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S1 Proof of Lemma 2.1

Proof. First, we can obtain the following relations of equivalence.

µ1 = · · · = µR = µ

⇐⇒ E(X|Y = r) = E(X), ∀r = 1, 2, · · · , R

⇐⇒ varY {E(X|Y )} =
R∑

r=1

pr‖E(X|Y = r)− E(X)‖2 = 0

⇐⇒
R∑

r=1

pr {E(X1|Y = r)− E(X1)}T {E(X2|Y2 = r)− E(X2)} = 0

⇐⇒
R∑

r=1

prE(XT

1X2)

{
I(Y1 = r)

pr
− 1

}{
I(Y2 = r)

pr
− 1

}
= 0
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⇐⇒ E(XT

1X2)
R∑

r=1

pr

{
I(Y1 = r)

pr
− 1

}{
I(Y2 = r)

pr
− 1

}
= 0

⇐⇒ E(XT

1X2)

{
R∑

r=1

I(Y1 = r)I(Y2 = r)

pr
− 1

}
= 0.

Hence, by Definition 1, U(X|Y ) = varY {E(X|Y )} ≥ 0 is true, and the

equality holds if and only if µ1 = · · · = µR, which completes the proof.

S2 Proof of equation (2.2)

Proof. By the definition of Mn,p, we have

Mn,p =
∑
i 6=j

XT

i Xj

{
R∑

r=1

I(Yi = r)I(Yj = r)

(Nr − 1)/(n− 1)
−

R∑
r=1

R∑
s=1

I(Yi = r)I(Yj = s)

}

=
R∑

r=1

(n− 1)

(Nr − 1)

∑
i 6=j

XT

riXrj −
R∑

r=1

∑
i 6=j

XT

riXrj −
∑
r 6=s

Nr∑
i=1

Ns∑
j=1

XT

riXsj

=
∑
r 6=s

Ns

(Nr − 1)

∑
i 6=j

XT

riXrj −
∑
r 6=s

Nr∑
i=1

Ns∑
j=1

XT

riXsj

=
∑
r 6=s

NrNs

∑
i 6=j XT

riXrj

Nr(Nr − 1)
−
∑
r 6=s

NrNs

∑Nr

i=1

∑Ns

j=1 XT

riXsj

NrNs

=
R∑

r>s

NrNs

{∑Nr

i 6=j XT

riXrj

Nr(Nr − 1)
+

∑Ns

i 6=j XT

siXsj

Ns(Ns − 1)
− 2

∑Nr

i=1

∑Ns

j=1 XT

riXsj

NrNs

}
,

which completes the proof.
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S3 Proof of Theorem 2.1

Proof. Write gij =
∑R

r=1 I(Yi = r)I(Yj = r)/pr − 1 and ĝij =
∑R

r=1 I(Yi =

r)I(Yj = r)/p̂r − 1. Then reconstruct the statistic Mn,p as follows:

Mn,p =
∑
i 6=j

XT

i Xj ĝij =
∑
i 6=j

(µi + ΓiZi)
T(µj + ΓjZj)ĝij

=
∑
i 6=j

µT

iµj ĝij +
∑
i 6=j

µT

i ΓjZj ĝij +
∑
i 6=j

µT

jΓiZiĝij

+
∑
i 6=j

ZT

i Γ
T

i ΓjZj(ĝij − gij) +
∑
i 6=j

ZT

i Γ
T

i ΓjZjgij

=: W1 +W2 +W3 +W4 +W5.

With elemental calculation, it is obtained that

W1 =
R∑

r=1

µT

rµrNr(n−Nr)−
∑
r 6=s

µT

rµsNrNs =
∑
r>s

NrNs‖µr − µs‖2,

E(W2|Y1, · · · , Yn) = E(W3|Y1, · · · , Yn) = E(W4|Y1, · · · , Yn) = 0,

var(W2|Y1, · · · , Yn) =
n∑

j=1

(
n∑

i 6=j

µT

i ĝij

)
Σj

(
n∑

k 6=j

µkĝkj

)

=
n∑

j=1

{∑
r 6=s

I(Yj = r)Ns(µr − µs)
T

}
Σj

{∑
r 6=s

I(Yj = r)Ns(µr − µs)

}

=
R∑

r=1

Nr

{∑
s 6=r

Ns(µr − µs)
T

}
Σr

{∑
s 6=r

Ns(µr − µs)

}
≤ O(n3)

∑
r 6=s

(µr − µs)
TΣr(µr − µs) = o(n2p),

var(W3|Y1, · · · , Yn) = var(W2|Y1, · · · , Yn),

var(W4|Y1, · · · , Yn) = 2
R∑

r=1

tr(Σ2
r)Nr(Nr − 1)

(p̂r − pr)2

p̂2rp
2
r
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≤ 2O(n2)
R∑

r=1

tr(Σ2
r)

(p̂r − pr)2

p̂2rp
2
r

,

var(W5) = 2n(n− 1)

{
R∑

r=1

tr(Σ2
r)− 2

R∑
r=1

prtr(Σ
2
r) +

R∑
r=1

R∑
s=1

prpstr(ΣrΣs)

}

= 2n(n− 1)

{
R∑

r=1

(1− pr)2tr(Σ2
r) +

∑
r 6=s

prpstr(ΣrΣs)

}
.

Write Zni = 2
∑i−1

j=1 gijZ
T

i Γ
T

i ΓjZj, and Fi = σ{
(
Z1

Y1

)
, · · · ,

(
Zi

Yi

)
} be the

σ−field generated by {(ZT

j , Yj), j ≤ i}, dn,p = var(W5), vni = E(Z2
ni|Fi−1), 2 ≤

i ≤ n, and Vn =
∑n

i=2 vni. Then W5/
√
dn,p =

∑n
i=2 Zni/

√
dn,p. It is easy to

see that E(Zni|Fi−1) = 0 and that is to say {
∑k

i=2 Zni,Fk : 2 ≤ j ≤ n} is

zero mean martingale. The central limit theorem in Hall and Heyde (1980)

will hold if

d−1n,pVn
p−→ 1, (S3.1)

and for any ε > 0

n∑
i=2

d−1n,pE{Z2
niI(|Zni| > ε

√
dn,p)|Fi−1}

p−→ 0. (S3.2)

Denote g̃rij = p−1r {I(Yi = r)− pr} {I(Yj = r)− pr}. Then it can be shown

that

vni = 4
i−1∑
j=1

R∑
r=1

g̃rjjZ
T

jΓ
T

jΣrΓjZj + 8
∑

1≤j<k<i

R∑
r=1

g̃rjkZ
T

jΓ
T

jΣrΓkZk,

and thus

d−1n,pVn
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= d−1n,p

R∑
r=1

{
4

n−1∑
j=1

(n− j)g̃rjjZT

jΓ
T

jΣrΓjZj + 8
∑

1≤j<k<n

(n− k)g̃rjkZ
T

jΓ
T

jΣrΓkZk

}
=: W6 +W7.

Obviously, we have E(W6) = 1 and

E(W 2
6 ) =

16

d2n,p
E

{ R∑
r=1

R∑
s=1

n−1∑
i=1

(n− i)2g̃riig̃sii(ZT

i Γ
T

i ΣrΓiZi)(Z
T

i Γ
T

i ΣsΓiZi)

+
R∑

r=1

R∑
s=1

n−1∑
i 6=j

(n− i)(n− j)g̃rjj g̃sii(ZT

jΓ
T

jΣrΓjZj)(Z
T

i Γ
T

i ΣsΓiZi)

}

=
16

d2n,p
E

[
R∑

r=1

n−1∑
i=1

(n− i)2p−2r {I(Yi = r)− pr}4 (ZT

i Γ
T

i ΣrΓiZi)
2

+
∑
r 6=s

n−1∑
i=1

(n− i)2g̃riig̃sii(ZT

jΓ
T

jΣrΓjZj)(Z
T

i Γ
T

i ΣsΓiZi)

+
R∑

r=1

R∑
s=1

n−1∑
i 6=j

(n− i)(n− j)
{

tr(Σ2
r)− 2prtr(Σ

2
r) + prtr(ΣrΣ)

}
·
{

tr(Σ2
s)− 2pstr(Σ

2
s) + pstr(ΣsΣ)

}]

=
O{n3tr2(Σ2)}

d2n,p
+
O{n3tr2(Σ2)}

d2n,p
+

{
d2n,p
d2n,p

+
O{n3tr2(Σ2)}

d2n,p

}
= 1 + o(1),

which implies that var(W6) = o(1). Hence, we have W6
p−→ 1. Similarly,

E(W7) = 0 and

var(W7)

=
64

d2n,p

R∑
r=1

R∑
s=1

∑
i<j<n

∑
k<t<n

(n− j)(n− t)E
(
g̃rij g̃

s
ktZ

T

i Γ
T

i ΣrΓjZjZ
T

kΓ
T

kΣsΓtZt

)
=

64

d2n,p

R∑
r=1

R∑
s=1

∑
i<j<n

(n− j)2E
(
g̃rij g̃

s
ijZ

T

i Γ
T

i ΣrΓjZjZ
T

jΓ
T

jΣsΓiZi

)
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=
64

d2n,p

R∑
r=1

R∑
s=1

∑
i<j<n

(n− j)2E
{
g̃rij g̃

s
ijtr(ΣrΣjΣsΣi)

}
=
o{n4tr2(Σ2)}

d2n,p
−→ 0,

which implies W7
p−→ 0. Thus, (S3.1) follows. Next, we shall show (S3.2).

Since

E{Z2
niI(|Zni| > ε

√
dn,p)|Fi−1} ≤ E(Z4

ni|Fi−1)/dn,p,

it is sufficient to show
n∑

i=2

E(Z4
ni) = o(d2n,p)

by the law of large numbers. Because |g̃ij| is bounded, then we have

n∑
i=2

E(Z4
ni) = O(n2)

{
E(ZT

1Γ
T

1Γ2Z2)
4
}

+O(n3)E
{

(ZT

1Γ
T

1Γ2Z2)
2(ZT

3Γ
T

3Γ4Z4)
2
}

≤ O(n3)E(ZT

1Γ
T

1Γ2Z2)
4 = o(d2n,p),

which completes the proof.

S4 Proof of Lemma 3.1

Proof. Similar to the proof of Lemma 2.1 in S1, we have

Σ1 = · · · = ΣR = Σ

⇐⇒ 1

2
E {(X1 −X2)(X1 −X2)

T|Y1 = r, Y2 = r}

=
1

2
E

R∑
s=1

I(Y1 = s)I(Y2 = s)

ps
(X1 −X2)(X1 −X2)

T, ∀r = 1, 2, · · · , R

⇐⇒ 1

2
E(X1 −X2)(X1 −X2)

T
I(Y1 = r)I(Y2 = r)

p2r
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=
1

2
E

R∑
s=1

I(Y1 = s)I(Y2 = s)

ps
(X1 −X2)(X1 −X2)

T, ∀r = 1, 2, · · · , R

⇐⇒ 1

4

R∑
r=1

prtr

[
E(X1 −X2)(X1 −X2)

T

{
I(Y1 = r)I(Y2 = r)

p2r
−

R∑
s=1

I(Y1 = s)I(Y2 = s)

ps

}]2
= 0

⇐⇒ 1

4
E {(X1 −X2)

T(X3 −X4)}2
{ R∑

r=1

I(Y1 = r)I(Y2 = r)I(Y3 = r)I(Y4 = r)

(1− pr)
p3r

−
∑
r 6=s

I(Y1 = r)I(Y2 = r)

pr

I(Y3 = s)I(Y4 = s)

ps

}
= 0,

which implies that V(X|Y ) ≥ 0 is true, and the equality holds if and only

if Σ1 = · · · = ΣR.

S5 Proof of Theorem 3.1

Proof. Under condition 2, it is obtained that

Tn,p =
1

4

∗∑
(i1,i2,i3,i4)

{(Γi1Zi1 − Γi2Zi2)
T(Γi3Zi3 − Γi4Zi4)}

2 f̂i1i2i3i4

=
∗∑

(i1,i2,i3,i4)

{
(ZT

i1
ΓT

i1
Γi3Zi3)

2f̂i1i2i3i4 − 2(ZT

i1
ΓT

i1
Γi3Zi3Z

T

i1
ΓT

i1
Γi4Zi4)f̂i1i2i3i4

+(ZT

i1
ΓT

i1
Γi3Zi3Z

T

i2
ΓT

i2
Γi4Zi4)f̂i1i2i3i4

}
=: Q1 +Q2 +Q3.

First, we consider Q2 and Q3. It is easy to find that E(Q2|Y1, · · · , Yn) =

E(Q3|Y1, · · · , Yn) = 0. Write

ĥi1i2i3 =
R∑

r=1

(n−Nr)I(Yi1 = Yi2 = Yi3 = r)

(Nr − 2)(Nr − 1)/(n− 1)2
−
∑
r 6=s

I(Yi1 = r)I(Yi2 = Yi3 = s)

(Ns − 1)/(n− 1)2
.
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Then, we have Q2 = −2
∑∗

(i1,i2,i3)
(ZT

i1
ΓT

i1
Γi2Zi2Z

T

i1
ΓT

i1
Γi3Zi3)ĥi1i2i3 , and

E(Q2
2|Y1, · · · , Yn) = 4E

{ ∗∑
(i1,i2,i3)

∗∑
(j1,j2,j3)

(ZT

i1
ΓT

i1
Γi2Zi2Z

T

i1
ΓT

i1
Γi3Zi3)

(ZT

j1
ΓT

j1
Γj2Zj2Z

T

j1
ΓT

j1
Γj3Zj3)ĥi1i2i3ĥj1j2j3|Y1, · · · , Yn

}
≤ O(1)

∗∑
(i1,i2,i3,i4)

tr(Σi1Σi3Σi4Σi2)ĥi1i2i3ĥi4i2i3 +O(1)
∗∑

(i1,i2,i3)

tr(Σi1Σi2)tr(Σi1Σi3)ĥ
2
i1i2i3

≤ o{tr2(Σ2)}
∗∑

(i1,i2,i3,i4)

ĥ2i1i2i3 +O{tr2(Σ2)}
∗∑

(i1,i2,i3)

ĥ2i1i2i3= o(δn,p).

E(Q2
3|Y1, · · · , Yn) ≤ O(1)

∗∑
(i1,i2,i3,i4)

tr(Σi1Σi3)tr(Σi2Σi4)f̂
2
i1i2i3i4

+O(1)
∗∑

(i1,i2,i3,i4)

tr(Σi1Σi3Σi4Σi2)f̂i1i2i3i4 f̂i1i3i2i4

≤ O{tr2(Σ2)}
∗∑

(i1,i2,i3,i4)

f̂ 2
i1i2i3i4

= O{n4tr2(Σ2)}.

Given Y1, · · · , Yn,

E(Tn,p|Y1, · · · , Yn) = E(Q1|Y1, · · · , Yn)

=
R∑

r=1

tr(Σ2
r)(n− 1)2Nr(n−Nr)−

∑
r 6=s

tr(ΣrΣs)(n− 1)2NrNs

= (n− 1)2

{
R∑

r=1

Nr(n−Nr)tr(Σ
2
r)−

∑
r 6=s

tr(ΣrΣs)NrNs

}
= (n− 1)2

∑
r>s

NrNstr
{

(Σr −Σs)
2
}
.

By elemental calculation, it is obtained that

Q1 − E(Q1|Y1, · · · , Yn) = (n− 1)2
∑
i 6=j

{
(ZT

i Γ
T

i ΓjZj)
2 − tr(ΣiΣj)

}
ĝij.
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Write ξij = (ZT

i Γ
T

i ΓjZj)
2, ξji = E(ξij|Zi, Yj) and ξij = E(ξij|Yi, Yj). Then

Q1 − E(Q1|Y1, · · · , Yn) = (n− 1)2
∑
i 6=j

{
(ξij − ξij)(ĝij − gij) + (ξij − ξij)gij

}
= (n− 1)2

∑
i 6=j

{
(ξij − ξji − ξij + ξij)(ĝij − gij) + (ξji + ξij − 2ξij)(ĝij − gij)

+(ξij − ξij)gij
}

=: Q11 +Q12 +Q13.

Then, E(Q1k|Y1, · · · , Yn) = 0 for k = 1, 2, 3. And

var(Q11|Y1, · · · , Yn) = 2(n− 1)4
∑
i 6=j

ĝ2ijE
{

(ξij − ξji − ξij + ξij)2|Y1, · · · , Yn
}

= 2(n− 1)4
R∑

r=1

Nr(Nr − 1)
(p̂r − pr)2

p̂2rp
2
r

E
{

(ξ12 − ξr1 − ξr2 + ξrr)2|Y1 = Y2 = r
}

≤ O{n4tr2(Σ2)}
R∑

r=1

Nr(Nr − 1)
(p̂r − pr)2

p̂2rp
2
r

.

It is not hard to obtain that

Q12 = 2(n− 1)2
∑
i 6=j

(ξji − ξij)(ĝij − gij)

= 2(n− 1)2
∑
i 6=j

(ξji − ξij)

{
R∑

r=1

I(Yi = Yj = r)(p̂−1r − p−1r )

}

= 2(n− 1)2

{
R∑

r=1

n∑
i=1

(ξri − ξrr)I(Yi = r)(Nr − 1)(p̂−1r − p−1r )

}
.

Then, we have

var(Q12|Y1, · · · , Yn)

= 4(n− 1)4
R∑

r=1

R∑
i=1

I(Yi = r)(Nr − 1)2(p̂−1r − p−1r )2E
{

(ξri − ξrr)2|Y1, · · · , Yn
}
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= 4(n− 1)4
R∑

r=1

Nr(Nr − 1)2(p̂−1r − p−1r )2E
{

(ξr1 − ξrr)2|Y1 = r
}

= 4(n− 1)4
R∑

r=1

Nr(Nr − 1)2
(p̂r − pr)2

p̂2rp
2
r

{
2tr(Σ4

r) +4tr(ΓT

rΓrdiag(ΓT

r ΣrΓr)Γ
T

r Γr)
}
.

Similar to the analysis in proof of Theorem 2.1, it is obtained that

Q1k = o{n3tr(Σ2)} for k = 1, 2. Up to now, the proof completes if we have

Q13/
√
δn,p

d−→ N (0, 1) as n, p→∞.

Let Ei(·) denote the conditional expectation given Fi. Define Dni =

(Ei − Ei−1)Q13 and δn,p = var(Q13). Then Q13/
√
δn,p =

∑n
i=2Dni/

√
δn,p,

and {Dnk, 1 ≤ k ≤ n} is a martingale difference sequence with respect to

the σ−fields {Fk, 1 ≤ k ≤ n}. By elemental calculation, it is obtained that

Dni = 2(n− 1)2
i−1∑
j=1

{
(ξij − ξij)gij −

R∑
r=1

(I(Yj = r)− pr)(ξrj − ξjr)

}

+(n− i)
R∑

r=1

{I(Yi = r)− pr} (ξri − ξri).

With elemental calculation, we have

var
{

(ZT

1M
TZ2)

2
}

= 3E
{

(ZT

1M
TMZ1)

2
}

+4tr [E {(MZ1Z
T

1M
T) ◦ (MZ1Z

T

1M
T)}]− tr2(MTM)

= 6tr(MTMMTM) + 34 tr(MTM ◦MTM) + 2tr2(MTM)

+42
∑
i

∑
j

m4
ij + 34 tr(MMT ◦MMT),

where M = (mij) is a given matrix. Notice the fact that
∑

i

∑
j m

4
ij ≤
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tr(MMT ◦MMT), then we have

δn,p = (n− 1)4

4
∗∑

(i,j,k)

(ξij − ξij)(ξik − ξik)gijgik + 2
∑
i 6=j

(ξij − ξij)2g2ij


= (n− 1)4

[
8n(n− 1)(n− 2)

R∑
r=1

prtr
{

(Σ2
r −ΣrΣ)2

}
+44n(n− 1)(n− 2)

R∑
r=1

prtr {ΓT

r (Σr −Σ)Γr ◦ ΓT

r (Σr −Σ)Γr}

+2n(n− 1)
R∑

r=1

(1− pr)2
{

2tr2(Σ2
r) +O(p)

}
+2n(n− 1)

∑
r 6=s

prps
{

2tr2(ΣrΣs) +O(p)
}]

= 4n6

{
R∑

r=1

(1− pr)2tr2(Σ2
r) +

∑
r 6=s

prpstr
2(ΣrΣs)

}
(1 + o(1))

+8n7

R∑
r=1

prtr
{

(Σ2
r −ΣrΣ)2

}
(1 + o(1))

+44n7

R∑
r=1

prtr {ΓT

r (Σr −Σ)Γr ◦ ΓT

r (Σr −Σ)Γr} (1 + o(1)).

Similar to the analysis in the proof of Theorem 2.1, Q1k/
√
δn,p = oP (1)

for k = 1, 2. Under H0, δn,p = 4(R − 1)n6tr2(Σ2) {1 + o(1)}. Write uni =

E(D2
ni|Fi−1), 2 ≤ i ≤ n, and Un =

∑n
i=2 uni. On the basis of the proof

of Theorem 2.1, it is sufficient to show δ−1n,pUn
p−→ 1, and for any ε > 0∑n

i=2 δ
−1
n,pE

{
D2

niI(|Dni| > ε
√
δn,p)|Fi−1

} p−→ 0. uni = Ei−1 (D2
ni).

Un =
n∑

i=2

{
4(n− 1)4

i−1∑
j=1

i−1∑
k=1

Ei−1(ξij − ξij)(ξik − ξik)gijgik
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−4(n− 1)4
i−1∑
j=1

i−1∑
k=1

R∑
r=1

R∑
s=1

(I(Yj = r)− pr)(I(Yk = s)− ps)(ξrj − ξrj)(ξsk − ξsk)

+4(n− 1)4(n− i)2
R∑

r=1

R∑
s=1

Ei−1(I(Yi = r)− pr)(I(Yi = s)− ps)(ξri − ξri)(ξsi − ξsi)

+8(n− 1)4(n− i)
i−1∑
j=1

Ei−1(ξij − ξij)gij
R∑

r=1

(I(Yi = r)− pr)(ξri − ξri)

}

= 8(n− 1)4
n−1∑
j=1

(n− j)
R∑

r=1

g̃rjj(Z
T

jΓ
T

jΣrΓjZj)
2

+44(n− 1)4
n−1∑
j=1

(n− j)
R∑

r=1

g̃rjjtr(Γ
T

rΓjZjZ
T

jΓ
T

jΓr ◦ ΓT

rΓjZjZ
T

jΓ
T

jΓr)

+4(n− 1)4
n−1∑
j=1

(n− j)
R∑

r=1

g̃rjj(1− pr)(ξrj − ξjr)2

+16(n− 1)4
∑

1≤j<k<n

(n− k)
R∑

r=1

g̃rjk(ZT

jΓ
T

jΣrΓkZk)2

+84(n− 1)4
∑

1≤j<k<n

(n− k)
R∑

r=1

g̃rjktr
{
ZT

jΓ
T

jΓrdiag(ΓT

r ΓkZkZ
T

kΓ
T

kΓr)Γ
T

r ΓjZj

}
+8(n− 1)4

∑
1≤j<k<n

(n− k)
R∑

r=1

g̃rjk(1− pr)(ξrj − ξjr)(ξrk − ξkr)

+8(n− 1)4
n∑

i=2

(n− i)2
R∑

r=1

prtr
{

(Σ2
r −ΣrΣ)2

}
+44(n− 1)4

n∑
i=2

(n− i)2
R∑

r=1

prtr {ΓT

r (Σr −Σ)Γr ◦ ΓT

r (Σr −Σ)Γr}

+16(n− 1)4
n∑

i=2

(n− i)
i−1∑
j=1

R∑
r=1

{I(Yj = r)− pr}ZT

jΓ
T

jΣr(Σr −Σ)ΣrΓjZj

+84(n− 1)4
n∑

i=2

(n− i)
i−1∑
j=1

R∑
r=1

{I(Yj = r)− pr}ZT

jΓ
T

jΓrdiag {ΓT

r (Σr −Σ)Γr}ΓT

r ΓjZj



S5. PROOF OF THEOREM 3.1

=:
10∑
k=1

Q
(k)
13

It is elemental to check that E(Un) = δn,p(1 + o(1)) and E(|Q(k)
13 |) =

O(n6p), k = 2, 3. To prove δ−1n,pUn
p−→ 1, it is sufficient to obtain that

var(Q
(k)
13 ) = o(δ2n,p) for k = 1, 4, 5, 6, 9, 10. For Q

(1)
13 , we have

var(Q
(1)
13 ) ≤ O(n8)O(n3)

R∑
r=1

R∑
s=1

(g̃r11)
2E(ZT

jΓ
T

jΣrΓjZj)
2(ZT

kΓ
T

kΣrΓkZk)2

= O{n11tr4(Σ2)},

var(Q
(4)
13 ) ≤ O(n13)

∑
r 6=s

tr
{

(Σ2
r −ΣsΣ)2

}
+O(n12)o{tr2(Σ2)} = o(δ2n,p).

Similar to the analysis of Q
(4)
13 , var(Q

(k)
13 ) = o(δ2n,p) follows for k = 5, 6, 9, 10.

Next we want to prove that
∑n

i=2 δ
−1
n,pE

{
D2

niI(|Dni| > ε
√
δn,p)|Fi−1

} p−→ 0,

and it is sufficient to show δ−2n,p

∑n
i=2 E(D4

ni)→ 0. By the definition of Dni,

it is obtained that

n∑
i=2

E(D4
ni) ≤ O(1)

[
n∑

i=2

E

{
2(n− 1)2

i−1∑
j=1

(ξij − ξij)gij

}4

+
n∑

i=2

E

{
2(n− 1)2

i−1∑
j=1

(ξij − ξij)gij

}4

+
n∑

i=2

E

{
2(n− 1)2

i−1∑
j=1

(ξrj − ξjr)(I(Yj = r)− pr)

}4

+
n∑

i=2

(n− i)4E

{
R∑

r=1

(I(Yi = r)− pr)(ξri − ξir)

}4 ]
≤ O{n11tr4(Σ2)} = o(δ2n,p),

which completes the proof.


