K. Based on the decomposition in (3.1),
we denote the eigenvalues for 7—[12 by 71,...,my—1 where U is the number of samples. By the
definition of tenor product spaces, we have that the eigenvalues for H are p;m; for i = 1,...,00
and j =1,...,U — 1. Since U diverges, the decay rate of eigenvalues for H becomes slower. In the
following two corollaries, we generalize the previous null asymptotic and minimax theory to the

divergent U case.

Corollary S.1. Suppose m > 1, U = o(n), and Assumption 1 holds. Let h = U-\3% and

nh?mtd = O(1), nh? — o0 as n — oco. Under Hy, we have
2n - PLR, \—0
r nA A i>N(0,1), n — 00,
V20,

o oo 1 2 _ o 1
where 0y = szl [EBya o\ = Zp:l (1+Xxpg)?"

Corollary S.1 gives the asymptotic null distribution of our proposed PLR test. Notice that the

0y and 0/2\ are different from the corresponding quantities in Theorem 3.1 since the decay rate of



pﬁ is lower comparing with the fixed U case. The proof of this Corollary is a direct generalization
of Theorem 3.1. We will show in the following two corollaries that the change of the decay rate

will also change the minimax distinguishable rate.

Corollary S.2. Suppose Assumption 1 holds, U = o(n) and let d,, be the distinguishable rate
defined in (3.14), m > 3/2, n* € H with ||n% ,|lsup = 0(1), J(Nk,) < 00, [Nk 4ll2 2 dn. For any

€ (0,1), there exists a positive Ne such that, for any n > N, Pps(®p (o) = 1) > 1 —¢e. When
A < N = pAm/Umtd)gr2m/mtd) g s upper bounded by d = n~2m/(mtd)grm/(4mtd)

Corollary S.3. Suppose n € H and U = o(n). For any e € (0,1), the minimax distinguishable
rate for the testing hypotheses (3.2) is dC(e) = n=2m/(4m+d)gym/(4m-+d)

The proof of Corollary S.2 and Corollary S.3 are shown in Appendix A.4.5. Combining these
two corollaries, we show that the proposed test is still minimax optimal in the case of a divergent
number of samples. Note that the minimax rate increases as the number of sample increases.
Practically, we oberserved that the power decreases as the the number of samples increases; see

Section 7.3 for details.

S.3 Connection to maximum mean discrepancy

We first briefly summarize the maximum mean discrepancy (MMD) proposed in Gretton et al.
(2012). Given the kernel function IC<X ) on ’H<X> denote the embedding that maps a probability
distribution fx|z—, into HX) by (- f)( , ) fx)2==(2)dz, then the squared MMD between
Ix1z=0 and fx|z—1 is defined as the squared dlstance between the embeddings of these distributions

in reproducing kernel Hilbert spaces (RKHS):

MMD*(HX); f 17—, fx|z=1) = llo — gl

=(0, o) 3 x) + {111, 1) g0 — 2{ 10, p11)34(x)
=B ¢l (X, X))+ Ey 2P (X', X")] — 2Ex x/[KX) (X, X",

where X, X ~ fx|z=0, and X', X' ~ [x|z=1- An estimate of the squared MMD is

1
MMD; (HY); fx|1z=0, fx|2=1) = 2 Z KX(X5, X;)

0 {i,j| Zi=2,;=0}
1
XX X))+ — XN(x. X)), 1
o 2 K& XS S, KX (8
{i.J 1 Zi#Z;} {i.j| Zi=2Z;=1}

We replace each instance of K¢X)(X;, X;) in the sum of (S.1) by the centralized kernel IC§X> (Xi, X5)

introduced in Lemma S.2, and the MMD? remains the same since the mean term is canceled out



under Hy where pug = p1. Therefore, we have
279 (X). _ 1 (X)
MMDy (H5 fx17=0, fx12=1) = 5 > KY(XX)
0 {i,j| Zi=2;=0}

2 1 X
" non > K Xian)ﬂLﬁ > K7 (X0, X5)),
Y g 2425 Y ij| Zi=2;=1}

where ng is the number of observations in group 0 and n; is the number of observations in group 1.

We next show that the MMD estimate is equivalent to the squared score function based on the
likelihood functional without the penalty. Let ¢, be the negative likelihood functional defined as
lo(n) = =13 n(Y;), and LR, be the likelihood ratio functional defined as

’I’L
LRy (1) = €n(n) = £n(Puyn) = —*Z{n — Pyyn(Yi)}, n €M, (S.2)
where Py, is the projection operator from H to Hp. Using the reproducing property, we rewrite

(S.2) as
W = = S b= 0, (53

where K7 = K% 4 KO + K10 + ! is the kernel for H# and KMo = K% 4 KO + K10 is the kernel
for Hy. Then the Fréchet derivative of LR, (n) is calculated as

n

1
DLE,(m)An = (= Z}(KY - K3, Z Ky
1=
where ! is the kernel for H1;. We further define a score test statistic as the squared || - ||y norm
of the score function " W
1 1
Si=l-D Kl =— > > kMY Yy), (S-4)
i=1 i=1 j=1

where the second equality holds by the reproducing property. Recall that by Lemma S.1 the kernel
on H§Z> is IC§Z>(ZZ», Zj) = W2 =Zj} —wz, —wz;, + S7, w?, and by Lemma S.2, the kernel on
HY is K7 (X0, X)) = K(X0, X)) — Ex[K(X, X)) — Eg[K(X;, X)] + Ey gK(X, X). Then we
have K1 (Y;,Y;) = IC§Z>(ZZ~,Zj)IC§X>(Xi,Xj) based on Lemma S.3. Let wy = no/(ng + n1) and

w1 =n1/(no+ n1). The score test statistic in (S.4) can be rewritten as

4710711 2 1 (X)
— o Sr=— ) KT (X X)
2~n 2 1 <]
(mo +m) "0 (i Z=2;=0}

2 1 X
o Sk >(X¢,Xj)+ﬁ SN x;)). (S.5)
Y il iz} Y ijl zi=2z;=1}




Note that the right-hand side of (S.5) is also equivalent to independent test between X and Z in
Zhang et al. (2012). Also, by using the definiation of MMD statisitcs in the right-hand side of (S.5),
it is difficult to be generalized to the multi-sample test. We consider performing an MMD test on
each pair of samples, this procedure will involve multiple testing problems. Since the tests are
not independent, it is theoretically difficult to study the property of this multiple-testing problem.
However, the definiation in left-hand side is easy to be generalized to multi-sample test.

Thus, the scaled score test statistic is equivalent to the MMD test statistic, i.e.,

msi = MMDZ(H™; fx17-0, fx12=1) (S.6)

under the null hypothesis. When ng = n1, i.e. the number of observations are equal in two groups,
we have Sz = MMD}(H'Y); fx|z-0, fx|z=1)-

However, the minimax optimality of the score test statistic S2 based on the likelihood ratio
is yet unknown, in contrast to the minimax optimality of the PLR test established in Section 2.
Furthermore, MMD also lacks the optimal power performance we have established for the PLR

test. As shown in the proof of Theorem 3.1, the PLR test statistic has an asymptotic expression
1, e =
PLRyx ~ Sy () = Sup(m)]|* ~ - KV, (5.7)
i=1

where S),  and 5’27 ), are the score functions defined in (3.7) based on the penalized likelihood ratio

_ ~ ~ Lvel(. ~
functional, and IC%G() =Ky, (-) — K%i(.) D &1,(%)\)5;(). Notice that X! can be viewed as a
scaled version of the product kernel K'! by replacing the eigenvalues {py} with {14 Ap;}. By
choosing A = \*, trace(K!) = P m = n?/(4m+d) matches the lower bound of kp(d®) with
ds = n—2m/(4m+d) a5 the minimax lower bound for the distinguishable rate in Lemma .5In contrast,
the MMD is based on kernel K!' without regularization, and thus the optimality of the power

performance cannot be guaranteed.

S.4 Additional results for simulation studies

S.4.1 Figures for simulations in main text

We attach the Figure S1 (power comparsion) and Figure S2 (size comparsion) for simulation results
of Section 5 in main text for PLR, K-S, MMD, ELT, AD, DSLICE, and KDT.

S.4.2 Beta and Beta mixtures

In this section, we consider the distribution with different shapes. Specifically, we consider the

follow two settings:
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Figure S1: Power vs. sample size in Section 5 for PLR, K-S, MMD, ELT, AD, DSLICE, and KDT.
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Figure S2: Size vs. sample size in Section 5 for K-S, MMD, ELT, AD, DSLICE, KDT and PLR tests.
Results were obtained under 61 = 0 for Setting 1 and d2 = 0 for Setting 2.

Setting 5: The simple Beta distributions:
X ‘ Z =z ~ Beta (2(1 + 55]lz:1)7 2(1 + 55]1,2:1))

where 05 = 0,0.4,0.6.
Setting 6: Mixture Beta distributions:

X ‘ Z =z ~ 0.5Beta (2(1 + (56]12:1),6(1 + 5612:1))
+ 0.5Beta (6(1 + 56]12:1); 2(1 + 56]17;:1))

where dg = 0,0.3,0.45. Similar to Section 5, we calculated the size and power based 1000 indepen-
dent trials.

Setting 5 corresponds to a Beta distribution while Setting 6 corresponds to a mixture of Beta
distributions. With 5 = 0 and dg = 0, we intended to examine the size of the test under the Hy.
The power of the testing methods were examined with positive d5’s and dg’s.

As shown in Figure S3(a), the empirical sizes of Setting 5 were all around 0.05 for the six test
procedures when the density is a unimodal Beta distribution. Whereas, for Setting 6, Figure S3(b)
shows that the empirical sizes of K-S, MMD, ELT, AD, DSLICE, and KDT tests were significantly
lower than 0.05, while the sizes of PLR test were still around 0.05. This demonstrates that our
PLR test is asymptotically correct for both unimodal and bimodal distributions.

Figure S4(a)-(b) examine the powers of the three tests under Setting 5. In Setting 5, when
05 = 0.6, the empirical powers of the MMD, AD and PLR test approached 1 as n increased. In
contrast, the powers of the K-S and ELT tests are lower than 0.5 even when the averaged sample
size in each group reaches 1000. DSLICE has power slightly over 0.5 when 5 = 0.6 when n = 1000.
In Setting 6, as shown in Figure S4(c)-(d) the powers of the K-S, MMD, KDT, and ELT tests were
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Figure S3: Size vs. sample size for K-S, MMD, ELT, AD, DSLICE, KDT and PLR tests. Results were
obtained under 05 = 0 for Setting 5 and dg = 0 for Setting 6.

below 0.2 even when the averaged sample size in each group is 1000. The power of AD and DSLICE
is slightly over 0.5 when n = 1000 and §g = 0.45. In contrast, the power of PLR test approaches 1
rapidly when dg was 0.30 or 0.45. We conclude that the PLR test is still the most powerful among
the four tests in all the considered settings, even when the data distribution is multimodal and

non-Gaussian.

S.4.3 Multivariate distribution

In this setting, we consider multivariate distributions with varying dimensions. The samples Y; =
(Xi,Z;), i = 1,...,n, were generated as follows. We first generated Z; i Bernoulli(0.5), with
0/1 representing the control/treatment group. Then X;’s were independently generated from the

conditional distributions

where 14 is a d-dimensional vector with all entries equal to 1 and I; is the d x d identity matrix.
In each setting, we chose the averaged sample size in each group as 500 and varied d from 2 to 64.
Size and power were calculated as the proportions of rejection based on 1000 independent trials. In
this setting, we only compared with the MMD methods since the other methods in Section 5 and
S.4.2 are limited to multi-sample test on univariate data.

As shown in Figure S5, the empirical size of MMD and PLR are both well controlled at the

predefined level. The power of both methods decreases as the dimension d increases, which is
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Figure S4: Power vs. sample size in Section S.4.2 for PLR, K-S, MMD, ELT, AD, DSLICE, and KDT.

consistent with our theory that the minimax distinguishable rate increases as d increase. Compared

with MMD test, our proposed test shows higher power and decreases more slowly as d increases.

S.4.4 Comparing multiple distributions

In this setting, we test the performance of the proposed test by varying the number of samples. We
first generated Z; % from a categorical distribution in (1,...,U), with uniform probability. Then

X,;’s were independently generated from the conditional distributions as follows:

Fx|z=u(®) = 0.5N(~12,0.615) + 0.5N(15,0.6I;) ifu=0 mod 2
Fx|z=u(®) = 05N (~14,1.415) + 0.5N(15,1.4L) ifu=1 mod 2.



—e— MMD =/~ PLR —— MMD -A- PLR

1.00 0.20
0.75 0.15
o) [
g 0.50 % 0.10
o
0.25 0.05
0.00 0.00
2 4 8 16 32 64 2 4 8 16 32 64
d d

(b) Size

(a) Power

Figure S5: Empirical results of power and size in comparing MMD and PLR for the multivariate distribu-

tions with d ranging from 2 to 64.

We set the sample size n as 1000. As the number of samples increases, the number of data
points decreases. We compared our proposed test with the recent work in Kim (2021) which used
permutation test to generalize the MMD test for multi-sample settings. We denote K-MMD as the
testing in Kim (2021). Size and power were calculated as the proportions of rejection based on

1000 independent trials.
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Figure S6: Empirical results of power and size in comparing K-MMD and PLR in multiple distributions

with the number of samples U ranging from 2 to 10.

As shown in Figure S6, the empirical sizes of K-MMD and PLR are both well controlled at the
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predefined level for U = 2,4,6. When U = 8, 10, the empirical size of the PLR test slightly inflates.
The power of both methods decreases as the dimension U increases, which is consistent with the
results in Corollary S.1 and Corollary S.2. Compared with K-MMD test, our proposed test has

higher empirical power under different choices of U.

S.5 Additional results for real examples

S.5.1 Figures for real example
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Figure S7: (A). A Venn diagram showing the numbers of spiecies identified by PLR, KS and MMD. (B).
Densities of log-transformed abundance for Roseburia intestinalis in case/control status. (C). Densities of log-
transformed abundance for Faecalibacterium praunitzii in case/control status. Both (B) and (C) demonstrate

that the densities of the two species from case and control groups are different.

S.5.2 Gene expression of Chronic Lymphocytic Leukaemia

Chronic lymphocytic leukaemia (CLL), the most common leukaemia among adults in Western
countries, is a heterogeneous disease with variable clinical presentation and evolution. Studies have
shown that CLL patients with a mutated Immunoglobulin Heavy Chain Variable (IGHV) gene have
a much more favorable outcome and low probability of developing a progressive disease. In contrast,
those with the unmutated IGHV gene are much more likely to develop a progressive disease and

have shorter survival. The molecular changes leading to the pathogenesis of the disease are still
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poorly understood. To further investigate the role of the mutation status in IGHV gene, we test
whether the distributions of each gene’s expression are the same between the IGHV mutated and
the IGHV unmutated patients.

This study considered a data set of 225 CLL patients among which 131 were IGHV mutated,
85 were IGHV unmutated, and 9 had the IGHV mutation information missing. The Affymetrix
gene-chip technology was used to measure the gene expressions, and proper quality control and
normalization methods were performed (Maura et al., 2015). The data set is available in NCBI
database with accession number: GSE51527. We used the logy-transformed values extracted from
the CEL files as the measurements of the gene expression levels. For the ¢th subject, let X; denote
the expression level and Z; denote the IGHV mutation status. In particular, Z; = 0 denotes the
unmutated status, and Z; = 1 denotes the mutated status. We aimed to test Hy : fx|z—o(z) =
[x|z=1(x), i.e. whether the gene expression level’s conditional densities are the same between the
two IGHV mutation status. Rejection of Hgy implies that the gene expression level distribution
varies significantly across the mutation status.

We applied the PLR, KS, and MMD tests to the 18863 genes. Considering the overall lower
p-values in this example, we performed the Bonferroni correction on the p-values, i.e., we rejected
Hy at a significance level of 0.05/18863 = 2.65 x 1075, Such correction was used to reduce the
family-wise error rate. The three methods selected 1071, 275, and 412 genes, respectively. Results
are summarized in a Venn diagram (Figure S8(A)), which demonstrates that the genes selected by
PLR cover those selected by KS and MMD. There were 272 genes selected by all methods and 412
genes selected by both PLR and MMD. For instance, TGFB2 was missed by KS but discovered
by PLR and MMD. In the literature, it has been verified by real-time quantitative PCR (Bomben
et al., 2007) that TGFB2 is down-regulated in IGHV mutated CLL cases compared with IGHV
unmutated cases; see Figure S8(B) for a comparison of the conditional densities from both groups.
There are 597 genes, including DTX1, that are selected only by PLR. DTX1 is a well-established
direct target of NOTCHI, which plays a significant role in a variety of developmental processes as
well as in the pathogenesis of certain human cancers and genetic disorders Yamamoto et al. (2001);
Fabbri et al. (2017); see Figure S8(C) for a comparison of the conditional densities. The proposed
PLR test correctly selected such a gene.

We perform the downstream gene ontology analysis of our select genes using ShinyGO (Ge et al.,
2020). We listed top 5 enriched pathways in Table 1. FDR is calculated based on nominal P-value
from the hypergeometric test (Ge et al., 2020). Fold Enrichment is defined as the percentage of genes
in your list belonging to a pathway, divided by the corresponding percentage in the background.
The top selected pathway is regularization of lymphocyte proliferation which is a hallmark of the

adaptive immune response to pathogens (Heinzel et al., 2018) and plays an important role in CLL
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expression levels from mutated and unmutated groups are different.

cells cycle (Haselager et al., 2020). Also, there are three pathways related to lymphocyte activation

where includes serveral genes that are therapeutic target in CLL (Shapiro et al., 2017).

S.6 Proofs of the Main Results

This section contains proofs of the main results in Theorem 3.1, 3.2 and 3.3. Proofs of Corollary

3.1.1 Lemma 1-3, and Proposition 1 as well as , are also included. some auxiliary results includes

Lemma
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FDR | # of Genes | Pathway genes | Fold Pathways
2.7E-02 17 293 2.8 Reg. of lymphocyte proliferation
1.8E-02 21 363 2.8 | Pos. reg. of lymphocyte activation
9.6E-03 28 541 2.5 Reg. of lymphocyte activation
2.7E-02 21 412 2.5 Reg. of T cell activation
2.5E-02 35 825 2.1 Lymphocyte activation

Table 1: Gene ontology analysis for gene expression of CLL data.

S.6.1 Notation table

We list the notations in the paper in Table 2.
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d-dimensional continuous covariate

discrete random variable for the group membership
(X,2)

log-transformed joint density of X, Z

tensor product RKHS

the inner product and norm under H

kernel function under the norm || - [|%

marginal RKHS of X

marginal RKHS of Z

kernel function for H§X>
(Z)

kernel function for H;

,i=0,1

,i=0,1

RKHS for intercept, main effects, interaction effect
kernel function for H;;

averaging operator

eigensystem for H X

cigensystem for H{%)

negative penalized likelihood function

penalized likelihood estimator of n under Hy

penalized likelihood estimator of 7 in H

embedded inner product and norm in H

embedded inner product and norm in Hg under Hy

Lo inner product

penalty function

kernel function equipped with || - || in H

kernel function equipped with || - ||op in Ho under Hy
penalized likelihood ratio test statistic

the supremum norm

self-adjoint operator satisfies (Wyn,n) = AJ(n,n)
eigensystem that simultaneously diagonalizes V and J in H
eigensystem that simultaneously diagonalizes V' and J in Hg
eigensystem generates the orthogonal complement of Hg
first-, second-, third-order Frechét derivatives of £, x(n)
decision rule at the significance level «

minimax distinguishable rate

likelihood ratio function

Iz('v ) - IEO('? )

15
Table 2: A table that lists all useful notation and their meanings.



S.6.2 Proofs of Lemmas in Section 3
S.6.2.1 Some Auxiliary Lemmas

We first state some auxiliary lemmas in Lemma S.1, Lemma S.2, and Lemma S.3 to construct
kernel functions of the RKHS, which lays the foundation to prove results in Section 3. The proof of
Lemma S.1 and S.2 are directly following the definition of our proposed probabilistic decompostion

in Section 3.1. Lemma S.3 is from Gu (2013).

Lemma S.1. For the RKHS H'%) on the discrete domain {1,...,U} with probability measure
P(Z = z) = w, for z = 0,1, there corresponds a unique non-negative definite reproducing kernel
K{%). Based on the tensor sum decomposition H'%) = H(<)2> ® H§Z> where ’HéZ> = {EZ[IC<ZZ>]} and
’H§Z> ={feH :Ez(f(Z2)) =0}, we have that the kernel for H8Z> is

IC(<)Z>(2, Z) =w, +wz
and the kernel for H§Z> ]
IC§Z> (2,2) = lppmzy — w2 — w3
where 1 is the indicator function.

Lemma S.2. For the RKHS H) on a continuous domain X with probability measure P equipped
with inner product (-,-)4x), there corresponds a unique nonnegative definite reproducing kernel
KX) . Based on the tensor sum decomposition HX) = H8X> <3) ”H§X> where ”HéX> = {IEXICgQ} and

7-[§X> ={f e H :Ex(f(X)) =0}, we have that the kernel for Hé)Q is

K6 (2,7) = Ex[K(X, 7)) + Eg[K(z, X)) - Ey $K(X, X), (S.1)

and the kernel for H§X> is
K (@, @) = (K5 — ExK K — Bk G )00

= KN (@,7) - Ex[KY (X, 9)] - Eg[K) (2, X)] + Ex gk (X, X).

(X
kernel of ”H§Z> on Z fori=0,1 and j = 0,1. Then the reproducing kernels of 7—[§X> ®H
V=X xZis K ((z,2),(7,2)) = IC§X>(:1;,§)ICJ<-Z>(2,E) with x,7 € X and z,z € Z.

is the reproducing kernel of ’H§X> on X, and /CJ<.Z> is the reproducing
(2)
J

Lemma S.3. Suppose K

on

)

S.6.2.2 The equivalence between the multi-sample test and the interaction test

In the following Proposition S.4, we show that the multi-sample test is equivalent to testing whether

the interaction nxz is 0 or not.
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Proposition S.4. Let n be the log-transformed density function of (X,Z) and nxz be the inter-
action term defined in (2.2), we have nxz = 0 if and only if fx|z=1(-) = -+ = fx|z=v(-), where

Ix|z==(x) is the conditional density of X given Z = 2.

Proof. Write the log-transformed joint density as n(z, z) = no+nx(z) +nz(z) +nxz(x, z) according
to (3.3). if nxz = 0, then f(x,z) o e”x@en2(2) and hence, X, Z are independent.

On the other hand, if X and Z are independent, then the joint density f(z,z) = fx(z)fz(z2),
where fx, fz are the marginal densities of X and Z. Take log-transformations on both sides, i.e.,
n(z, z) = log(f(z,2)) =log(fx(x)) +1log(fz(z)). By the decomposition (3.3), we have Axnxz =0
and Aznxz = 0. If we have nxz # 0, then f(x,z) can not be factorized. Hence, we have nxz =0

O

S.6.2.3 Proof of Lemma 1

Proof. We aim to construct the eigensystems on the marginal domain H(X) and H(%), based on
which the eigensystem on H will be constructed. First, we consider X = [0, 1]%. Recall the Sobolev
norm Vx (g1, 92) + Jx(91,92) on HX) . Let Ny denote the set of non-negative integers. Following
Shang and Cheng (2013), we choose the eigenvalues and eigenfunctions of HX) as the solution
to the following systems of partial differential equations: for integer k£ € Ny and aq,...,aq € Ny
satisfying a1 4+ -+ - + ag = m,

am

(—1)mw¢k([ﬂ1, e ,.il:‘d) = ukfx(ml, ceey xd)¢k(x1, e ,{Bd) (82)
with boundary conditions: for any I = m,...,2m—1 and non-negative integers (1, . .., 84 satisfying
fr+-+Ba=1,

am

Sar e Y@ @a) = 0 for (1, za) € D0, 1,

where fx is the marginal density of X, 0]0,1]? denotes the boundary of [0,1]%, u’s are non-
negative, non-decreasing and normalized so that Vx (¢, ¢r) = 1 for any k > 0. Simple integration

by parts can show that the solutions to (S.2) satisfy Vx (¢, or) = g and Jx (g, drr) = prOkk -

Meanwhile, the null space has dimension M = (mtil*l), soone has 0 = g =1 = -+ = ppr—1 <
pur < pprgr < oo with gy < k?™/d_ Furthermore, one can actually choose ¢g = 1. To see this,
note that ¢y, ..., ¢ar_1 are basis of the null space of monomials on [0, 1]% with orders up to m — 1.

For 0 < k < M — 1, there exists t = (t1,...,tq) € N¢ satisfying |t| = Zle t; < m such that
one can write ¢x(x) = q?t(ar) = Zf\il ai,ka:il...a:ﬁf. For t,t' € N¢ satisfying 0 < [t],[|t/| < m,
define My = f[o,l}d wiﬁtl . .:nzﬁtdfx(x)dm. Let Ax = (a1, ...,any)? and M = [Mtt’]mﬁthzo
Since Vi (¢x, ¢r) = Oppr for k, k' = 1,..., M, we have ATMA = 6. Purposely choose A; =
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(1,0,...,0)T and treat the rest As, ..., Ay as unknowns to be determined. This leaves us M2 — M
M2+ M M2+ M
2 -M > 2

unknown coefficients and — 1 equations. Since M?

M, there always exist Ap’s for k = 2,..., M that satisfy A{MA;C/ = Jipr. This shows that we can

— 1 for any positive integer

choose ¢g = 1 while maintaining the simultaneous diagonalization.

The space H{%) is an a-dimensional Euclidean space endowed with Euclidean norm. Let {m}lU:_O1
denote the orthonormal eigenvectors. The corresponding eigenvalues are vy = --- = yy_1 = 1. To
see this, note that the reproducing kernel is R(z,2') = 1(z = 2), hence, (R,,1;)z = ¥;(z). On
the other hand, R(z,2') = IU:_Ol v (2)(2'), hence, (R, )z = ¥(2)v, leading to vy = 1. For
convenience, we choose 1y as constant function, i.e., 1g(z) = 1/VU for z =1,...,U.

Let || - [[3¢x) g3z denote the tensor product norm induced by Vx (g1, 92) + Jx (g1, 92) on HX)
and the Euclidean norm on H(%). The marginal basis for #&X? and #!%) naturally provide a basis

for the tensor space, i.e., {¢pty; : k> 0,0 <1 < U — 1}, that satisfy

(D1, Srrbr ) g0 g2y = (1 + pxy) g Oy (S.3)

The right hand side pgv; of (S.3) is the eigenvalue corresponding to basis ¢xt);. Indeed, they form
the eigenvalues of the Rayleigh quotient |- H%Q( X)eL2(2) /- Hg{ (x)gu(z) Since ¢ and Yy are eigenvalues
of the marginal Rayleigh quotients; see (Lin, 2000, Section 2.3). We arrange the eigenvalues {u;v;}
in an increasing order, and denote them as 71 < w9 < -+ ie., mMpyys = pp forr >0and 1 < s < U.

Consider the orthogonal decomposition H = Ho®H; in (3.4). By Weinberger (1974), we can use
the Rayleigh quotient V/(V + J) to produce 50 € Hy and Epl € H1 with corresponding eigenvalues
pg and pj; that satisfy: V(&g,ﬁg,) = Opp/, (fp,fj )= ,op pprs for j =0, L. Let {,}00, = {fg,f;j- ol
and {pp}y2q = {pg, ,oj o1, where pj, are arranged in an increasing order. It is easy to verify that
&p's are Rayleigh quotient eigenvalues of V/(V +J) over H as defined in (Weinberger, 1974, Section
2). We also have

V(gm gp’) = 5pp’a J(&p? gp’) = ppépp"

By (S.6), the Rayleigh quotients corresponding to (|| - || z2(x)ar2(2)s | - [0 @nz)) and (V,V +J)
are equivalent. By the Mapping theorem (Weinberger, 1974, Section 3.3), there exist constants

c1,c0 > 0 s.t.
c1 1 Co

< < ,
I+m = 1+p ~ 1+m

p=>1 (S.4)

Following (S.4) we have p, < m), < p?™/d_ By Fourier expansion, we have 1 = Z;il V(n,&p)p-
When restricted on Ho, the Rayleigh quotients corresponding to (V, V+J) and (||| L2(x)e12(2), ||
|34¢x)@2(2)) are still equivalent. Similar to (S.4), by Mapping theorem,

a 1 = >1.
T+ ST T 7

(S.5)
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where {7T o, ={pk, v :1=0,...,a—1,k > 0} are eigenvalues (with increasing order) correspond-
ing to {qﬁk,?[)l l=0,...,U -1,k > 0}. Specifically, 7r0 =m, forp=1,...,U, and 7T0U+s = TsU+1
for s > 1. Now remove { O}p=1 from {m,},>1 and denote the rest as {7r }p>1. From (S.4) and
(S.5), we have

a 1 _ o > 1
T+mf ~1+pf ~14n0 P50
Since v1 = -+ = v4,_1 = 1 which leads to 7T7}(a 1)s = Hr+1 forr >0and s=1,...,a— 1, we have
Lo Lo - 22m/d
P = Ty X Mgy e < PP -

S.6.2.4 Proof of Lemma 2

Proof. Following Gu (2013), J(-) is the roughness penalty, hence it is standard in the sense of
Lin (2000). Following Lin (2000), the norm based on [, n(z,2)%dxdz + J(n) is equivalent to
| - Iy @iz, where || - |lax)gp(z) is the tensor product norm induced by the Sobolev norm
Vx(g1,92) + Jx(g1,92) on HX) and the Euclidean norm on H%). Since f(z,z) is bounded away

from zero and infinity, there exist constants 0 < ¢; < ¢3 < oo such that, for any n € H,

cl/ n(x, 2)*dedz < V(n,n) < 02/ n(x, 2)*drdz. (S.6)
Yy Yy

Therefore, | - || and || - [|5y(x) gy (2 are equivalent norms. Since H endowed with || - [|4;x)gy2) is an
RKHS, (H, (-,-)) is an RKHS. Since H, is a closed subset of H, and (-, -)¢ is inherited from (-, ),
we have that (Ho, (-,-)o) is also an RKHS. O

S.6.2.5 Proof of Proposition 1

Proof. The proof of ||n||? = > ey [V (m, &) 2(14 App) follows by (3.4) and the Fourier expansion of
n-n= Z;il V(n,&p)&p. For any p’ > 1,

m,&p) ZV 1:6p)6p: ) = V0, &) (L + Apyy). (5.7)
p=1
By (S.7), V(Ky, &) = §35328 = $0 Hence Ky () = 352 220, (-) follows. Meanwhile, (S.7)

. . Wixép:&, A 5 A
implies that V (W&, &) = * D! — ) = M2%es’ Thus we have Wik, () = 1245-6,().
By Lemma 1, any 1 € Ho satisfies n = >2, V(n, §p)£p. Therefore, V(IC0 , 52) = (Kg,,{z%o/(l +

0o . . A
ApY). Hence, ICO( V=200 16-2;(;;)0 &€)(-), and likewise, Wx&)(-) = 1+ii70 (). O
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S.6.2.6 Proof of Lemma 3

We first state and prove several preliminary lemmas. Define

o0

_ 1 _ 1
hlzzm, holzzw. (S.8)

p=1 p=1

From Lemma 1, we have p, < p2m/d and pg = p¥™/d_ The following lemma provides an relation
between h (or hp) and A.

Lemma S.5. h =< \¥/2™ gnd hy =< \4/2m,
The following Lemma presents a relationship between the two norms || - ||sup and || - ||.
Lemma S.6. There exists an absolute constant ¢, > 0 s.t. ||1lsup < emh™ Y2 ||n]l.

Proofs of Lemmas S.5 and S.6 can be executed similar to Shang and Cheng (2013).

The following two lemmas characterize the convergence rates of 7, and ﬁg y under Hy.

Lemma S.7. Assume A\ — 0 and Hy. Then H%A —n*llo = Op((nho) Y2+ AV2) and ||\ —n*|| =
Op((nh)~Y2 4 \1/2),

Lemma S.7 can be proved based on a quadratic approximation method proposed by Gu (2013),
i.e., apply (Gu, 2013, Section 9.2.2) to both (7, ,#) and (TA]?M,HO). The optimal rates for both
estimators achieve at h < n~1/m+d) po = n=1/2m+d)  Notice that || - || and || - ||o are equivalent
under the null hypothesis for any n € Hy. Thus, in what follows, we will not distinguish the two
norms for notation convenience. We also do not distinguish A and hg since they have the same
order for achieving optimality.

Next, we prove Lemma 3 as follows.

Proof. Let g =7, » —n*. By Taylor’s expansion we have

1 1
SoA(Mnx) = Sua(n™) + DSy a(n*)g + / / sDQSn,A(n* + s5'g)ggdsds’.
0o Jo

By (A.16) and (6), one can check that (DS, x(n*)g1,92) = (91,92), and thus, DS, y = id is an
identity operator. By the fact S, x(7,,1) = 0, we have

1 1
1o — 1" = San(r)l = | /O /0 SD2S, A (" + 55'9)ggdsds'|. (5.9)

By (A.17) we have D2S, \(n* + ss'g)gg = fyg(y)Qf(ye”*(sts/g(Y)dy. By Proposition A.1 and

Lemma A.3, we have

sup () < et~ Nl = e~ Op((u) !+ 127
ye

20



where h~! is defined in (S.29). By (S.30), we have ||En{l~(y}|| < cPh12, Thus, we have
1D S (1" + 55'9)9g]l = O(™2((nh) ™! + h*™)). (S.10)

Plugging (S.10) into (S.9), we finish the proof. O

S.6.3 Proof of Theorem 3.1, Corollary 3.1.1, and Theorem 3.2
S.6.3.1 Proof of Theorem 3.1

By Lemma 3, n1/2||1’7\27/\ — T\ — Sg’)\(n*) + Spa ()]l = op(1). So we have the following

02| =T sl = 0 2IS A0 = San ()] + op(1).

Thus we only focus on n1/2H527>\(77*) — Sp(n%)|. Moreover, the following expressions of S | (n*)

and Sy, x(n*) are reserved for future use:

* 1 N~ -~ *
Sua(n") = == > Ky, + By Ky + Warr", (S.11)
=1

* 1 — = ~ *
89 \(n*) = —%ZK%Z.+E,7*IC%+W£77 : (S.12)
i=1

Proof of Theorem 3.1. Let us first analyze I1. Let g = 7, ) + ss’g — n*, for any 0 < s,s' < 1. By

Lemma S.7, we have ||g|| = Op((nh)~1/2 + h™/?) = 0p(1). Notice that
Dy \(Tinx + 55'9)99 = D* 2 (G +1")g9 = / g (¥)e? T dy + X (g, ), (S-13)

y
and

D\ (0")g9 = /)}gQ(Y)en*(Y)dy +AJ(g,9)- (S.14)

Combining (S.13) and (S.14), we have
| D2\ (T + 55'9)99 — D*a\(17)g9] < / F(y)e” Ve’ —1]dy.
y

By Taylor expansion of e9™)+7°(Y) at n*(y) for any y € ), it trivially holds that 7 ) [e9®¥) — 1| =

e"*(Y)O(lﬁ(y)D. Since supycy lg(y)| < cmh_1/2|]§|| (Lemma S.6), and h_1/2((nh)_l + )\)1/2 =o(1),
we have

111 = Op(h™ (7 = 0¥l + lgll) - 911%) = or(llgll*)- (5.15)

Let us then analyze Io. From (3.8) we have D0, x(n*)gg9 = ||glI> = [[7n.n — 7 l?, which

dominates I, since h='2(||[Gn — 7*|| + llgl]) = op(1). Next let us analyze |7, — 77A27/\H2. By

Lemma 3, we have
21705 = Ty = Saa (1) + Sua()|| = Op(n'2h=((nh) ™" + h*™/9)) = op(1).
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Thus we only need to focus on n1/2||5’27/\(17*) — Spa(m)]]. Recall SpA(n,n) = 0 and S, (1),
S?L)\(U*) have expressions (S.11), (S.12). For any y € ), define I@, = /Ey —iég and Wi = Wy — WY,
then SY \(7%) = Spa(n*) = —£ >0, l%%gl + EKY + Wi~

By Proposition 1, IE; can be expressed as a series of fpl(y). Since 5; € Hy and ¢g = 1 € Hy,
we have

E, {f;J)_(Y)} =E,- {5;(3’)‘%()()} = V(EIJ;U ¢o) = 0.
And so E,- {I%%(} = 0. Therefore, 527)\(7)*) — Spa(n*) ==L, IE%G + Win*. Then

n n
[ SeAM) = Sua ()P =n" D DKy =2 Ky, Wan®) + nl|Win||?
=1 =1
=Wy — 2Wsy + Wi

Since n* € Hp, it follows by Lemma 1 that n* is expanded by a series of 52. By Proposition
1, W,\gg o 53 which implies Wyn* = Wf\)n*. And hence, W)}n* = Win* — an* = 0 which
yields that Wy = W5 = 0. Write Wy = n~1|| >0, ﬁ%{ZHQ =n Y0, HE%GHQ +n~1W(n), where
W(n) =3, K'(Yi, Y)).

Next let us consider the term > » ; K'(Y;,Y;). Let E denote E,- unless otherwise indi-
cated. Let 0(n) = E{K*(Y;,Y;)}. By Lemma S.6 we have E{| Z?:l{ﬁl(Yi,Yi) —0(n)}*} <
RE{RN (Y, )2} = O(nh?), so

D IK(Yi, YY) = 0(n)] = Op(n'/2h 7). (S.16)
i=1

Next, we derive the asymptotic distribution of W (n). Define W;; = 2ﬁl(Yi,Yj), then W(n) =
Zl§i<j§n Wij. Let o(n)? = Var(W(n)) and

G =Y E{W;},
1<j
Grr= Y EB{WWE}+E{WiWAY + E{WEWE)), and
i<j<k
Grv = Z (E{Wi; Wi Wi Wi} + E{Wi; Wy Wi Wiy} + E{Wy Wy W, Wji1 ).
1<j<k<l
By IE{IE%(} = 0 and direct examinations we have
o®(n) = Var(W(n)) =y E{(K'(Y:,Y;) - E[K'(Yi, Y;)])*}
1<i<j<n
= > E{KNY:Y;)*} =<n?hh.

1<i<j<n
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Since E{Wé} = 16E{I€1(Yi,Y]~)4} = O(h™%), we have G = O(n?h™*). Obviously, E{WZ%WZ%Q} <
IE{VV;;} = O(h™), implying G7; = O(n*h™*). For pairwise different i, j, k,, we have

E{Wi;WuWi; Wi} = 16E{K (Y:, Y ;) (Yi, YK (Y, YK Y, Yi)}

o0

1
- S =007
V4 ’
= (14 Apyp)
which leads to Gy = O(n*h™1).

It follows by h = o(1) and (nh?)~! = o(1) that G, Gy and Gy are of lower order than o(n)*.
By Proposition 3.2 of de Jong (1987) we get that

W(n)

a(n)

From (S.16) and (S.17), we get £ S, KL(Y:,Y:)? = 6(n) + op(1), which implies nHng)\(n*) —

Sua(m)|? = Op(h~t +nA+h=12) = Op(h~1), and hence n'/?|[SY () — Sua ()|l = Op(h~/?).
Thus,

4 N(0,1). (S.17)

2n - PLRy \ = ||y — 0°||* + op(h™/?)
2
= (280 (n") = Su (1)l + 0p(1)) +0p(h™11?)

=nllSp A7) = Su A ()P + 20210 3 (0") = Sua (1) - 0p (1) + 0p(h™'/?)

R 4 op(h2) ($.18)
i=1
2n-PLR, x—6(n) d

o(n)/n — N(0,1). Since 0 = > 7, ﬁ,

03 = P m, we have 0(n) = 0 and @ = (g)E(WZQJ)/n =V20). O

By (S.17), (S.18) and Slutsky’s theorem,

S.6.3.2 Proof of Corollary 3.1.1

Proof. First, we need to qualify the following quantity

. n 1 n ,ZZQ
=) TeE =
=0 (1+ App) =0 (Hp + )
where p, := [t and [i,,p = 1,...,n are the eigenvalues of HT. ] can be seen as an empirical version

of h defined in (S.29). Similarly, we separeate the sumation into two parts, i.e.,
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where 5y = argmin{p : i, < A} — 1. By Lemma 3.1, i.e., local Rademacher complexity theory, for
any A > 1/nwe have > o 1, < Csyus, where sy = argmin{p : y; < A} —1 where y,p=1,...,00

are eigenvalues of H. Thus, we have

S e = 0(sy) = oM (S.19)

Also, by accurate error bounds for eigenvalues of the kernel matrix in Theorem 3, for A > 1/n

and p < sy, we have 1, < iy, i.e., sy < 5). Then we have

> (Y e = 0(sy) =02 (S.20)

Combining (S.19) and (S.20), we have h < h = O(A"1/2™). We define

L7022 (W0 + N2

p=0 p=0

where 00, p = 1,...,n are eigenvalues of #°". Simililarly, we have /f;() = h. By replecing H and H°
Hp

by H' and H°' correspondingly, we follow the proof the Theorem 3.1 to have

2n- PLR! \ — 0\
: — N(0,1), n — oo,
V20,

B B B S
where 0y =301 10T OX = 2pm1 @hagl)?

S.6.3.3 Proof of Theorem 3.2

Before proving Theorem 3.2, we provide some preliminary lemmas. For n* € H, consider decom-
position n* = 15 + 1%, where 7; is the projection of n* on Hg. The following lemma says that,
for general n* € H, the restricted penalized likelihood estimator ?]2  converges to 75 with rate of

convergence provided.
Lemma S.8. Suppose that Assumption 1 is satisfied. We have Hﬁg)\ —n3llo = Op((nh)~Y2 4 X\1/2).

Parallel to Lemma 3, when n* € H, we have the following result characterizing the higher order

expansion of ﬁg A
Lemma S.9. Suppose that nh? — oco. We have

||772)\ — 1 — Sg,x(né)llo = Op(h=32((nh)~! + n¥™/9)).
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Proof of Theorem 3.2. Let g = 7’7\27)\ — n,x- Recall the Taylor expansion (3.10):
PLRn,/\ :gn )\(ﬁg >\) - En )\(ﬁn A)
1
/ / s{D*f(iinx + 55'9)99 — D*f(n")gg}dsds’ + 5 D*f(11")gg

=0p ([T = 7" [lsup + 19 llsup) - l911%) + §Hg|!2,

where the Op term in the last equation follows from (S.15). By Lemmas S.6 and S.7, ||, —

1

n*|lsup = op(1). By assumption ||n% |lsup < (logn)™ = o(1) and Lemma S.8, we have ||g||sup =

”772)\ — 15+ 10" —ux — 0% 4 llsup = 0p(1). Hence, the Op term in (S.21) is dominated by %H9H27 for
which we only focus on the latter. Combining the results of Lemmas 3 and S.9, we have

Hﬁn AT 77* — Sn )\< * H = Op(h*2((nh)*1 + h2m/d)),

I7ox =15 — SO Am5) o = Op(h™2((nh) ™ + K¥™/4)).

Recalling 1° — 1y = 1 7> we have gl = 7% + Sua () — SO + O (h=2((nh) ™ + F2m/),
In what follows, we focus on ||n%, + Spa(n*) — 5’27)\(77*)”. By definition of S, (n*), 529\("78) (see

(3.7)) and direct calculations, it can be shown that

7% 2 + Sua(*) = S ()|

1 = * ~ - *
= S ORI+ Ik zl? + [EKy — EKS [ + ([Wink 71|
=1

- = Z mxz(Yi) + 2Enx z(Y) + 2(Wink 2,0 2) Z EK'(Y;,Y)

- E(WAH}Z)(YZ‘) +2E(Wink2)(Y),
where E denotes E,-. Since E{Ky — /E%){} = IEI%%( = 0, we have
7%z + S (1) = Sp A ()12

1 - * * *
ZHEZK%QH?*' Inx 2% + —*Zﬁxz ) + 2Bk 2 (Y)] + 2(Wink 2,0 2)
i=1

n 2 . .
=) ~(Wankz)(Yi) + 2By (Wanix2) (Y)] = Vi + Vo + Vi + Vi + V5,
=1

Since Var(V3) < 1E(n34(Y))* < 2k .[1%,
Vs = Op(n™ ') |In 4. (5.21)
By assumption J(n% ,,n%,) < C, we have

Vi= AN (xz,nxz) < CA (5.22)
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Since Var(Vs) < E|(Wank )2 = V(Wan% 5, Wan’4)- By Proposition 1, we have

V(Wakz, Waniz) = D IV z &) (750 ) = o(V),
= L+ App
where the last equality follows by >3, V(0% &) |?pp < oo and the dominated convergence
theorem. Thus we have
Vs = op(n~ 12\ (.23)

Combining (S.21), (S.22) and (S.23) we have

2n - PLR, \ —6(n)
a(n)
>2n-V1—9(n) 2n - (Vo + V3 + Vi + Vs)
- on) a(n)

>0p(1) + 200~ (1) 711° + Op(n™ 2 i) + O(N) + op(n~ /A1)

For C; > 0 sufficiently large, let 0}  satisfy [[n% 7[|* > Cen™ 2k 4, [Ink 71> = Ce, nh' 2% £|* =
2n-PLR, x—0(n) >
T | 2
co (ie., @y a(a) = 1), where ¢, is the 1 — a percentile of standard normal distribution. It can be

C., n|nk»|I?/o(n) > C., which implies that with probability greater than 1 —¢, |

seen that the above conditions on 1%, are satisfied if ||n% 4||?> > Co(A + (nh/2)71). The result
follows immediately by the fact ||n% ,[|2 < [[n% |- Proof is completed. O

S.6.4 Proofs of the Minimax Lower Bound in Section 4
S.6.4.1 Preliminaries for the minimax lower bound

Lemma S.10. Let Py be the probability measure under the null, and P1 be the probability with
density in {n | |Inxz|ln < dn}. We have

i;)lerr(gbm dp) >1—-0(Vé+4—-9),

where 6% = Ep, (dP;/dPy — 1)2.

Proof. The test is bounded below by 1 — ||Pg — Py |7y, where || - |7y is the total variation distance

between Py and P;. By the theorem in Ingster (1987), we have
1 1 12
S IBo = Piflry < 6(1 = S[Fo —Pufl7v) ™=,

which directly implies the result. O
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S.6.4.2 Proof of Lemma 4

Proof. As show in Lemma S.10, we have
i;lf Err(¢n,dn) > 1—6(Vd+4—9). (S.24)

Next we show that if d2 < kféd”), we have that the last term in (S.24) is larger than 1/2. For

simplicity, denote k = kp(d,). For any b = (by,...,by) € {=1,1}* let 6, = %zle bie; €

RY . where e; is the standard basis vector with ith coordinate as one. We assume b is uniformly
distributed over {—1,1}* so that 6, is uniformly distributed over Q := {6 : b € {—1,1}*}. Since

Epoe";bz — 1 =0, we have e"fsz — 1 € Hy1. Define
d k
05 _ n
ex -1=— g b , S.25

where {Q,Z)lgbl}le are basis function for Hqi1. We denote Pgn) and IPE)") as the empirical meaures

under the alternative and null respectively. The ratio of densities of IP)YL) and IF’(()n) is

dPgn) n o,
(n) — Eg, | | exp(1y,(Yi)).
dp, i1

Then, we denote the empirical version of § as J,, which can be written as

82 = Eper (dP{™ /P — 1)?
= Ep( [Ee, [T exp(n,(Yi)? -1

=1

= E 0 [Eo, [ ] exp(n,(Yi)I[Ea,, [T exp(ni (Yi)] -1

=1 i=1

n
0,/
= Eo,.0, | [ Ero exp(n%z(Y:)) exp(nyy(Y:) — 1

=1

6,
= Eo,.0, [Er, exp(n3,(Y)) exp(ny(Y))]" - 1.
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Plugging (5.25) in, we have
On +1 = Eg,Eq [Ep, (1 Z b ) ( f Z b))

1 d?
b,b

ndele
<o Z — 1

(k — 2i)d?
ka< ) 2020
1 s nd> i
= 27(@(10{7} + eXP{—T})
(1) n2d:
<1+ =z

(i4) 2d4
< exp{—"

where (i) is due to the fact that %(exp(:r) +exp(—z)) < 1+ 22 for |z| < 1/2 and (ii) is due to the

4 k
fact 1 +x < e*. Thus for any d,, < 162

iq?fErr(qbn, 91 R GV — el /16(\/el/16 4+ 4) > 1/2.

we have

For d,, < k'/*/\/n, we have

3/4

k
d k
lexp{nt,} — 1= == > b S —~
Xz \/E =1 \/ﬁ
Thus, there exsits ¢1,co > 0 such that

cilni, (v)] < lexp{n,} — 1| < c2ln, (¥)l; (S.26)

which indicates that || exp{ngfz}— 12 < HnggZHQ. By the definition of r5(6*), we have Err(¢y,, d,) >
1/2 for all d, < rp(d*) . O

S.6.4.3 Proof of Lemma 5

Proof. We show that by 2(€11) is bounded below by /7k+1. It is sufficient to show that £11 contains
a lg ball centered at nxz = 0 with radius /1. For any v € &1 with ||v]2 < \/Yk+1, we have

k-‘rl 2 (“ k+1

bgk_Z— —Zv

Yi Ve+1 £
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where the inequality (i) holds by set the (k + 1)-dimensional subspace spaned by the eigenvectors
corresponding to the first (k 4 1) largest eigenvalues; the inequality (ii) holds by the decreasing
order of the eigenvalues, i.e., y1 > v > ... Ygr1-

Recall that the definition of the Bernstein lower critical dimension is kg (d) = argmaxk{biim(é’n) >

62}, we have

kp(0) > argmax{./7; > d}.
k

O
S.6.4.4 Proof of Theorem 4.1
Proof. By Lemme 4, we have
dp < sup{6 : kp(8) > 16n%5*}.
Then we plug in the lower bound of kg in Lemma 5 and we have
dy, < sup{0: arg;nax{\/% > 6} > 16n%6%} (S5.27)

The eigenvalues have polynomial decay rate i.e., v, < k~2™/¢ and consequently, argmax;{\/75 >

6} < 6~9/™. Plugging this into (S.27), it is easy to see that the supremum on the right hand side

2m
has an order n~ 4m+d. Proof is thus completed. O

S.6.4.5 Proof of the minimax rate for divergent number of samples

Proof of Corollary S.2

Proof. We construct the eigenvalue of H for any given U. Based on the the decomposition in
(3.1), we denote the eigenvalues for H? as m,...,7my_1 where U is the number of samples. By the
definition of tenor product space, we have that the eigenvalues for H are p; m;, for i1 =1,...,00

and i3 =1,...,U — 1. Then we qualify h as

oo U-1
= = O(UA~?m)
- uz:l 1+ )\pp7ru

Following the same proof of Theorem 3.6, we have the lowerbound of the distinguishable rate

achieves at A < (nh!/2)~1 which is equivalent to

dy > d¥ = O(n~2m/(Umtd) gym/(dm+d))

Proof of Corollary S.3
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Proof. Recall that the definition of the Bernstein lower critical dimension is kp(J) = argmax, {b7 | ,(E11) >

62}, we have

kp(0) > argmax{./7; > d}.
k

we plug in the lower bound of kp in Lemma 5 and we have
dp < sup{d : argmax{\/7; > 6} > 16n%5*} (S.28)
k

The eigenvalues have polynomial decay rate i.e., v, = (k/U)~2™/4

, and consequently argmax; {\/7x >
8} =< U§~%™. Plugging this into (S.28), it is easy to see that the supremum on the right hand side

has an order n~ Trta ym/(m+d) - Pproof is thus completed.

O
S.6.5 Proof of supplimentary Lemmas
S.6.5.1 Proof of Lemma S.5
Since p, < p2m/d e have
h—lzzjii(14_12:=( o+ D) )444}4——§dx (S.29)
R R R (Y
& 1

zoudmﬂ+/ dr = O(A~*™)

a-a/zm (14 )\x2m/d)2

Thus we have h =< A\%?™_ Similarly, hg =< A%/?™.

S.6.5.2 Proof of Lemma S.6

For any y € Y and n € H, we have |n(y)| = |<I?y,n>| < ||I?y|| -|In]]. So it is sufficient to find the
upper bound for HkyH By Proposition A.1 and the boundedness of §,’s, we have

1Ky > = K(y,y) =Y 2= <cph ™! (S.30)

where ¢, > 0 is a constant free of y and 7.

S.6.5.3 Proof of Lemma S.7

The proof is rooted in Gu (2013). Consider the quadratic approximation of the integral fy ") dy:

. . 1
/ " dy ~ / e ™ dy + / (n—n*)e" Vdy + SV (n—n*,n—n"). (5.31)
Y Y Y 2
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Dropping the terms that do not involve 7, and plugging (S.31) into (4), ¢, A(n) has a quadratic
approximation g, x(7):
1 & - 1 . o1
ana(n) = =~ > n(Y:) + | nedy SV —'n = ") + 5T 1), (5-32)
i=1

Consider the Fourier expansions of  and n*:

a

2= Budk(@)i(z), n*(x,2) =Y Budr(@)i(z
k=11=1

k=11=1
Then, we have

a

Qn,)\(n) = Z
k

{ Bra(— Z¢k x)i(2i) — E{éx(X)1(2)}

—_

=1

+Ligu— a2 +Aumﬁkl} (5.33)

| =

Write v = n 1 Y0 | ok (Xi)vi(Z:) — E{¢w(X)¥u(Z)}. Minimizing (S.33) with respect to By’s, we
get the optimizer:

Bri = O + B/ (L + M), k>1,1=1,...,a

Then 7 = > 02, >0, Ekl¢k¢l becomes a linear approximation of 7, y. By direct calculations we
get that

=Y ) B =B’ M=) =Y Nwi(Bu — Biy)*.
=17

k=11=1 =1

Since Evy; = 0 and EvZ, = 1/n, we have

A
E{V(n —n" }—ZZ 1+)\MM ZZ 14_[;];]/2 5 V1B Bl

1= 1] 1 1] 1 )\ (834)
MM
E - -
M@ —n")} = ;1;1 1+)\MM 51:;1: TSy 2/% V1BaBr

By similar derivations in Lemma A.2, it can be verified that

ZZ 1+)‘Mle :O(Ail/zm)v

=1 j=1

A
ZZ (1 l)t\le =02,
=i 1 + Arr)?
ZZ —O()\ 1/2m)
i=1 j=1 1+)"“’“Vl
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Plugging into (S.34), we obtain that
17— *11* = (V + AJ) (i = n*) = Op(n A7 4 ). (5.35)

We now turn to the approximation error 7 — 77. We calculate the Fréchet derivative of the

quadratic approximation in (S.32) as
Daoa(n)Ap = — - ZAn / Ane™ dy + AV (n — 1", An) + AT (n, An). (5.36)

Since Dgy, (1) = 0, setting An =, \ — 7, (S.36) is equal to

= Y =YD+ [ o = D)y VG Fur =)+ M ur ) (537
=1

Since Dly, A(7n,2) = 0, setting An = 7, \ — 7] yields

Dl)Ay = Zi(ﬁn,A IO+ [ G = DI A G =)
Combining (S.37) and (S.38), we have
[ Gur =)y — [ s = DIy + AT Gor
=V =)+ [ Gur = D)y~ [ G = 7 3)7dy.
By Taylor expansion,
[ Ger =Dy~ [ G~ " iy =V i — 77171+ (1),
where the op term holds as A — 0 and nA\/2™ — co. Define
D(a) = /y(ﬁm)\ — ) (y) AW HalinA=D) gy,
It can be shown that D(a) = Vit a(@,a—i(n,x — 1) By the mean value theorem,
[ nr =)y [ G~ )Ty

—D(1) — D(0) = D(@) = Viyain r(inn — 1);

for some « € [0,1]. Then by Assumption 1, we have

V(@ = 1) + M (ar = 1) < 0oV =070 =) = 0p({V(@up — MV — n7)}7?)

Combine with the estimation error (S.35), we have
[ax = 0112 = V(T =17 + A [y —17) = Op(n~ A2 4 ).
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S.6.5.4 Proof of Lemma S.8

Suppose the 7 is the projection of n* on Hy. Define an index set Zy = {(k,l)|k = 1orl = 1}
corresponding to the basis, {¢rij|k = 1 orl = 1}, of Hy. When restricted to Hop, the Fourier
expansion of n* is

me,2) = Y Budr(@)v(z).

(k1)ETo
Substituting the above 7n; as well as its Fourier expansion into the proof of Lemma A.4, all results

remain valid, provided the following truth:
B S 0 (X0(Z) — B (bu))? = -
n 4 - k i) YI\4q n* \PkYl - n
1=

)

S0

E{% > k(X)W Z2)drr (X o (Z:) — Bpe (Srthiioir) 2 <
=1

where c is a positive constant. The existence of such ¢ is guaranteed by the uniform boundedness
of ¢r(x)’s as proved by Shang and Cheng (2013). Let nj be the projection of n* on the subspace
Ho and g = WL \ — Mp- Substituting 7y and WL y into the proof of Lemma S.7, the results would

follow.

S.6.5.5 Proof of Lemma S.9

Let 15 be the projection of * on the subspace Hg and g = @7)\ —n5- Substituting n; and ﬁ?w into

the proof of Lemma 3.4, one can show the desired results.
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