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This Supplementary Material contains proofs of Theorems 1 and 2 in Sections and

respectively. Some lemmas are given in the Appendix.

S1 Proof of Theorem 1

S1.1 Transformation on the population z

Recall that the R? statistic is invariant under any invertible affine trans-
formation on y and x = (z1,...,2,)’, respectively. Thus, we construct
such a transformation to simplify the covariance structure of the popula-
tion z = (y, x1,...,x,) and the conditions in Assumption (c).

When p, # 0, let q; = X;}0,, and Qy be a p x (p — 1) full column
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rank matrix satisfying o, Qg = 0. Define

Q=1(q;,Q) and u= (z—p).
0 Q

Then, we observe that
Tyy Pﬁ%y 0
Var(u) = pgayy ,of)ayy 0|
0 0 M

where M = Q,X,, Q. is a positive definite matrix. Take

1
VOyy 0 0
u= 1 u
0 Pp/Oyy 0

It’s easy to see that u has the same multiple correlation coefficient as z but

possesses a much simpler covariance structure, that is,

1 p, O
Ay ,
u= w  with Var(u) = pp 10 |
A2u
0 0 I,
where
oy Tz
Ay = -l and Agu = Po/Tuu AQ.

Vo MiQ
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When p, = 0, we can simply take

and then obtain similar conclusions.

Therefore, we only need to give the proof for the case
p=0, ala; =1, AA,=1, Asa =(p,,0,...,0)=r. (S1.1)

Moreover, the conditions in Assumption (c¢) reduce to

p’;*I Z(Tl —3)ai kTt = ¢, k=1,...,5 (51.2)
i=1
where (ay,...,ay) and (aq1, . . ., ai,) are the components of aj and the first

row of A,, respectively.
In the following sections, we will denote by K some constant that can

vary from place to place.

S1.2 Truncation on the variables (w;;)

For the sample {z; = Aw;,j =1,...,n}, we denote (wy,...,w,) = (w;;).
By the moment conditions in Assumption (b), we can select a non-random

sequence {0,} such that ¢, | 0 at an arbitrarily slow convergence rate and



Weiming Li AND Shizhe Hong

. 1/3 o
Now, we truncate the variables (w;;) at 6,n'/®. Set w;; = Wi ;|1 <50 1/3)
D — D — Rab s 0 = o Wi 2 _ 2 R
W;; = W;; — Bwy; and w;; = w;;/0;; with o; = Ewj; for i = 1,....m

and j = 1,...n. Accordingly, we denote by, R, R and R, the sample

multiple correlation coefficients from the truncated samples z; = Aw;,
ij = A\X/'] and Zj = A\i/'] with \x’j = (wlj, . ,Uv)mj)/, Wj = (’U~J1j, . ,’(ij)/
and W; = (W1, ..., Wn,,) for j =1,...n, respectively. Then, we get

P(R#R) <Y P(lwy| > 6,0

i,J

<6, % 'mmaxE {|wij|61(|wij\>5nnl/3)} =o(1). (51.3)

z’j

In addition, we have R = R since the multiple correlation coefficients are
invariant under location transforms.
Next, we show that R shares the same limiting distribution as R. Recall

that the statistic R is from the sample

where A satisfies the conditions in (S1.1))—(S1.2)) and A = diag(o1,...,0m1)
with oF; = E@;;. The population squared multiple correlation coefficient

for this model is

L alAPAL(ALAPAL) TALA

b ajA’a;
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From the truncation, we have

0 < max(l —07}) < 2maxE {|wu’2]<\wij|>annl/3>} <K&, '™, (S1.4)

7

which implies the spectral norm of A* —1I,,, is o(n™1). It thus follows that

VAl = p2) = o(1). (S1.5)

To further simplify the model, we apply the affine transform in Section
to the sample {z,}, by which the matrix AA can be changed into a new

matrix with clearer structure, denoted as A. This new matrix possesses

similar properties as A, illustrated in (S1.1) and (S1.2). That is,

I o )
A=| 7| aai=1 AAy=T, A =(3,0,....0), (SL6)
As
Pty (m - 3)altal!
=1
—S - i Ae]” " [aj A’AL (A AAL) M AsAe ]
i=1 Z (3/1—/\231)2
—¢, k=1,...,5, (S1.7)

where (a;,ay;) are similarly defined as (a;,a1;) in (S1.2)). The five conver-

gences in (S1.7) will be proved later. With the findings in (S1.5)), (S1.6]

and (S1.7)), the limiting distribution of R must be the same as that of R, if

the latter exists (as claimed by our theorem).
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To demonstrate the five convergences in (S1.7)), we employ the inequal-
ities in (S1.4) and the fact (1 —oy;) = (1 —0%;)/(1 4 0u) < (1 —0f;). For

k = 1, using the fact >, a? = 1, we have

=1 "1

ajA’a; — 1] = <max(1 —o3) = o(1) (S1.8)

and

m

) (ajAe)' = (1 - 3) (afey)

=1

7

2.
i la;(0;1 — 1)] < Knmax(1 — ;1) = o(1). (51.9)

Combining (S1.2)), (S1.8) and (S1.9)), we obtain

1
m Z(Tz — 3) [a’lAei]4 — Cl'
1 1 =1

For k =5, we have

Y (- 3) [{alA’ (ArA}) ' Age; —{a’lAzA;(AQA;)—IAﬁ}ﬂ

=1

Z )AL (ALAY) T Ase|

=1
<Knmax(1 — o) = o(1), (S1.10)
Y (m-3) [{a’lA%A’Q(AQA’Q)—lAQei}‘1 - {a’lAQA’Q(AzA’Q)‘lAer,}ﬂ

=1

<KD [ajA”AL(A2AL) T Ay (I, — Ay

i=1

<Knmax(l — 0;1) = o(1), (S1.11)

%
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Y (- 3) [{a’lA2A'2(A2A’2)_1A2AeZ-}4
=1

~ {al AZAL(A;A%AL) " Ashe; )|

<KD [aiA%AL {(AAL) 7! — (A A°A)) '} AsAe|
=1

=K |ajA’AL Ay (I, — A*)AL(A,AAL) ' AsAe]

i=1

<Kn||AAL(AAPAL) P ALA || max o)  max(1 — o) = o(1), (S1.12)

where || - || denotes the spectral norm. From these, together with (S1.8]), we

have

m

1

m (’7'1' — 3) [allAzAIQ(AQAQAIQ)_lAQAei]4 — C5.
ajpda)

By the same approach, one can verify the remaining three results with
k=2,3,4. We omit the details.

Thus, we shall proceed our proof with the assumptions in (S1.1))—(S1.2)

and the following conditions

E(w;;) = 0, E(w2~) =1, E(w4) =7, =T +0(1),

2

sup E(w;) < oo, |wy| < 5,3, (S1.13)
2]

where the o(1) term is uniform in ¢ and j.
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S1.3 Notations and a sketch of the proof

The following notations will be frequently used throughout this section. For

i,7,k € {1,...,n}, define

n
Uy, = n’1/2a’1wk, ry = n’l/QAgwk, S = E UYL, S; =S — U;Ty,

k=1
D= Zrkr;ﬂ, D; =D —ryr;, D;j =D —rx;—r;r],
k=1

A P 1 -1 A -1 1 1

(@) = riDi r, — E tr Dl s i(5) = I',LDU r, — E tr Dz] s (8114)

1 1 — 1

L By = ———— By = ————— (SL15
b 1+ 1D, 1, b 1+rD;'r, P 1+ LDt (51.19)
— 1 1 1
ﬁ.

DT TuD, b = 1+ IEtD, " bi(j) = 1+ EuD,
(51.16)
Also, Dy kokskas By (kakska)s Bkl(,@kg,m) and Ay, (kyksky) are similarly defined.
Note that the six quantities in and are all bounded
in absolute value by 1. In addition, the inverses of the three matrices in
(S1.14) can be treated as being bounded in spectral norm. To be specific,
let Apin(T) and Apax(T) denote the smallest and largest eigenvalues of a
real symmetric matrix T. From the conditions in and (9.7.9) in Bai

and Silverstein (2010), we have
PAmin(D) <) < PAmin(D;) < n) < PAmin(Dy;) < n) = o(n™") (S1.17)

for any positive [, whenever 0 < 1 < (1—+/¢/)? with ¢ = limsup,,_, (m/n).
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Then, we get

R = B2 Iy 1y<t/m) + B as@-1)51/m) = B @-n<im + 0p(n7).
(SL.18)

During our proof, we will deal with some terms having the form t, Tty,,
where t; can be ry or u,ry and T can be D71 or D;l. By the truncation

condition in (S1.13]), we can obtain

[th, Tty | < Amax(T) 4/t ey b, try < Amax(T)En®

for some positive number «. Then, similar to (S1.18]), we have

t;lDiltk2 = t?clDiltkzj(kmax(D_l)Sl/n) + op(n*l). (8119>

Therefore, by (S1.18)—(S1.19), we can assume that D™, D; ! and Di_j1
have bounded spectral norm and omit the indicator function in the proof
for simplicity.

We next give a sketch of the proof. First, we have

ViR — e — (1 - e,)0l}

1 Dls — ¢ — (1 — e )2
ZW[W{SD s —co— (1= ca)pp)]

et doo, {ﬂ(iw - 1>} +o,(1).

Jj=1

This approximation was obtained by |Zheng et al. (2014) under finite fourth
moments of the i.i.d. variables (w;;). By similar steps, one can verify that

this approximation still holds true under our model assumptions.
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Then, we need to establish the asymptotic normality of
T 2 /n{sD's —E(sD's)} = vy (E; —E;,)s'D7's,
T, £ Vil = 1) = v 30 (B — By) [y,

(S1.20)

by the martingale CLT (see Lemma , and calculate the limit of
Ty 2 Vn{E(sD™'s) —c, — (1 —ca)pl}, (S1.21)

where Eq(-) is the expectation and E;(-) denotes the conditional expectation
given the o-field F; generated by z,...,z;, for j = 1,...,n. To obtain
the the asymptotic covariance matrix of (77, 73), we need to deal with the

following decompositions:

nY B {(B;—E;)sD s} = Qi+ Qo+ 0,(1),

j=1

nzn:Ej_l {((Ej —E;_1)sD™'s) ( 7 - %) } = Q3 + Qs+ 0p(1),

1\° 1
nZEj 1<u __> =2+52 (1:p — 3)(a12))2 + 0,(1)

=1 i=1

=2 + Cl + Op(l)a

1 .
Q, = - Z [4(1 — ¢,)°E;(siD; "D 's;) + B (nuf — 1)?

+2(1 — )2 {E;(s\D7'D;'5))} — de, (1 — ¢,)Ey(s)D; 'r)?
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+4(1 —¢,)? {IE*lj(s;-Dj_lr)}2 + 8¢, (1 — Cn)Ej(S‘/ij_lr)

— 8(1 — ¢,)°E;(s;D; 'rsD;'D; '8, |

n m

1
(Tip — 3) [4en(l — cu)(ana))y; {Ej(alS;'Dj_lAQ)}ii
1

=1 i=

— 4(1 — Cn>2 {Ej(als;-Dj_lAg)}M {E](AQD S; ]D lAg)}

— 2Cn(1 — cn)(ala’l)ii {EJ(AQD SJS D 1A2)}

J

+ (1 —¢o)? {E;(ALD; 's;s/D; 1A2)}

+4<1 — Cn {E als D 1A2 } +C alal)zz]’

n

Qs = %Z [4(1 — ), (s,D;'r)

J=1

+ epB(nu? — 1)2 — 2(1 — cn)Ej(s;Dj-lr)?],

1 n m
T n Z Z (7ip — [ (1= en)(@i2q)s {Ej(als;‘Dj_lAQ)}ii
7j=1 i=1
+ep(aiay); — (1—c)(aiay)i {Ej(AyD} 's;si D Ag) | ]
with (Dj, 8;) in Q; being the same as (Dj, s;) except that wjy,..., W, are
substituted by Wj1,..., Wy, i.i.d. copies of w;iy,..., W,.

Under our model assumptions, by carefully checking the proof of the
main theorem in Zheng et al.| (2014)), we find that the non-random quantity
T5 in (S1.21)) still converges to 0, the Lyapunoff condition in Lemma |1f for

Ty and T5 in (S1.20) can been verified directly, and moreover the limits of
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()1 and (Y3 remain unchanged, that is,

Q1= —2(1 = )(p*)* + 4(1 = ©)p* + 2¢(1 — ) +2¢* + (1),

Qs = —2(1 = ¢)(p*)* + 4(1 = ¢)p* + 2c + 0(1).

Therefore, our main task here is to prove the convergence of ()5 and

()4, which involves finding the limits of the following terms:

(

Z(Tim - 3){E, (als;D;1A2)}?i
i=1

ZT”’ (s/D; ' Ase;eALD'S)),
m m B _ 2
Z(Ti,p —3)(a1a})7, Z(Ti,p —3) {EJ(A/ZDJ‘ ISJ'S;'DJ‘ 1A2)}ii d
i=1 i=1

(Tip — 3)(aua))is {Ej(A'QD s;8;D; 1A2)}

10

s
Il
—

(7ip — 3)(a12})s {Ej (a1S;-Dj_1A2)}ii ,

NE

(Ti,p - 3) {Ej (als;DflAQ)}ii {EJ(AéDglst;DglAQ)}ii :

,

<.
Il

—

(S1.22)

Our tactic to prove the convergence consists of two parts: one is to

control the convergence rate of the following three conditional expectations:

E;(s;D; ' Azeie;ALD ;).

E;(siD;'Ase;e[A5D;'s;) and  Ej(ejasiD; ' Ase;), (51.23)
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and the other is to find a bound for E(s}D}lAgeie;AéDglsj)Q. They are

given successively in the following two subsections.

S1.4 The convergence rate

We control the convergence rate of the three conditional expectations in
. Our approach to handling these three terms is the same, and thus
we only present the details for Ej(s;-D;lAgeiegAgf)j_léj).

Denote 8; =}, ,; lixTy and Bry = 1/(1 + f‘jk]j,;jlf'k), and recall r =

(pp,0,...,0). First, we have
2
E Zukr;Dj_lAgeie;Ang_lf'kﬂk

k>

2

k>j

where

1 .
m—1 'A'TY 15 >
Blj = E E r Djk AgeieiAszk rpug,

k>j

. 1 .
/ —1 / / -1 ~ / -1 / / -1 ~
By = E (ukrijk AgeieiAQDjk Ll — Er Djk AgeieiAQDjk iy | .

k>j

By Lemma [3] and Lemma [4 we get
]E|Blj’2 < KTL72, (8125>
E|By;* < K {E(ize;A)D; 2 Age;i D7 Aveie[ALD Ty

+]E(r’D;k1A2eie2A’2Dj_k1fkak)2}
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K (Eli|'El#,D;; Ase,e, ALD 5 iy [2) 2

< Kn™2 (S1.26)

Second, noticing that when k < j, Ty = upry, we have
2
E ZuerDlegeie;Agf)j_lf“kak

k<j

=E | ) " upr,D; Azeie[ AL D v B Br)

k<j

<Kn*(Elug Elr, D, Agese; A'D e Y2 < Kn? xonTt x n?/3

—Kn 43, (S1.27)

Third, when k # w > j, D;kl and ]v);uf are independent of wu,r; and

Ty, and then we have

2

E| Y E; (uriD;' AzeieALD; i)

kFw>j
2
=E| Y E; (uriD}, Aseie] ALD it B Bu)) (S1.28)
k#Fw>j
Similar to (S1.24)—(S1.26f), one can get
E\ukrkD 'Asee)Al D TP < Knf, (51.29)

and by Lemma [3}, we have

1 6
E|Bii) = Bupl” < B [riDjiry — —tr D0 < K. (S1.30)
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Also, applying Lemma [2], we get

" 4
E[Byy) — iy |® <En~°E | ) (B, — Eyy)(tr D, — tr DY)
t£j,k
n 6
=Kn"E Z (B — Ey1) (r;D e Biiny)
t#],k
<Kn°E ‘rQD;ﬁrt}G < Kn™? (S1.31)
Moreover, it’s not difficult to verify that
|br(y — bol* < Kn™°, (S1.32)

where by = (1+n'EtrD!)"". Then combining (ST.28) (S1.32) and

Holder’s inequality, we can get

/! Ty—1 IATTN-10
E E E; (ukrij AgeieiAsz T Uy
k#w>j
2

—bgurr D Aveie] AYD T ty,) | < Knt (S1.33)
Notice that

. 1 .
E, (ukrﬁcnglAgeie;A’QDﬁf'wﬁw) = —E; (r’D;klAQeie;A’QDﬁr)

T2
and, by similar arguments as in the derivation of (S1.31J),

1 -
E ﬁ Z EJ(I',D;klAgele;AIQD;jI')
k#w>j
2

1 .
- > (FEDjAseie}ASED;Ir)| < Kn',  (SL34)
k#Fw>j
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where IE‘,D]._,Q1 and I[“I‘,]f)j_k1 can be replaced by ED~! without changing the final
order in (S1.34)). In addition, following the proofs of (9.9.20) in Bai and

Silverstein (2010) and Lemma 7 in Bai et al.| (2011), we find that

2
by — (1—cu)]> < Kn~', |[YED'Ase, — 21| < Kn~'.  (SL.35)

_Cn

Then, summing up (S1.33])—(S1.35)) gives

E Z Ej (’U/kr;D;lA2€ie;Al2]VD;1f‘wﬂ,w)
k#Fw>j
. . 2
(n—J)n—j—1) 5,
14
n2 p

< Kn™'. (S1.36)

Fourth, when k # w < 7, neither D;kl nor IV)J_M% is independent of
upry and w,T, = U,Ty, thus we should decompose D;kl and ]v);,uf into

Djklw — Djkwrwr Djkwﬁw(jk) and ]f)]’klw — D]kwrkrlC kwﬁk (jw), Tespectively,

where Djkw and Bk(jw) are similarly defined as Dy, and Bk(w)- Write

Z ]Ej (ukr;CD;lAzeie;AéD;lf'waw) = Clj -+ ng -+ ng + C4j, (8137>

k#w<j

where

Gy = Z E; (urtDjp, Asei{AYD 0ttt By Buis))

k#Fw<j
= — Z ukr,C karwr D wA2e€; "AL Djkwrwuwﬁk@ ﬁw ﬂw(]k)
k#Fw<j
Cyi=— Y E; (upryD3), Aveie] AYD ) rirt Do vt By But) i) -

kAtw<j



S1. PROOF OF THEOREM 1

Cyj = Z E; (ukrijkwrwr D L AseelAl D]kw

k#Fw<j

1Dt Bk Bu) Buin) Pru))
Then, applying Lemma [3]

2 4 / —1 /A 2
E|Cy;]* <Kn E|ukrkDkarwerjkwAgeieiAQDkarwuw|

<Kn’Elr,D;2 ry||r, D5} AseiefALD ! vy [ us,

jkw

(E‘I‘ D Age i€; A/ D]kw w‘ )1/2 (E’riuDj_lfwrw’ZlEufU)l/zl

<Kn2(n~ x 55”2/3)1/2 x (n~4 x 57%”2/3)1/4 _ K52/2n_1/2,

(S1.38)
E|Cs;)? <K&/ *n~12, (S1.39)
E|Cy]? < (E|u,yfrkD],mrwuw|4
X IE\r;)D;klwAgeie;A’QD;klwrkr;C]j;klwrw\4)1/2
<Kn*” (Elr, D} AseieASD L r PEE DL vy )
<SKEn*?(n™2 x n'? x n~t x n'/%) = Kn7L. (S51.40)

Next, we consider C'y;. Similar to (S1.33), one can get

E| ) E; (wriDjl,Aveie} ASD 5 vt B Bug)
k#w<g

—byurri D3 Aseef AYD ) ruy) | < Knh (S1.41)
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Additionally, for a fixed w < j, we have

Ty Uy

E Z E; (ukrkD | AseieALD!

k#w<j

jkw

2

1
— —r'D L AseelAl D]kwrwuw)
n

jlwTwlUw

<Kn’E|> E, <ukrkD L Aseie/ALD!
k<j
2

——r’D LAseelAl D]kwrwuw)
:KTLQE(CH]‘ + Clgj), (8142)
where

Ty Uny

011]- = Z E (ukrkD Agele A/D

k<j

jkw

2

1
——r’D L Ase el Al Djkwrwuw) ,
n

]klwrwuw

012]' = Z E (uklrle A2€ i€; A D
k1#ka<j

/ !/
——r D]k LAseelA ng wrwuw)

Ty Uy

x E; (uk2rk2D LAsee]Al Djk "

——r’D wAseie[Al ng wrwuw) )
Similar to (S1.26)), we have

E(Cllj) éKn_3. (8143)
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For a pair of fixed k; # ko # w < j, write

1
E; (uklrle LAseelAl ng Wl = —T D wA2eieiAL D]k wrwuw)
=Ch215 + Chazj + Chazj + Chayj, (S1.44)

where

Ty Uy

. . / /
Cl?lj - E] (uklrk)1 D]klkgwAze e A D]kleU)

1
—Er D],C ko wAse€; TA! D]klkwrwuw ,

Loy Uy

_ —1 !
Ciag; = —E; (uklrklD]klkgwrk2rngjklkgwA2€le ALDG

/ -1 !/
D]k1k2wrk2rk2D]k1k2wA2e e A D_]klkgwrwuw> /BkQ(jklw)’

Ty Uy

1
n
1 / 1
0123]' ]Ej (uklrkl JklewAzele A D]klk2wrk2rk2DJklk2w
1

N 5
D]k ko A2€i€; (A D]klkgwrk2rk2D]k1k2wrwuw) Brea (k1) 5

_ / —1 / —1
Cia4; = E; (uklrklDjklewerrk2Djklk2wA2e €Al Djklkwerrk2D Iyl

1
Jkikow

1
!/
D]k1k2'wrk2 erDjlﬂkQ'wAQeZe A DjklkzwrkZ rk‘z D]klkzwrwuw

X 6k2(jk1w)6k‘2(jk1w) .

Then,

jhowTwUw

E{CIQU (querD Azele A D

— —r'D]kzwAzeze Al merwuw)} =0 (S1.45)
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since (215 is independent of z,. Also, decomposing

Jkow

1
E; (qurk2D JAse e ALD Y v, — T D A€ AL D]k wrwuw)

mto

]klkzwrwuw

_ . / —1 !
Cl?5j = EJ (uerkQDjklewAQeze A D

D}

jki1kow

/
AseelA Djklkwrwuw),

Ty Uy

_ TR / -1 / -1
Ciosj = E; (uk2rk2Djklk2wrklrlejklewAge e; A D!

Jkow

1 .
/ —1 / —1 / / —1
T D kowThi Thy Doy A2€i€ A Do Tty | Bry (hkpw)

Loy Uy

— . /
Charj = E; (qurng]k rwA2€i€fASD ey DL

/ 1 2
D]klk wAzeieiA D]k1k2wrk’1rle]klkgwrwuw) By (hkaw)

and using
E|Cy29;* Kn_21F£,|I',,{J,QDjklewI“;@||r,€2 ]klkzwAge €Al D]k P T &
< Kn2 (Kn™* x n®* x E|rj, D3}, Asei]!)'
< Kn 13, (S1.46)
E|Cla6;)? < Kn ™12, E|Ciar,]* < Kn™1/3, (S1.47)
E(C12;C1a55) = 0, (S1.48)
we have

Jk2wrwuw

E{szj i (kD3 Ageief Al D;
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1
— —r’D JwAseie Al Djkwrwuw)} < Kn~1/3,

(S1.49)

By symmetry, we also get

Jk2wrwuw

E{Clggj (U’k2rk2D AQGZG AI D

/ —14/3
- —r D]kaAQe €Al D]karwuw)} < Kn )
(S1.50)
For 0124j7 we have
-2
E|Cia4j)* < Kn?E|r), jklkgwrk2|
X |, D Ase e/ ASD vt DO r g,
ko jk kow 2%y Jki1kow ko ko jk1kow™ w W
< Kn”? (Elr}, D3}l o AveelASDLL vy [t
~ ko™ k1 kowt 2251 Gk kaw™ k2

1/2
X ]E]erD]kllewrwuw\4)

+ Kn~? (E|r},,D Asee Al Djk’11k2w T, | )1/2
A 1/4

Elrk2

Jk1k2w

1
2 8
x | E erD]klewrk2 — trD TN

Jkikow jklkzw

< Kn2{n10/3 L3y 12

_ 1/4
X ( 10/3E|I‘ ]k’lkg’wrw| |Uw| ) }

< Kn~'3 4 K™ x (n1V2 x 7 T12) < K198 (S1.51)
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Then combining,

jhowTwlUw

]E{E (ur,r), D7, Aseief AYD

——rD

Jkow

we obtain

Ty Uy

E{CWU (querDjk LAze€ AD;!

Jkow

2
AseelAl D]k wrwuw)} < Kn™,

(S1.52)

— —r’D ' JAzee|Al D]kzwrwuw)} < Kn~1/3,

Summing up (S1.42)—(S1.45) and (S1.49)—(S1.53]), we obtain

E

Z E; <ukrkD LAseelAl Djkwrwuw

k#Fw<j
2

1 .
- —r'D LAseeAl Djkwrwuw) < Kn™%/3,

n

Similarly, one can also prove

> Ej( r'D Aseiel ASD L ruy,
kAw<j
2

1
- —r D LAsee) A’D r)
n

< Kn=2/3

(S1.53)

(S1.54)

(S1.55)

Thus by similar approaches of proving (S1.36)), combining (S1.35)—(S1.41])),

(S1.54) and (S1.55]), we have

Z E, (ukr;DglAgeie;Agf)Jflf'wuw)
kAw<
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2

_U=DE=D) aoal o pegaci (g1 56)

n2 ppa'l’b

Last, when k£ > j > w and k < j < w, following the proof for the case

k#w > jand k # w < j, one can easily get

K Z E; (upri D7 Aseef AL D ' F oyl
k>j>w
2
i1
_Mw&ai < K60t (S1.57)
n
K Z E; (weriD; ' Azeie/ALD; ' Eyily, )
k<j<w
2
N1
—ng)piai < K6¥*n~'%. (S1.58)
n

Therefore, summing up (S1.24)—(S1.27)), (S1.36|) and (S1.56])—(S1.58)),

we finally obtain

E|E;(s/D; " Aze;e/ALD s — prad | < KoY, (S1.59)
Taking the same approach, we can also get

E |E;(s/D; ' Ase,eApD ts)) — pRa?|” < K8%/2n 12, (S1.60)

E ‘Ej(e;als;Dj’lAgei) — ppal-ah-’Q < K§3Pn~12, (S1.61)
S1.5 The bound for E(s,D; 'Ase;e]A)D;'s;)?

Now, we find a bound for E(s;D; ' Ase;ejA;D; 's;)2. WLOG, we assume

J # 1,2,3,4 for simplicity of notation. Recall that s; = Zk# ury, then
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we have

E(S;‘D]‘_IAQGie;A,QD]-_ISj)Q < KE(H4M1j + n3M2j + n2M3j + nM4j)
(S1.62)

where

/ -1 /AT TY—1 / -1 I'AlTY—1
M, :ulrle AgeieiAQDj r2u2u3r3Dj AgeieiAsz T4ty
= ;D7 Ase;el ALD; roususri D Ase el ALD v gua By o Baein Baci
= I Dy Ag€;€; A 0o, DoUaUzl'3 s, A2€;€; A0l 5 TallaP1(5)P2(5) P3(5) P4(5) >
2.0 —1 /A —1 / —1 I A/ —1
_ 3.1 /A1 'Ty—1 /AT
M, —ulrle AgeieiAQDj rlrle AgeieiAng Iy,

2, 2. /1)—1 ATl T ATy 1

M4j = u‘fr’le*1AQeie;A/QDj*lrlr’le*lAgeie;A/zD;lrl.
We first consider Mi;. Using D,;jl = kalj — D;kljrlr’lD;kljﬁl(kj) for
k= 2, 3,4, we have E(Mlj) < EMHj + KE(Mlgj + Mlgj + M14j), where
Mllj = ulr’lijlAzeiegAlsz;jrzugugrnggleQei
X e;Al2D1_41jr4u4ﬁl(j)62(j)/83(j)54(j)7
Mg = U11°,1Dl_jlA2eie§Al2D1_21jr1r'1D1_21jr2u2u3r§D1_31jA2ei
X eéAlsz41]‘r4u451(j)52(]')53(]‘)54(]‘)51(2]')7
M35 = ulr'lDl_jlAgeie;A’QDf;jrlr’lDl_zljr2u2u3rng31J-r1ran32A2ei

X € ALDraa ) Bagi) Bai) Bati) Bz Baai)
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_ 'm—1 SJA'D /L N1, /1 .
M14j = ulrlDlj AgezeiA2D12jr1r1D12jr2u2u3r3D13jr1r1D13jA2el
I A/ —1 / -1
X e¢A2D14jr1r1D14jr4u461(j)62(3‘)630)54(3')51(21‘)61(33')51(@)'
. . -1 _ -1 _ -1 -1 .
For M55, we use the identity lej = D13kj D13kjr3r3D13kjﬁ3(1k]) for
k=0,24 (D130j = D13j> Dle = Dlja 53(10;‘) = 53(1j)) to decompose M12j
into 16 terms, and then bound their expectations separately. For instance,
we have
|Euiri D3 rars D5 Ageie, ALD [y rars D gy 111 Dy T3 Dy 1
U1r 3,03 31013, A0€,€; 510,193,133 193,111 1) 193,13 310 193, T2U2
/Ty—1 I A/ -1 'Ty—1
X uzrsDiy; Age € Ay Dy rarsDigyrauy
X Br) Bai) Ba(i) Bati P12 Pz s Faaap)|
L) P2(5)P3(5) P4(5) PL(25) P3(125) F3(15) F3(145)
1/4 -1 'Ty-—1 I'AT Y1 4mrl/4 -1 4
1/41, Ty—1 'Ty—1 'my-—1 4
x E ‘r3D123jr1r1D123jr3r3D123jr2u2’
/41 A TY-1 'rmy-—1 4
X EV% e AgD 54,1513 Dy rauy|
<K (52 —10/3E|r/D—1A .o’ A'D-L ¢ |4|I"D_2r |2)1/4 < §/2,,-5/6
X nT? 31013, 2€€,; Ao ) 193,T3] |I'3l)y3,T3 n 1

_ _ _ 1/4
X (5721” IO/BE‘rgD1213jr2u2|4’rgD1223jr3’4)

x (820 OB uy 4 r, D2, ra?)

1/4
<K <(5Zn_10/3)2 X 46207103 x \/n—2 X n=8 x (5nn1/3)10> x §L/2p=5/6

1/4
X 5nn*5/3 X <5,2Ln10/3 xn 2+ 5,21n*10/3 X \/n—Q X 5%71—10/3)

=030~ 1/2 = o(n~11/?), (51.63)
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where the last inequality is obtained by using the decomposition
ID72 . /D72 - lt D72 lt D72
T3D13;Ts = Fabig;ls — — r( 13j> + n r( 13j) ’
1 1
-2 —4 -2 —2
riLD134jr4 = rZLD134jr4 T n tr (D134j) + n tr <D134j) .

: ~1 % p
Hence, for terms which have two or more D1y r3r;D 5 0, similar to (51.63)

and by the finite sixth moment condition, one can verify that their expec-

—11/2

tations are not larger than Kn . For the terms which have only one

D1_31kjr3r'3D1_32j, for example,
uiri Dy Ageief AYD iy v Dy rars Dy roususriD iy Ase;
x € AyD gy rauafiy Ba) Bai) Bagy) Bz Baazyy, (S1.64)
using the identities Bx(j) = Bry) +ﬁk(j)ﬁk(4j)ﬂ4(kj)(rLDZkljm)Q fork=1,2,3
(similarly for Bi(aj) and Bsaz;), Pay) = 34(]‘) - B4(j)54(j)A4(j) and DI31]' =

D1y, —Digyrary D1y, faaisy) (similarly for Digs;), and applying the Holder’s

inequality as done in (S1.63]), we finally get
IE(S1.64)| < |E<u1r/1D1_314jA28ie;A/2D1_2134jr1r/1D1_2134jr3rgD1_2134jr2
X upusr’sDigy; Aveie] AYD gy raua Biaj) Paay)

X Ba(ay)Baiy) Brizan Baqaay )| + Kn /2
< Kn”Hr'ED y;Asei] x EY?|uir) Dyl AsesusrsDigy; Ase[

1/214 AT -1 'Ty—1 'Ty—1 2 —11/2
xE |eiA2D1234jr1r1D1234jr3r3D1234jr2u2I + Kn
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< Kn |YEDi3,;Ase| + Kn~ /2
< Kn?|PED 'Aye;| + Kn 12 (S1.65)
where the second inequality is obtained by taking expectation on z, first

and then using the martingale decomposition of D1_314j - EDl_314j. Therefore,

summing up the above results, we have
[E(Miz;)] < |[E(uirDiz;Azeie; A)Diyy it Digy rauzusrs Dy Ase;
X € ALD 5 r4ua a5y Ba() B3 Baci) By )|
+ Kn°[FED*Aye;| + Kn /2,
By the same approach, one can also prove that
IE(Mig;)| < [E(Miggay,)| + Kn [ ED ' Age;| + Kn~t/2 (S1.66)
where
Mia(say; =uiriDigy; Asei{ AyD iy 11 Dy roususrs Digy Ase,
x €A, Dy ratta B Bag) B Bais) Bz -

From By = Brei) + Br)Bri) Baks) (I‘;Cngljrg)Q for k = 1,2,4 and using

the Cauchy-Schwarz inequality, one can find

'm—1 AT L 'm—1 /T 1
[E(Mia(sa);)| < [E(uariDygy; Aseie; AgD 0111 DygsyroususrsDyg,; Ase;

X e/iAénglzLjr4U451(34j)52(34]‘)53(4j)ﬁ4(3j)51(234j))| + Kn~1/2,

(S1.67)
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. — —=2 —2 _
Plugging B3(4) = B(as) — B3(47)Q3(45) — Ba(a) Baai) D3y and Bugzjy = Bugay) —

—=2
B Daj) ﬁ4 35) 013 A 3]) into (S1.67]), we get

[B(Miaa;)| < B(Miagaa; + Missay; + Miagsas;) + Kn'?, 0 (S1.68)
where

Mia(an; :E<u1r/1D17314jA2€ie;A/2D172134jr1rllD;21£’>4jr2u2u3r§3DI3141jA2ei

X €; A/D134J1‘4U451(34] 52(34J)53(4J 54 (35) 51(234g ),
M12(34) —E(U1TID134]A26 e, A/ D12134]r1r1D1234jr2u2u3r3D134]Agez

x €l AbD il r4ua Asiaj) B (3aj) Basag Boas Bagaiy B 2si)-
M12(34) E(u1r1D134]A2e €, A D1234JI’lI'lDl_2134jI'2U2’U3I'gD1_314J-A26i

X €] A/D134Jr4u4A4(3] B1(345) B2(345) 53 4])54(3J Bi(2345))-

Similar to (S1.65)), we can prove that

‘E<M12(34)1j)| :nfz\E(ulr’lnglzljAzeie;A’QDﬁlerlr’lDf2134jr2u2
X (€} ALD 15;1) Bi(saj) Ba(347) Baag) Baga) Pr2sag) )|
<n 2B (usri Digy; Avei€] ASD g, 1) Dy, Tot
X (€ ALED 5:1)* By (aj) Pa3aj) Bacaj) Bagaj) Brizsan))|
+ Kn_5]r’IED1_314jA2ei| + Kn~11/?

<Kn~"?(rEDp3y,Asze;)? + Kn °[I'ED )y Age;| + Kn~'1/?
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<KEn 2(r'ED'Ase;)? + Kn°|F'ED ' Aye;| + Kn~11/2,

(S1.69)
IE(Ma(3y2;)| <Kn°|r'ED ™ Age;| + Kn~'2, (S1.70)
|]E(M12(34)3j)| éKn_5|r’ED_lAgei| + Kn_11/2, (Sl7l>

where the first inequality in (S1.69)) is obtained by Holder’s inequality and
E|r'(Diy — EDi)Asei|” < Kn®?E [v'Di Dy Ave | < K32,

Summing up (S1.66)—(S1.71f), we have
124 < n- r B 2€;)" + Kn °|r - 2€;| + Kn~ .
E(M y K 9/2 "ED lA 2 K 5 "ED IA K 11/2

(S1.72)

For M,s; and My, by similar arguments, one can verify that
|E(M3;)| < Kn°|PED ' Aye;| + Kn~'/2 (S1.73)
|E(Ms;)| < \Eu1r’lDf2134jA2e,-e§A'2Df2134jr1r'lDf21:))4jr2u2u3rng2134jr1

X r’lDf2134jA2eie;A’2Df2134jr1r’lDf2134jr4u4
X Bil(234j)52(134]')33(1243')34(123]')| + O(H_H/z)

-3 'Ty—1 -1 -2 3 —11/2
SN E|u1r1D1234jA2ei||r1D1234jA2eir D1234jr1| +o(n )

= o(n~11/?%), (S1.74)

Then from (S1.72)—(S1.74]), we obtain

'Ty—1 A Ty—1 'Ty—1 ATV
|E(M1]>| <|E<U1TIDU AgeieiAQDlzjr2u2u3r3D13jA2eieiA2D14jr4u4
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X By Bty BanBacy) | + Kn P (FED ' Age;)?

+ Kn°[FED*Age;| + Kn /2,
Similarly, by repeating the above process, one can prove
[E(Mj)| <[E(u1r Dy Aseie;AyD iy touzust’s Dy, Ase
X us€AYD 131 B1(5)Bai) Ba() Bap)| + Kn”*?(PED ™! Ase;)?
+ Kn°|[F'ED ' Age;| + Kn~1/2, (S1.75)
Next, we consider the term
wr Dk, Ase e ALD L roususri Dok, Ase el AL Dk, T au
111234 32€i€; A1) 1934, T2UUY3 1) 1934, 2€i€; A 911934, T4Uy
X (Br) = Br20)) P25 B30) Bais)
—uir, Dok Ageel ALD L, roususra DL, Ase;el AL DL rau
11112345 432%0% L2010 1934,5 1 202 U3 L 3471934, 432C0C; L3017 19345 14 Y4
x (r1D1y,12)* B15) Bi2) Ba1) Bai) B Bagy)-
(S1.76)
Similar to (S1.65)), we have
IE(SL76)| <|E(u1riDiysy; Aveie; ASD s, raususry Dy, Ase;
X u4e;A,2D1_2134jr4(r,1D1_214jr2)2
X 51(4]‘)61(24]')ﬁ2(14j)ﬁ2(4j)63(4j)54(j))| + Kn /2
:n_l\E(ulr’lD1_2134jA2eie;A’2Df2%4jr2u2u3rgD1_21:,)4jA2ei

I A/ -1 / —1 2
X eiA2D1234jr(r1D124jr2>
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X 51(4j)51(24j)52(14j)52(4j)53(4j)34(j))| + Kn 12

<Kn°[PED'Aye;| + Kn /2,
which implies that
[E (w111 D 1ys0 Az Ay D iy raususrs Digs A e
x € AL D 5547414 P15 Bai) B3 Ba) )|
<“E(UlI'/1D1_21:J,4jA2eie;A,2D1_2134jr2u2u3réD1_2134jA2eie;A/2D1_2134jr4u4
X Briog Baii) Bai) Bagiy )| + Kn° [ ED ™" Age;| + Kn~'1/2,
Repeating the above steps, we can prove
|]E(ulr’lDl_2134jAgeie;AéDﬁ%Mr2u2u3rgD1_2134jAgei
X €;ALD 54t B () o) Ba) Bags) )|
g|]E(u1r’1Df2134jA2eie;A'2Df2134jrgugugrgDﬁleAgeiegA’QDf2134jr4u4
X B1(2345) Bo(1345) B3(1245) Baci235)) | + Kn’|F'ED ' Ase;| + Kn~ /2,
(S1.77)

— —=2
On the Othel“ hand, we get 5k}1(k2k}3k4j) == /Bkl(k2k3k:4j) _6k1(k2k3k4j)Ak1(k2k3k4j)+

_3 —
Bkl(k2k3k4]‘)Az1(k2k3k4j) - 6k1(k2k3k4j)61§1(k2k3k4j)Ai1(k2k3k4j) for &, 7é ko 7& ks 7é

ky € {1,2,3,4}. Plugging this identity into the first term on the right of

(S1.77)), one can get

/ -1 / / —1 / —1 / / —1
|E (111 Dypgy5 Aseie Ao Dy, Totiousrs Dy, Aveie; AgD g, Tty



Weiming Li AND Shizhe Hong

X 51(2343‘)52(134]')63(1243')54(1233'))|

<‘E(‘]lj” + K|E(J2j + J3j + J4j)| + Kn_11/27
where

. / -1 I A -1 / -1 )
Jij =uar 1D g3 A0€i€,A5D g3 TounusrzDygs  Ave,
, _
x e;A D1234gr4u451(234g 52 (1347) 53 124;)54(123;’)7
Joj =it Digs, Aceiel AL D oy, i Totiptisrs Doy, Age,
25 =U1T 111934, 30€€; Ao 1) 934, T2U2U3Y 31 ) 1934, A2€;
/
x e;A D1234JT4U4A1 234])51(2343 52 134])53(1243 54(123])7
o / -1 I A -1 / -1 )
J3; _ulrlD1234jA2eieiAQD1234jr2u2u3r3D1234jAQel
(ALD Tata A 2345) D134 B 34 Borag) Baious) B
X €; A9 1934 TaUaN1(2345) D2(1345) P 1(2345) P2(1345) P 3(1245) P 4(1235) »
Jyi =i, Dk, Aseel AL DL roususri Dk, Ase;
45 =U1T1 D193, R2€i€; A9 ) 934, ToUUT3 ) 93,4, A2€;
/' AT T 2 ya) ) o) e
X eiA2D1234j1"4U4A1(234]')51(2343')52(134;')53(1243‘)54(123;')-

For Jlj,

[E(Ji;)| <Kn *E(r'Diyy,;Ae)! < Kn 'E(r'D'Ae;) + o(n /%)

<Kn *(rED'Ae)* + Kn /2, (S1.78)

where the last inequality follows from

IE(r/(D_1 —ED™ )Aez <K /Z —E: ) D .1 t_lAeiﬁ(t)

t=1

<Kn* E[r'D; v} Dt AeiBp|* < Kn™3/2
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by Lemma . For Jyj, Js; and Jy;, by the same arguments as in the deriva-

tion of (S1.69)), one can prove

E(Jo)| < Kn~9*(YED ' Age;)? + Kn S |YED ' Age;| + Kn~'V2,

(S1.79)
IE(Js;)| < Kn°|f'ED ' Aye;| + Kn 12 (S1.80)
IE(Jy;)| < Kn°[f'ED ' Agey| + Kn~'Y/2, (S1.81)

Summing up (S1.75)—(S1.81)), we obtain

IE(My;)| < Kn~*(r'ED ' Ae;) +Kn~9?(rED ' Aye;)?

+ Kn”°['ED ' Age;| + Kn '/,

(S1.82)
Similarly, one can verify
IE(My;)| < Kn~*|'ED ' Age;| + Kn~/2,
IE(Ms;)| = o(n™"?) and |E(My;)| = o(n=/?). (51.83)

From these bounds and (S1.62)), we finally get

E(s;D; ' Ase;e}ALD 's))” < K(r'ED'Ae;)* + Kn '?(FED ' Ase;)”

+ Kn Yr'ED ' Age;| + Kn~3/2. (S1.84)
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S1.6 Completion of the proof of Theorem 1

First, we figure out the limit of each term in (51.22)). Write
> (1ip —3) {E;(AD;'s;8/D; Ay}
— Z |:(7'Z~7p —3){E;(s/D; ' Aye;e}AD; 's;) — prai; }

X E] (S;DJ1A2€1EZA/2DJ18J):|

-I—,Of7 Z(T,p )ai; {E 'Dj_lAgeZ-egA'QD;lsj) — pia%i}
=1
+pp Y (7ip—3)al;.  (SL.85)
=1

Then using ((S1.60)) and (S1.84), we have

S TEY? |E;(sDj ' Aseie}A4D] ;) — plal, |’

i=1
X El/Q(s;DJflAQeie;A’QDj*lsj)2
<K {62/471_1/4 Z(r’ED_lAQei)2 + 52/471_1/2 Z |I',ED_1A262‘|
i=1 i=1
+03/4n 3/ Z I'ED ' Ase; |2 + (52/4}

i=1

m m 1/2
<K |34 74N "(VED ' Age;)” + 63/ {Z(r’ED_lAgeif}

i=1 =1

m 1/4
+03/1 {Z(r'ED—lAQeiV} + 031

=1

=o(1), (S1.86)
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where the second inequality is obtained from Jensen’s inequality
m m 1/h
> 'ED ! Age " < { DY (r'ED ' Age;) }
i=1 i=1

for h > 1, and the final conclusion follows from

> (ED 'Ase;)’ =r'(ED')’r < K.

i=1
Additionally, notice that >_7", a2, = 1, we have
o Z a2, kY2 |E;(s;D; ' Ase;ejALD; s ppah| < K834~ = o(1).
i=1

(S1.87)

Then, (S1.85)—(S1.87) indicate that

zm:(ﬂ',p —3) {Ej(AéD Sj ]D 1A2)} P;l) i(ﬂ —3)aj, + op(1).
1=1 =1
(S1.88)
By the same approach, it can be shown that
3 (i~ B)at = 307~ Bl + 0,(1), (SL89)
=1 =1
i(% —3) {E;(a1s/D} ' Ap) } = o7 i(n —3)aial; + 0p(1),  (S1.90)
i=1 i=1
i(ﬂ‘,p —3)(aua))ii {Ej(aus;D; ' Az) } . = py zm:(ﬂ‘ — 3)ajay; + 0,(1),
i=1 i=1
(S1.91)

Z(Ti7p_3>(ala/1)ii {E;(A}D;'s;siD; Ay

=1
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m

= 23 (i~ 3)a2a?, + 0,(1). (S1.92)

=1
m

Z(Tz}p —3) {Ej(als;‘Dj_lAQ)}ii {Ej(A;DJ'_lst;DJ_IAQ)}ii
i=1

m

= 05 Y (7 = 3)aza}, + 0,(1).  (S1.93)

i=1
Summing up (S1.88)—(S1.93)), we obtain
Qs 5 ¢+ de(1— ) +2(2 = 3¢)(1 — )G — 4(1 — &>+ (1 — )%,

Q4 N cCi+2(1 = )G — (1 — ¢)¢s,

which, together with the convergence of (; and )3, gives the joint limiting
distribution of 77 and 75. Finally, Theorem 1 is obtained by applying the

delta method.

S2 Proof of Theorem 2

We first establish the inequality in (3.1). Let §; denote the i-th element
of Ay, i=1,...,m,. Then, the multiple correlation coefficient pg can be

represented as

p2 _ /BIAXA;(/B — ZZZ 512
PBAABF2, YT B 4o2)

which is followed by

Ty — 3+ (210;2; — 1)(7ep — 3)
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My Mg 2 mg
=D (i = 3)B! + 302,70 +3 (Z 63) +602, 3 B2
i=1 i=1 i=1
1 2
X Zmz BQ+O_2 _3+(2pp_1)<7_€,17_3)
=14 €,p
(1 _ p2)2 My B
=4 22N (Twyip = 3)B) + (7 — 3)p),

=1

where 7(,);, denotes the kurtosis of &;, the i-th component of £. By the

facts 7(2)ip = 1 and 7., > 1, we have

2 (1—p§)2 - 54 4
Ty — 3+ (20, = 1)(7ep — 3) 2 —2—2@ —2p

0-4 p
€ =1
(1—-p)°
> —2 4 £ (IBIAXA;/8)2 - QP?,
= - 4p;;7

which gives the bound in (3.1).

Next, we prove the convergence of 62. For simplicity, let

H, =7, -3+ 2R?—1)(7. —3), Hu=—4R",

Hy=7, =3+~ 1)(r.—3), Hy=—4p',
By the consistency of R}?, we have
Hoy ~%s Hy, Hpy ~2s Hy, Hy, > Hy
and thus, it is sufficient to show

maX{Hnl,Hng} i) Hl, (821)
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or equivalently,
maX{Hnl - Hn27 O} i) Hl - HQ. (822>
For any x > 0,

P (Jmax{Hny — Hpz,0} — (Hy — Ha)| > &)
=P(|(Hn1 — Hp2) — (Hy — Hy)| > &, Hyy — Hyp > 0)

+ P(|H1 — H2| = K, Hnl — Hng < 0) (823)
When Hl = Hg,

(S2.3) =P(|(Hn1 — Hp2) — (Hy — Ha)| > k, Hpyy — Hya > 0)

SP(|(Hn — Hn2) — (Hy — Ha)| 2 k) = 0,
and when H; > Hs,

(S52.3) < P(|(Hn1 — Hy2) — (Hy — Hy)| 2 k) + P(H,y — Hpe < 0) = 0,
which verifies the convergence in . The proof of the theorem is com-
plete.

S3 Appendix

Lemma 1. (Billingsley (1995), Theorem 35.12) Suppose that for each n,

Y1, Yoo, ..., Yoo, 1s a real martingale difference sequence with respect to the
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increasing o-field Fn1, Fn, - -y Fur, having second moments. If as n — oo,

S TE{YAFuia) B 0

k=1

where o is a positive constant, and for each €
> E R vz0} = 0.
k=1
Then
S Ve B N (0, 0%).
k=1

Lemma 2. (Burkholder (1973))) Let {Xi} be a martingale difference se-

quence with respect to the increasing o-field {Fy}. Then, forp > 1,

E ‘Z Xk‘p < KE (Z |Xk|2>p/2.

Lemma 3. (Bai and Silverstein| (2010)), Lemma B.26) Let x = (z1,...,2,)*
be a random vector of independent entries, T be an nxn nonrandom matriz.
Assume that Ex; = 0, E|lz;|?> = 1 and E|z|' < v fori=1,...,n. Then we

have, for any h > 1,
E|x*Tx — tr(T)|" < K, {(m tr(TT*)"2 + vy tr(TT*)h/z} ,
where Ky, is a constant depending on h only.

Lemma 4. (Bai and Silverstein (2010), (9.8.6)) Let x = (z1,...,z,)" be a

complex random vector with independent components, B = (b;;) and C =
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(ci;) be px p complex nonrandom matriz. Assume that Ex; =0, E|z]? =1,

then we have

hS]

E(x'Bx —trB)(x*Cx —trC) = Z(E|x1]4 — |E2?|* — 2)byicy;

=1

+ tr(B,C}) + tr(BC),
where B, = (Ex?b;;) and C, = (Exic;;).
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