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This supplementary material consists of four sections. Section S1 introduces seven conditions

and four useful Lemmas. Section S2 demonstrates the proofs of Lemmas 3 and 4, and Section

S3 provides the proofs of Theorems 1–4. Section S4 presents additional simulation results.

S1 Technical Conditions and Useful Lemmas

To study the asymptotic properties of parameter estimators and test statis-

tics, we introduce the following eleven technical conditions and four use-

ful lemmas. For the sake of convenience, we let %min(A) and %max(A)

denote the smallest and largest eigenvalues of any arbitrary matrix A.

In addition, let ‖G‖ = {%max(G>G)}1/2 be the L2 (i.e., spectral) norm,

‖G‖F = {tr(G>G)}1/2 be the Frobenius norm, and ‖G‖R = maxi
∑

j |Gij|

be the maximum absolute row-sum norm for any generic matrix G = (Gij).

For any candidate model S ⊆ {1, · · · , d}, let |S| be the size of S.
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(C1) Assume that εt = (ε1t, · · · , εnt)> ∈ Rn is independent and identically

generated with mean 0 and covariance matrix σ2
0In for t = 1, · · · , T ,

and assume that ε1t, · · · , εnt are independent and identically random

variables satisfying supψ≥1 ψ
−1/2{E(|εit|ψ)}1/ψ < ∞ for i = 1, · · · , n

and t = 1, · · · , T .

(C2) The parameter space of regression coefficients is Λ =
{
λ = (λ1, · · · , λd)> :∑d

k=1 |λk| < 1 − ς, for some ς ∈ (0, 1)
}

, and the true parameter is

λ0 ∈ Λ.

(C3) For similarity matrices in
{
W

(t)
k ∈ Rn×n : k = 1, · · · , d

}
and λ in a

small neighborhood of λ0, there exists Cw > 0 such that supt≤T,n≥1(‖W (t)
k ‖R+

‖W (t)>
k ‖R + ‖∆−1

t (λ)‖R + ‖{∆>t (λ)}−1‖R) ≤ Cw <∞.

(C4) Assume that InT (θ0) → I(θ0) in Frobenius norm and JnT (θ0) →

J (θ0) in L2 norm as nT → ∞, where InT (θ0) = −(nT )−1E(∂
2`(θ0)
∂θ∂θ>

),

JnT (θ0) = (nT )−1Var(∂`(θ0)
∂θ

), and I(θ0) and J (θ0) are positive defi-

nite matrices. In addition, assume that, for θ in a small neighborhood

of θ0, there exist two finite positive constants cmin,1 and cmin,2 such

that 0 < cmin,1 < %min(I(θ)) ≤ %max(I(θ)) = O(d) and 0 < cmin,2 <

%min(J (θ)) ≤ %max(J (θ)) = O(d).

(C5) Assume that d = o{(nT )1/4} as nT →∞, and |ST | is finite.
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(C6) Assume that mink∈ST |λ0k|
√
nT/ log(nT )→∞ as nT →∞.

(C7) There exist finite positive constants cmin,3, cmax,3, δ and q such that,

for sufficiently large nT ,

cmin,3 < %min

(
1

nT

∂`(θ̃S)

∂θS∂θ>S

)
≤ %max

(
1

nT

∂`(θ̃S)

∂θS∂θ>S

)
< cmax,3,

where S and θ̃S satisfy |S| ≤ q for q > |ST | and ‖θ̃S − θ0S‖ ≤ δ.

The above conditions are mild and sensible. Condition (C1) is a mo-

ment condition, which is much weaker than commonly used distribution

assumptions; see, for example, the normal assumption in Zhou et al. (2017).

Condition (C2) specifies the parameter space of regression coefficients. A

similar condition can be found in Gupta and Robinson (2018). Condition

(C3) has been carefully studied in Lee (2004) and Gupta and Robinson

(2018). Condition (C4) is used for showing the asymptotic normality of

QMLE and it is a sufficient condition for local identification. A similar

condition can be found in Gupta and Robinson (2015). Under this condi-

tion, the quasi-loglikelihood function is strictly concave near θ0 and a local

maximizer exists. Condition (C5) addresses the order of d and the number

of non-zero elements in λ0. The order condition of d allows the number of

weight matrices to diverge to infinity. Condition (C6) is a minimum sig-

nal assumption placed on the non-zero coefficients. Thus, if some of the
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nonzero coefficients converge to zero too fast, they cannot be consistently

identified. Similar conditions have been commonly used in extant literature

such as Fan and Li (2001) and Chen and Chen (2012). Condition (C7) is

used for showing the asymptotic property of EBIC. A similar condition can

be found in Chen and Chen (2012).

To prove the theorems, we next introduce the following four useful

lemmas. Since Lemma 1 below is directly modified from Theorem 1 of

Kelejian and Prucha (2001) and Lemma 2 is modified from Proposition A.1

of Chen, Zhang and Zhong (2010), we only present the proofs of Lemmas 3

and 4 in Section S2 of this supplementary material. It is worth mentioning

that Lemma 4 is a general result for a combination of quadratic forms of

random errors, and it plays a critical role for obtaining the asymptotic

variance of Tql (i.e., σ2
ql) and proving the result of Theorem 4.

Lemma 1. Let E = (ε1, · · · , εm)>, where ε1, · · · , εm are independent and

identically distributed random variables with mean 0 and finite variance σ2.

Define

Qm = E>BE − σ2tr(B),

where B = (bij)m×m ∈ Rm×m. Suppose the following assumptions are satis-

fied:

(1) for i, j = 1, · · · ,m, bij = bji;
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(2) ‖B‖R <∞;

(3) there exists some η > 0 such that E|εi|4+η <∞.

Then, we have E(Qm) = 0 and

σ2
Qm := Var(Qm) = 4σ4

m∑
i=1

i−1∑
j=1

b2
ij +

m∑
i=1

[{
µ(4)σ4 − σ4

}
b2
ii

]
,

where µ(k) = E(εi/σ)k. Furthermore, suppose

(4) m−1σ2
Qm
≥ cq for some finite cq > 0.

Then, we obtain

σ−1
Qm
Qm

d−→ N(0, 1).

Lemma 2. Let V = (V1, · · · , Vm)> ∈ Rm be a random vector. Assume

that V1, · · · , Vm are independent and identically distributed with mean 0

and unit variance. Then, for any arbitrary symmetric matrices A1, A2,

A3 and A4 of bounded eigenvalues, we have (i) E{(V >A1V )2} = tr2(A1) +

2tr(A2
1) + ∆̄tr(A⊗2

1 ) with ∆̄ = E(V 4
i ) − 3, where A1 = (aj1j2) and A⊗2

1 =

(a2
j1j2

); (ii) E{(V >A1V )(V >A2V )} = tr(A1)tr(A2)+2tr(A1A2)+∆̄tr(A1⊗

A2); (iii) there exists finite positive constant C∗ such that E
[
{V >A1V −

tr(A1)}{V >A2V − tr(A2)}{V >A3V − tr(A3)}{V >A4V − tr(A4)}
]
≤ C∗m2.

Lemma 3. Under Conditions (C1)-(C5) in Section S1, as nT → ∞, we

obtain the following results.
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(i)

(nTd)−1/2D
∂`(θ0)

∂θ

d−→ N (0, G(θ0)) ,

where D is a M×(d+1) matrix satisfying ‖D‖ <∞ and d−1DJ (θ0)D> →

G(θ0), M <∞, and G(θ0) is a positive definite matrix.

(ii) For any ν > 0,

P

(
1√
nT

∣∣∂`(θ0)

∂θk

∣∣ > ν

)
≤ 2 exp

{
−min

(
τ1νσ

2
0

‖Uk‖/
√
nT

,
τ2σ

4
0ν

2

‖Uk‖2
F/nT

)}
,

for k = 1, · · · , d+ 1. τ1 and τ2 are two finite positive constants.

(iii) ∥∥∥∥(nT )−1∂
2`(θ0)

∂θ∂θ>
+ I(θ0)

∥∥∥∥
F

= op(1).

To state the following lemma, let εt = (ε1t, · · · , εnt)> ∈ Rn be inde-

pendent and identically distributed random variables with mean 0 and

covariance matrix In for t = 1, · · · , T . In addition, let ∆̄ = E(ε4it) −

3 and W = (wkl) ∈ Rd∗×d∗ be a positive definite matrix, and assume

that Utk and Vtk are symmetric matrices satisfying maxk supt ‖Utk‖ < ∞

and maxk supt ‖Vtk‖ < ∞. Moreover, define ZnT = (nT )−1
∑

t(ε
>
t εt)

2 +

n−1T−2
∑

t1,t2

∑d∗

k,l wkl{ε>t1Ut1kεt1 − tr(Ut1k)}ε
>
t2
Vt2lεt2 and TnT = ZnT − (n+

2 + ∆̄).

Lemma 4. Let σ2
nT = (8 + 4∆̄)c+n−2T−4

∑
t1 6=t2 6=t3

∑
k1,l1

∑
k2,l2

wk1l1wk2l2

{2tr(Ut1k1Ut1k2)+∆̄tr(Ut1k1⊗Ut1k2)}tr(Vt2l1)tr(Vt3l2)+(8+4∆̄)n−1T−3
∑

t1 6=t2
∑

k,l wkl
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tr(Ut1k)tr(Vt2l). Assume that there is a finite positive constant cσ such that

σnT > cσ. Under the null hypothesis of H0 and Conditions (C1)-(C5) in

Section S1, we then have that, as nT → ∞ and n/T → c for some finite

constant c > 0,

TnT/σnT →d N(0, 1).

S2 Proofs of Lemmas 3–4

Proof of Lemma 3: To show part (i) in the above lemma, we define

ε = (ε>1 , · · · , ε>T )> ∈ RnT . After simple calculation, we obtain that

∂`(θ0)

∂θ
=
( 1

σ2
0

ε>U1ε− tr(U1), · · · , 1

σ2
0

ε>Udε− tr(Ud),
1

2σ4
0

ε>ε− nT

2σ2
0

)
,

where Uk for k = 1, · · · , d is defined below Theorem 1. Denote Ud+1 =

1
2σ2

0
InT . By Cramér’s theorem, it suffices to show that d−1/2c>D ∂`(θ0)

∂θ
is

asymptotic normal for any finite vector c = (c1, · · · , cM)> ∈ RM . De-

fine Uc = d−1/2
∑d+1

k=1(
∑M

m=1 cmDmk)Uk with D = (Dmk), then we have

d−1/2c>D ∂`(θ0)
∂θ

= (σ2
0)−1

{
ε>Ucε− σ2

0tr(Uc)
}

. By Lemma 1, we only need to

verify that Uc satisfies Assumptions (1)–(4) listed in Lemma 1. Using the

fact that Uk is symmetric for any k = 1, · · · , d, Assumption (1) is satisfied.

By Conditions (C2) and (C3), we have that ‖Uk‖R ≤ supt ‖W
(t)
k ∆t(λ0)‖R ≤
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supt ‖W
(t)
k ‖R‖∆t(λ0)‖R <∞. This implies that

‖Uc‖R ≤
d+1∑
k=1

d−1/2

M∑
m=1

|cmDmk|‖Uk‖R ≤ cu,1d
−1/2

d+1∑
k=1

M∑
m=1

|Dmk| ≤ cu,2‖D‖ <∞

for two finite positive constants cu,1 and cu,2. Thus, Uc satisfies Assump-

tion (2). By Condition (C1), Assumption (3) holds. In addition, since

(nT )−1var(d−1/2c>D ∂`(θ0)
∂θ

) = d−1c>DJnT (θ0)D>c > 2−1c>G(θ0)c > cg for

some positive constant cg with probability approaching 1, Assumption (4)

holds, which completes the first part of the proof.

We next very part (ii). Note that P
(

(nT )−1/2|∂`(θ0)
∂θk
| > ν

)
= P

{
(nT )−1/2

|ε>Ukε/σ2
0 − tr(Uk)| > ν

}
. By Condition (C1) and the Hanson-Wright in-

equality (Hanson and Wright (1971); Wright (1973)), we have

P
{

(nT )−1/2|ε>Ukε/σ2
0−tr(Uk)| > ν

}
≤ 2 exp

[
−min

(
τ1νσ

2
0

‖Uk‖/
√
nT

,
τ2σ

4
0ν

2

‖Uk‖2
F/nT

)]
,

which completes the second part of the proof.

We lastly prove (iii). By Condition (C4), it suffices to show that

‖(nT )−1 ∂
2`(θ0)
∂θ∂θ>

+ InT (θ0)‖F = op(1). After simple calculation, we have that

−(nT )−1∂
2`(θ0)

∂θ∂θ>
=

−(nT )−1 ∂
2`(θ0)
∂λ∂λ>

−(nT )−1 ∂
2`(θ0)
∂λ∂σ2

−(nT )−1 ∂
2`(θ0)
∂σ2∂λ

−(nT )−1 ∂
2`(θ0)
∂2σ2

 , where

−(nT )−1 ∂
2`(θ0)
∂2σ2 = 1

nTσ6
0
ε>ε− 1

2σ4
0
, −(nT )−1 ∂

2`(θ0)
∂λk∂σ2 = 1

nTσ4
0
ε>Ukε and−(nT )−1 ∂

2`(θ0)
∂λk∂λl

=

1
nTσ2

0
ε>UkUlε + (nT )−1tr(UkUl) for k = 1, · · · , d and l = 1, · · · , d. Note

that Var
(

1
nTσ6

0
ε>ε
)

= O((nT )−1). Accordingly, we only need to show that
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Var( 1
nTσ4

0
ε>Ukε) = O((nT )−1) and Var( 1

nTσ2
0
ε>UkUlε) = O((nT )−1) and they

are given below.

By Lemma 2 (i) and the fact that (nT )−1E
(
ε>Ukε

)
= (nT )−1σ2

0tr(Uk),

we have (nT )−2Var
(
ε>Ukε

)
= (nT )−2σ4

0{2tr(U2
k ) + (µ(4) − 3)tr(U⊗2

k )}. By

Condition (C3), we further have tr(U2
k ) = O(nT ) and tr(U⊗2

k ) ≤ tr(U2
k ) =

O(nT ). This leads to (nTσ4
0)−2Var

(
ε>Ukε

)
= O((nT )−1). Analogously, by

Conditions (C3) and Lemma 2 (i), we can show that Var( 1
nTσ2

0
ε>UkUlε) =

O((nT )−1).

Consequently, for any τ > 0, by Condition (C5) and employ Cheby-

shev’s inequality, we have

P

(∥∥∥(nT )−1∂
2`(θ0)

∂θ∂θ>
+ InT (θ0)

∥∥∥
F
> τ/d

)
≤ d2/τ 2

d+1∑
k=1

d+1∑
l=1

Var
{

(nT )−1∂
2`(θ0)

∂θk∂θl

}
≤ d2/τ 2

d+1∑
k=1

d+1∑
l=1

O
{

(nT )−1
}

= O
{
d4/(nTτ 2)

}
= o(1).

The above result, together with Condition (C4), leads to

∥∥∥(nT )−1∂
2`(θ0)

∂θ∂θ>
+I(θ0)

∥∥∥
F
≤
∥∥∥(nT )−1∂

2`(θ0)

∂θ∂θ>
+InT (θ0)

∥∥∥
F

+
∥∥∥I(θ0)−InT (θ0)

∥∥∥
F

= op(1),

which completes the proof of the lemma.

Proof of Lemma 4: Let ZnT = ZnT,1+ZnT,2, where ZnT,1 = (nT )−1
∑

t(ε
>
t εt)

2

and ZnT,2 = n−1T−2
∑

t1,t2

∑d∗

k,l wkl{ε>t1Ut1kεt1 − tr(Ut1k)}ε
>
t2
Vt2lεt2 . By Con-

dition (C4), after tedious calculations, we obtain that E(ZnT,1) = n+2+∆̄,
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E(ZnT,2) = o(1), Var(ZnT,1) = (8 + 4∆̄)c{1 + o(1)},

Var(ZnT,2) = n−2T−4
∑

t1 6=t2 6=t3

∑
k1,l1

∑
k2,l2

wk1l1wk2l2

×{2tr(Ut1k1Ut1k2) + ∆̄tr(Ut1k1⊗Ut1k2)}tr(Vt2l1)tr(Vt3l2){1 + o(1)}

and cov(ZnT,1, ZnT,2) = (4 + 2∆̄)n−1T−3
∑

t1 6=t2
∑

k,l wkltr(Ut1k)tr(Vt2l){1 +

o(1)}. Then, one can straightforwardly demonstrate that E(ZnT ) = n+2+

∆̄ + o(1). In addition, by the lemma assumption that σnT > cσ, we have

Var(ZnT ) > cσ/2.

We next define Fr = {εt, t ≤ r} to be the σ-field generated by {εt} for

t ≤ r. In addition, define TnT,r = (nT )−1
∑r

t=1(ε>t εt)
2+n−1T−2

∑
t1≤r,t2≤r

∑d∗

k,l wkl

{ε>t1Ut1kεt1 − tr(Ut1k)}ε>t2Vt2lεt2 − T−1(n + 2 + ∆̄)r. Obviously, we have

TnT,r ∈ Fr. Then, set ∆nT,r = TnT,r − TnT,r−1 with ∆nT,0 = 0. One

can easily verify that E(∆nT,r|Fq) = 0 and E(TnT,r|Fq) = TnT,q for any

q < r. This implies that, for an arbitrary fixed T , {∆nT,r, 0 ≤ r ≤ T}

is a martingale difference sequence with respect to {Fr, 0 ≤ r ≤ T} and

F0 = ∅. Accordingly, by the Martingale Central Limit Theorem (Hall and

Heyde (1980)), it suffices to show that

Var
( T∑
r=1

σ∗nT,r)→p 0, and
T∑
r=1

E(∆4
nT,r)→ 0, (S2.1)

where σ∗nT,r = E(∆2
nT,r|Fr−1). We next verify the above two parts separately

via the following two steps. Without loss of generality, we assume that
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wkk = 1 and wkl = 0 for any k 6= l to ease the calculation.

STEP I. We begin by showing the first term of (S2.1). After simple cal-

culation, we have ∆nT,r = (nT )−1(ε>r εr)
2−T−1(n+2+∆̄)+n−1T−2

∑
k

∑
t<r{

ε>t Utkεt−tr(Utk)}ε>r Vrkεr+n−1T−2
∑

k

∑
t<r{ε>r Urkεr−tr(Urk)}ε>t Vtkεt. Based

on the above three components of ∆nT,r, we further obtain σ∗nT,r = E(∆2
nT,r|Fr−1) =∑6

k=1 ΠnT,r(k), where

ΠnT,r(1) = (nT )−2E[{(ε>r εr)2 − n(n+ 2 + ∆̄)}2],

ΠnT,r(2) = n−2T−4

d∗∑
k1,k2

∑
t1<r

∑
t2<r

{tr(Vrk1)tr(Vrk2)+2tr(Vrk1Vrk2)+∆̄tr(Vrk1⊗Vrk2)}

×{ε>t1Ut1k1εt1 − tr(Ut1k1)}{ε
>
t2
Ut2k2εt2 − tr(Ut2k2)},

ΠnT,r(3) = n−2T−4

d∗∑
k1,k2

∑
t1<r

∑
t2<r

{2tr(Urk1Urk2)+∆̄tr(Urk1⊗Urk2)}ε>t1Vt1k1εt1ε
>
t2
Vt2k2εt2 ,

ΠnT,r(4) = n−1T−2
∑
k

∑
t<r

Qr(1)k{ε>t Utkεt − tr(Utk)},

ΠnT,r(5) = n−1T−2
∑
k

∑
t<r

Qr(2)kε
>
t Vtkεt

ΠnT,r(6) = n−2T−4
∑
k1,k2

∑
t1<r

∑
t2<r

{2tr(Urk1Vrk2)+∆̄tr(Urk1⊗Vrk2)}{ε>t1Ut1k1εt1−tr(Ut1k1)}

×ε>t2Vt2k2εt2 ,

where Qr(1)k = (nT )−1E[ε>r Vrkεr{(ε>r εr)2 − n(n + 2 + ∆̄)}] and Qr(2)k =

(nT )−1E[{ε>r Urkεr−tr(Ur)}{(ε>r εr)2−n(n+2+∆̄)}]. Accordingly, to prove

the first term of (S2.1), it suffices to show that (d∗)−4Var{
∑T

r=1 ΠnT,r(k)} →
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0 for k = 1, · · · , 6. It is worth noting that Var{
∑T

r=1 ΠnT,r(1)} = 0. Hence,

we only need to verify five of them.

We first consider ΠnT,r(2), and decompose it into two terms ΠnT,r(2) ,

Π
(1)
nT,r(2) + Π

(2)
nT,r(2), where

Π
(1)
nT,r(2) = n−2T−4

∑
k1,k2

∑
t1 6=t2<r

{tr(Vrk1)tr(Vrk2)+2tr(Vrk1Vrk2)+∆̄tr(Vrk1⊗Vrk2)}

×{ε>t1Ut1k1εt1 − tr(Ut1k1)}{ε
>
t2
Ut2k2εt2 − tr(Ut2k2)}

and Π
(2)
nT,r(2) = n−2T−4

∑
k1,k2

∑
t<r

{tr(Vrk1)tr(Vrk2)+2tr(Vrk1Vrk2)+∆̄tr(Vrk1⊗Vrk2)}

×{ε>t Utk1εt − tr(Utk1)}{ε>t Utk2εt − tr(Utk2)}.

Using the fact that E(Π
(1)
nT,r(2)) = 0, we can have

Var
( T∑
r=1

Π
(1)
nT,r(2)

)
= E

( T∑
r=1

Π
(1)
nT,r(1)

)2

= n−4T−8
∑

k1,k2,k3,k4

T∑
r1=1

T∑
r2=1

∑
t1 6=t2<r1

∑
t3 6=t4<r2

{tr(Vr1k1)tr(Vr1k2)+2tr(Vr1k1Vr1k2)

+∆̄tr(Vr1k1⊗Vr1k2)}×{tr(Vr2k3)tr(Vr2k4)+2tr(Vr2k3Vr2k4)+∆̄tr(Vr2k3⊗Vr2k4)}

×E
[
{ε>t1Ut1k1εt1 − tr(Ut1k1)}{ε

>
t2
Ut2k2εt2 − tr(Ut2k2)}{ε>t3Ut3k3εt3 − tr(Ut3k3)}

×{ε>t4Ut4k4εt4 − tr(Ut4k4)}
]

= n−4T−8
∑

k1,k2,k3,k4

T∑
r1=1

T∑
r2=1

∑
t1 6=t2<max{r1,r2}

{tr(Vr1k1)tr(Vr1k2)+2tr(Vr1k1Vr1k2)

+∆̄tr(Vr1k1⊗Vr1k2)}×{tr(Vr2k3)tr(Vr2k4)+2tr(Vr2k3Vr2k4)+∆̄tr(Vr2k3⊗Vr2k4)}

×E
[
{ε>t1Ut1k1εt1 − tr(Ut1k1)}{ε

>
t1
Ut1k3εt1 − tr(Ut1k3)}

]
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×E
[
{ε>t2Ut2k2εt2 − tr(Ut2k2)}{ε

>
t2
Ut2k4εt2 − tr(Ut2k4)}

]
+n−4T−8

∑
k1,k2,k3,k4

T∑
r1=1

T∑
r2=1

∑
t1 6=t2<max{r1,r2}

{tr(Vr1k1)tr(Vr1k2) + 2tr(Vr1k1Vr1k2)

+∆̄tr(Vr1k1⊗Vr1k2)}×{tr(Vr2k3)tr(Vr2k4)+2tr(Vr2k3Vr2k4)+∆̄tr(Vr2k3⊗Vr2k4)}

×E
[
{ε>t1Ut1k1εt1 − tr(Ut1k1)}{ε

>
t1
Ut1k4εt1 − tr(Ut1k4)}

]
×E
[
{ε>t2Ut2k2εt2 − tr(Ut2k2)}{ε

>
t2
Ut2k3εt2 − tr(Ut2k3)}

]
= n−4T−8 ×O{(d∗)4} × T 4 ×O(n4)×O(n2) = O{(d∗)4n2T−4} = o(1),

where the last equality follows from the lemma’s assumption that n/T → c

for some finite positive constant c and Condition (C5). In addition,

Var
( T∑
r=1

Π
(2)
nT,r(2)

)
= n−4T−8Var

[∑
k1,k2

∑
r

∑
t<r

{tr(Vrk1)tr(Vrk2)+2tr(Vrk1Vrk2)

+∆̄tr(Vrk1 ⊗ Vrk2)} × {ε>t Utk1εt − tr(Utk1)}{ε>t Utk2εt − tr(Utk2)}
]

≤ n−4T−8 × (d∗)2T 2
∑
k1,k2

∑
r

∑
t<r

Var
[
{tr(Vrk1)tr(Vrk2) + 2tr(Vrk1Vrk2)

+∆̄tr(Vrk1 ⊗ Vrk2)} × {ε>t Utk1εt − tr(Utk1)}{ε>t Utk2εt − tr(Utk2)}
]
.

By Lemma 2 (iii), we have Var
[
{ε>t Utk1εt−tr(Utk1)}{ε>t Utk2εt−tr(Utk2)}

]
=

O(n2) uniformly for any k1 and k2. As a result, Var
(∑T

r=1 Π
(2)
nT,r(1)

)
=

n−4T−8 × (d∗)4 × T 2 × T 2 × O(n4)O(n2) = O{(d∗)4n2T−4} = o(1). This,

together with the above result, implies that Var{
∑T

r=1 ΠnT,r(2)} → 0.

We next consider ΠnT,r(3), and analogously decompose ΠnT,r(3) into two

parts ΠnT,r(3) = Π
(1)
nT,r(3)+Π

(2)
nT,r(3), where Π

(1)
nT,r(3) = n−2T−4

∑
k1,k2

∑
t1 6=t2<r{2tr(Urk1Urk2)+
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∆̄tr(Urk1⊗Urk2)}ε>t1Vt1k1εt1ε
>
t2
Vt2k2εt2 and Π

(2)
nT,r(3) = n−2T−4

∑
k1,k2
{2tr(Urk1Urk2)+

∆̄tr(Urk1 ⊗ Urk2)}ε>t Vtk1εtε>t Vtk2εt. Note that

Var
( T∑
r=1

Π
(1)
nT,r(3)

)
= n−4T−8Var

[∑
k1,k2

∑
r

∑
t1 6=t2<r

{2tr(Urk1Urk2)+∆̄tr(Urk1⊗Urk2)}

×ε>t1Vt1k1εt1ε
>
t2
Vt2k2εt2

]
≤ n−4T−8×(d∗)2T 3

∑
k1,k2

∑
r

∑
t1 6=t2<r

{2tr(Urk1Urk2)+∆̄tr(Urk1⊗Urk2)}2Var
(
ε>t1Vt1k1εt1ε

>
t2
Vt2k2εt2

)
.

By Var
(
ε>t1Vt1k1εt1ε

>
t2
Vt2k2εt2

)
= Var

(
ε>t1Vt1k1εt1

)
Var
(
ε>t2Vt2k2εt2

)
= O(n) ×

O(n) = O(n2), we further have Var
(∑T

r=1 Π
(1)
nT,r(3)

)
≤ n−4T−8(d∗)4 × T 3 ×

T 3 ×O(n2)O(n2) = O{(d∗)4T−2} = o(1).

By Lemma 2 (iii), we obtain that Var(ε>t Vtk1εtε
>
t Vtk2εt) ≤ E{(ε>t Vtk1εt)2(ε>t Vtk2εt)

2} =

O(n4). Then using Condition (C5), we can have

Var
( T∑
r=1

Π
(2)
nT,r(3)

)
≤ n−4T−8×(d∗)2T 2

∑
k1,k2

∑
r

∑
t<r

{2tr(Urk1Urk2)+∆̄tr(Urk1⊗Urk2)}2

×Var(ε>t Vtk1εtε
>
t Vtk2εt) = n−4T−8×(d∗)4×T 2×T 2×O(n2)O(n4) = O{(d∗)4n2T−4} = o(1)

This, in conjunction with the above result, leads to Var{
∑T

r=1 ΠnT,r(3)} → 0.

Applying techniques similar to those used in the above proofs, one can

verify that Var{
∑T

r=1 ΠnT,r(6)} → 0. Finally, using the results of Bao and

Ullah (2010), we can obtain Qr(1)k ≤ (nT )−1E{(ε>r εt)3} = O(nT−1) = O(1)

and Qr(2)k = O(1) uniformly for any k, one can also employ techniques simi-

lar to those used in the above proofs to demonstrate that Var{
∑T

r=1 ΠnT,r(4)} →
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0 and Var{
∑T

r=1 ΠnT,r(5)} → 0. Consequently, we have completed the proof

of the first term of (S2.1).

STEP II. To verify the second term of (S2.1), denote ∆nT,r , ∆nT,r(1)+

∆nT,r(2) + ∆nT,r(3), where ∆nT,r(1) = (nT )−1(ε>r εr)
2 − T−1(n + 2 + ∆̄),

∆nT,r(2) = n−1T−2
∑

k

∑
t<r{ε>t Utkεt−tr(Utk)}ε>r Vrkεr, and ∆nT,r(3) = n−1T−2

∑
k

∑
t<r{ε>r Urkεr − tr(Urk)}ε>t Vtkεt. Accordingly, it suffices to show that,

for k = 1, 2 and 3,
∑T

r=1E(∆4
nT,r(k))→ 0.

We first consider k = 1. Note that E
{

(ε>r εr)
2−n(n+2+∆̄)

}4
= O(n6)

by the results of Bao and Ullah (2010). This, together with the lemma’s

assumption that n/T → c for some finite positive constant c, implies that∑T
r=1E(∆4

nT,r(1)) = (nT )−4
∑T

r=1E
{

(ε>r εr)
2−n(n+ 2 + ∆̄)

}4
= (nT )−4T ×

O(n6) = o(1).

We next consider k = 2. After algebraic simplification, we have that∑T
r=1 E(∆4

nT,r(2)) = n−4T−8
∑

k1,k2,k3,k4

∑T
r=1

∑
t1<r

∑
t2<r

∑
t3<r

∑
t4<r

E
[

{ε>t1Ut1k1εt1−tr(Ut1k1)}{ε
>
t2
Ut2k2εt2−tr(Ut2k2)}{ε>t3Ut3k3εt3−tr(Ut3k3)}{ε

>
t4
Ut4k4εt4

−tr(Ut4k4)}
]
E
[
(ε>r Vrk1εr)(ε

>
r Vrk2εr)(ε

>
r Vrk3εr)(ε

>
r Vrk4εr)

]
. Under the assump-

tion that supt ‖Vt‖ <∞, we obtainE
[
(ε>r Vrk1εr)(ε

>
r Vrk2εr)(ε

>
r Vrk3εr)(ε

>
r Vrk4εr)

]
=

O(n4), which immediately leads to

T∑
r=1

E(∆4
nT,r(2)) = T−8

∑
k1,k2,k3,k4

T∑
r=1

∑
t1<r

∑
t2<r

∑
t3<r

∑
t4<r

E
[
{ε>t1Ut1k1εt1−tr(Ut1k1)}

×{ε>t2Ut2k2εt2−tr(Ut2k2)}{ε
>
t3
Ut3k3εt3−tr(Ut3k3)}{ε>t4Ut4k4εt4−tr(Ut4k4)}

]
×O(1).
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Furthermore,

T−8
∑

k1,k2,k3,k4

T∑
t=1

∑
t1<r

∑
t2<r

∑
t3<r

∑
t4<r

E
[
{ε>t1Ut1k1εt1−tr(Ut1k1)}{ε

>
t2
Ut2k2εt2−tr(Ut2k2)}

×{ε>t3Ut3k3εt3 − tr(Ut3k3)}{ε
>
t4
Ut4k4εt4 − tr(Ut4k4)}

]
= T−8

∑
k1,k2,k3,k4

T∑
t=1

∑
t<r

E
[
{ε>t Utk1εt − tr(Utk1)}{ε>t Utk2εt − tr(Utk2)}

×{ε>t Utk3εt − tr(Utk3)}{ε>t Utk4εt − tr(Utk4)}
]

+T−8
∑

k1,k2,k3,k4

T∑
t=1

∑
t1<r,t2<r,t1 6=t2

E
[
{ε>t1Ut1k1εt1−tr(Ut1k1)}{ε

>
t1
Ut1k2εt1−tr(Ut1k2)}

]
×E
[
{ε>t2Ut2k3εt2 − tr(Ut2k3)}{ε

>
t2
Ut2k4εt2 − tr(Ut2k4)}

]
+T−8

∑
k1,k2,k3,k4

T∑
t=1

∑
t1<r,t2<r,t1 6=t2

E
[
{ε>t1Ut1k1εt1−tr(Ut1k1)}{ε

>
t1
Ut1k2εt1−tr(Ut1k2)}

]
×E
[
{ε>t2Ut2k3εt2 − tr(Ut2k3)}{ε

>
t2
Ut2k4εt2 − tr(Ut2k4)}

]
+T−8

∑
k1,k2,k3,k4

T∑
t=1

∑
t1<r,t2<r,t1 6=t2

E
[
{ε>t1Ut1k1εt1−tr(Ut1k1)}{ε

>
t1
Ut1k2εt1−tr(Ut1k2)}

]
×E
[
{ε>t2Ut2k3εt2 − tr(Ut2k3)}{ε

>
t2
Ut2k4εt2 − tr(Ut2k4)}

]
, Π1 + Π2 + Π3 + Π4.

By Lemma 2 (iii), we haveE
[
{ε>t Utk1εt−tr(Utk1)}{ε>t Utk2εt−tr(Utk2)}{ε>t Utk3εt−

tr(Utk3)}{ε>t Utk4εt − tr(Utk4)}
]

= O(n2). Thus, Π1 = T−8 × T (T − 1) ×

O(n2)×(d∗)4 = o(1). By Lemma 2 (ii), we haveE
[
{ε>t1Ut1k1εt1−tr(Ut1k1)}{ε

>
t1
Ut1k2εt1−

tr(Ut1k2)}
]

= O(n). As a result, Π2 = T−8 × T (T − 1)2 × O(n2) ×

(d∗)2 = o(1). This, in conjunction with the above results, implies that∑T
r=1E(∆4

nT,r(2))→ 0. Analogously, we can demonstrate that
∑T

r=1 E(∆4
nT,r(3))→

0, which completes the entire proof.
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S3 Proofs of Theorems 1–4

Proof of Theorem 1: To prove this theorem, we take the following two

steps: (i) showing that θ̂ is (nT/d)1/2-consistent; (ii) verifying that θ̂ is

asymptotically normal.

Step I. To show the consistency, it suffices to follow the technique of

Fan and Li (2001) to demonstrate that, for an arbitrarily small positive

constant ξ > 0, there exists a constant Cξ > 0 such that

P

{
sup

u∈Rd+1:‖u‖=Cξ
`{θ0 + (nT/d)−1/2u} < `(θ0)

}
≥ 1− ξ (S3.2)

for nT sufficiently large. To this end, we employ a Taylor series expansion

and obtain that

sup
u∈Rd+1:‖u‖=Cξ

`
(
θ0 + (nT/d)−1/2u

)
− `(θ0)

= sup
u∈Rd+1:‖u‖=Cξ

[
1

(nT/d)1/2
u>
∂`(θ0)

∂θ
− d

2nT
u>
{
−∂

2`(θ0)

∂θ∂θ>

}
u+Rn(u)

]
,

where Rn(u) is a negligible term that satisfies Rn(u) = op(d). According to

Lemma 3 (i) and Condition (C4), we have (nT/d)−1/2u> ∂`(θ0)
∂θ

= dCξOp(1)

and

− d

2nT
u>
{
− ∂2`(θ0)

∂θ∂θ>

}
u = −1

2
du>I(θ0)u+ op(d) ≤ −1

2
dcmin,1C

2
ξ .
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Note that dCξOp(1) − 1
2
dcmin,1C

2
ξ is a quadratic function of Cξ. Hence, as

long as Cξ is sufficient large, we have

sup
u∈Rd+1:‖u‖=Cξ

[
`
{
θ0 + (nT/d)−1/2u

}
− `(θ0)

]
< 0, (S3.3)

with probability tending to 1, which demonstrates (S3.2). Based on the

result of (S3.3), there exists a local maximizer θ̂ such that ‖θ̂ − θ0‖ ≤

(nT/d)−1/2Cξ for nT sufficiently large. This, in conjunction with (S3.2),

implies

P
(
‖θ̂ − θ0‖ ≤ (nT/d)−1/2Cξ

)
≥ P

{
sup

u∈Rd+1:‖u‖=Cξ
`
(
θ0 + (nT/d)−1/2u

)
< `(θ0)

}
≥ 1−ξ.

As a result, (nT/d)1/2‖θ̂ − θ0‖ = Op(1), which completes the proof of Step

I.

Step II. By the result of STEP I and a Taylor series expansion, we

have that 0 = ∂`(θ̂)/∂θ = ∂`(θ0)/∂θ+ {∂2`(θ0)/∂θ∂θ>}(θ̂− θ0){1 + op(1)}.

Thus,

(nT/d)−1/2∂`(θ0)/∂θ = −(nT/d)1/2 1

nT
{∂2`(θ0)/∂θ∂θ>}(θ̂− θ0){1 + op(1)}.

By Lemma 3 (iii), we obtain∥∥∥(nT/d)1/2
( 1

nT

∂2`(θ0)

∂θ∂θ>
+I(θ0)

)
(θ̂−θ0)

∥∥∥ ≤ (nT/d)1/2
∥∥ 1

nT

∂2`(θ0)

∂θ∂θ>
+I(θ0)

∥∥∥∥θ̂−θ0

∥∥ = op(1).

Thus, we have

−(nT/d)1/2 1

nT

∂2`(θ0)

∂θ∂θ>
(θ̂ − θ0) = (nT/d)1/2I(θ0)(θ̂ − θ0) + op(1).



S3. PROOFS OF THEOREMS 1–4

This, together with Lemma 3 (i), implies

√
nT/dDI(θ0)(θ̂ − θ0)

d−→ N (0, G(θ0)) ,

which completes the entire proof.

Proof of Theorem 2: By definition, B̂t = λ̂1W
(t)
1 + · · · + λ̂dW

(t)
d . Thus,

B̂t − Bt = (λ̂1 − λ01)W
(t)
1 + · · · + (λ̂d − λ0d)W

(t)
d . By Theorem 1, we have

‖λ̂ − λ0‖ = Op{(nT/d)−1/2}. By the Triangle inequality and Condition

(C3), we obtain

‖B̂t −Bt‖ = ‖(λ̂1 − λ01)W
(t)
1 + · · ·+ (λ̂d − λ0d)W

(t)
d ‖

≤ |λ̂1 − λ01| × ‖W (t)
1 ‖+ · · ·+ |λ̂d − λ0d| × ‖W (t)

d ‖

≤ max
k
‖W (t)

k ‖ ×
d∑

k=1

|λ̂k − λ0k| ≤ Cw
√
d‖λ̂− λ0‖ = Op{d(nT )−1/2},

which completes the proof.

Proof of Theorem 3: To prove the theorem, we consider the following

two cases: (i) S is underfitted; (ii) S is overfitted.

CASE I: Underfitted models (i.e., S ∈ A1). In this case, we need

to prove P
{

minS∈A1 EBIC(S) ≤ EBIC(ST )
}
→ 0. Note that |S| − |ST | ≥
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−|ST | ≥ −q and `(θ̂ST ) ≥ `(θ0ST ). Then, we have

P
{

min
S∈A1

EBIC(S) ≤ EBIC(ST )
}

=P
{

min
S∈A1

`(θ̂S)− `(θ̂ST ) ≥ {log(nT ) + γ log(d)}(|S| − |ST |)/2
}

≤P
{

min
S∈A1

`(θ̂S)− `(θ̂ST ) ≥ −q/2(log(nT ) + γ log(d))
}

≤P
{

min
S∈A1

`(θ̂S)− `(θ0ST ) ≥ −q/2(log(nT ) + γ log(d))
}
.

Accordingly, it suffices to show P
{

minS∈A1 `(θ̂S)−`(θ0ST ) ≥ −q/2(log(nT )+

γ log(d))
}
→ 0.

For any S ∈ A1, let S̄ = S ∪ ST . We then consider those θ̃S̄ such that

‖θ̃S̄ − θ0S̄‖ = ρnT with ρnT → 0 and ρnT
√
nT/ log(nT )→∞. By a Taylor

series expansion, we have

`(θ̃S̄)− `(θ0S̄) = (θ̃S̄ − θ0S̄)>
∂`(θ0S̄)

∂θS̄
− 1

2
(θ̃S̄ − θ0S̄)>

{
−

∂2`(θ̃∗S̄)

∂θ̃∗S̄∂θ̃
∗>
S̄

}
(θ̃S̄ − θ0S̄),

where θ̃∗S̄ lies between θ̃S̄ and θ0S̄ . By Condition (C7),

`(θ̃S̄)−`(θ0S̄) ≤ (θ̃S̄−θ0S̄)>
∂`(θ0S̄)

∂θS̄
−cmin,3

2
nT‖θ̃S̄−θ0S̄‖2 ≤ ρnT

∥∥∂`(θ0S̄)

∂θS̄

∥∥−cmin,3

2
nTρ2

nT .

We next prove that supS̄ ‖∂`(θ0S̄)/∂θS̄‖ = Op

{√
nT log(nT )

}
. Accord-
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ing to Lemma 3 (ii), for sufficiently large constant cl,

P
(

sup
S̄

∥∥∂`(θ0S̄)

∂θS̄

∥∥ > cl
√
nT log(nT )

)
≤
∑
S̄

P
(∥∥∂`(θ0S̄)

∂θS̄

∥∥ > cl
√
nT log(nT )

)

≤
∑
S̄

|S̄|∑
k=1

P
(∣∣∂`(θ0S̄)

∂θS̄,k

∣∣ > cl

√
nT log(nT )/|S̄|

)

≤
∑
S̄

|S̄|∑
k=1

2 exp

[
−min

(τ1clσ
2
0

√
log(nT )/|S̄|

‖Uk‖/
√
nT

,
τ2c

2
l σ

4
0 log(nT )/|S̄|
‖Uk‖2

F/nT

)]
.

(S3.4)

By Conditions (C2) and (C3), we have ‖Uk‖ = supt ‖W
(t)
k ∆−1

t (λ0S̄)‖ ≤

supt ‖W
(t)
k ‖‖∆

−1
t (λ0S̄)‖ < ∞ and ‖Uk‖2

F = O(nT ) uniformly for any k ≤

|S̄|. Hence,

τ1clσ
2
0

√
log(nT )/|S̄|

‖Uk‖/
√
nT

= O
{√

nT log(nT )
}
>
τ2c

2
l σ

4
0 log(nT )/|S̄|
‖Uk‖2

F/nT
= O{log(nT )}.

Accordingly, for sufficiently large constants cl and cL, we have

P

(
sup
S̄

∥∥∂`(θ0S̄)

∂θS̄

∥∥ > cl
√
nT log(nT )

)
≤ 2q exp

{
−cL log(nT )+q log(d)

}
→ 0,

which immediately leads to supS̄ ‖∂`(θ0S̄)/∂θS̄‖ = Op

{√
nT log(nT )

}
.

Using the above result, we obtain that, for ‖θ̃S̄ − θ0S̄‖ = ρnT ,

`(θ̃S̄)− `(θ0S̄) ≤ ρnT

{
cl
√
nT log(nT )− cmin,3

2
ρnTnT

}
uniformly over S̄ and θ̃S̄ with probability tending to 1. Since ρnT

√
nT/ log(nT )→

∞, we have
√
nT log(nT ) = o(ρnTnT ). Then `(θ̃S̄) − `(θ0S̄) ≤ −c′lρ2

nTnT ,
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where c
′

l is a positive constant. In addition, the concavity of `(·) in a neigh-

borhood of θ0S̄ implies that

sup
{
`(θ̃S̄)−`(θ0S̄) : ‖θ̃S̄−θ0S̄‖ ≥ ρnT

}
≤ sup

{
`(θ̃S̄)−`(θ0S̄) : ‖θ̃S̄−θ0S̄‖ = ρnT

}
≤ −c′lρ2

nTnT

with probability approaching 1. Let θ̆S̄ be θ̂S augmented with zeros cor-

responding to the elements in S̄/S, and let ρnT = mink∈ST |λ0k|. It can

be shown that ‖θ̆S̄ − θ̂S‖ ≥ ρnT . Therefore, `(θ̂S) − `(θ0ST ) ≤ −c′lρ2
nTnT

uniformly over S ∈ A1. Since ρnT
√
nT/ log(nT ) → ∞ and −c′lρ2

nTnT <

−q/2
{

log(nT )+γ log(d)
}

for large nT . The above results imply P
{

minS∈A1 `(θ̂S)−

`(θ0ST ) ≥ −q/2(log(nT ) + γ log(d))
}
→ 0, which completes the first part of

the proof.

CASE II: Overfitted models (i.e., S ∈ A0,S 6= ST ). For any

S ∈ A0, let m = |S| − |ST |. By definition, EBIC(S) ≤ EBIC(ST ) if and

only if `(θ̂S)−`(θ̂ST ) ≥ m/2
{

log(nT )+γ log(d)
}

. For sufficiently large nT ,

`(θ̂S)− `(θ̂ST ) ≤ `(θ̂S)− `(θ0S) = (θ̂S − θ0S)>
∂`(θ0S)

∂θS

− 1

2
(θ̂S − θ0S)>

(
− ∂2`(θ∗S)

∂θ∗S∂θ
∗>
S

)
(θ̂S − θ0S),

where θ∗S lies between θ̂S and θ0S . Define H(θ∗S) = − 1
nT

∂2`(θ∗S)

∂θ∗S∂θ
∗>
S

. By Condi-

tion (C7), we have

`(θ̂S)− `(θ0ST ) =
1

2nT

∂`>(θ0S)

∂θS
(H(θ∗S))−1∂`(θ0S)

∂θS
≤ 1

2nTcmin,3

‖∂`(θ0S)

∂θS
‖2.
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Then, employing similar techniques to those used for obtaining (A.4) in the

proof of CASE I, we have

P

{
1

2nTcmin,3

sup
S∈A0,S6=ST

‖∂`(θ0S)

∂θS
‖2 ≥ m/2

(
log(nT ) + γ log(d)

)}

≤
∑
S

|S|∑
k=1

2 exp

[
−τ2cmin,3mσ

4
0(log(nT ) + γ log(d))/|S|
‖Uk‖2

F/nT

]
.

Since ‖Uk‖2
F/nT ≤ ‖Uk‖2 ≤

(
supt≤T supn≥1 ‖W

(t)
k ‖‖∆−1(λ0)‖

)2 ≤ C2
w, we

further have that

2 exp
[
−τ2cmin,3mσ

4
0(log(nT ) + γ log(d))/(|S|‖Uk‖2

F/nT )
]

≤2 exp
[
−τ2cmin,3mσ

4
0(log(nT ) + γ log(d))/qC2

w

]
.

The above results imply that

P
{ 1

2nTcmin,3

sup
S∈A0,S6=ST

‖∂`(θ0S)

∂θS
‖2 ≥ m/2

(
log(nT ) + γ log(d)

)}
≤ 2q exp

[
−τ2cmin,3mσ

4
0(log(nT ) + γ log(d))/qC2

w +m log(d)
]

≤ 2q exp
[
−τ2cmin,3mσ

4
0/(qC

2
w){4 + γ − qC2

w/(τ2cmin,3σ
4
0)} log(d)

]
→ 0

for γ > qC2
w/(τ2cmin,3σ

4
0)− 4. Accordingly, we have

P
{

EBIC(S) ≤ EBIC(ST )
}

= P
{

sup
S∈A0,S6=ST

`(θ̂S)− `(θ̂ST ) ≥ m/2
{

log(nT ) + γ log(d)
}}

≤ P
{ 1

2nTcmin,3

sup
S∈A0,S6=ST

‖∂`(θ0S)

∂θS
‖2 ≥ m/2

(
log(nT ) + γ log(d)

)}
→ 0,

which completes the entire proof.
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Proof of Theorem 4: To prove the theorem, we decompose Tql into the

following three parts,

Tql = (nT )−1

T∑
t=1

tr(YtY
>
t Σ−1

t −In)2+2(nT )−1

T∑
t=1

tr
{

(YtY
>
t Σ−1

t −In)(YtY
>
t Σ̂−1

t −YtY >t Σ−1
t )
}

+(nT )−1

T∑
t=1

tr
{
YtY

>
t Σ̂−1

t − YtY >t Σ−1
t )
}2

, T
(1)
ql + 2T

(2)
ql + T

(3)
ql .

Then we consider the following three steps: (i) STEP I, showing that T
(3)
ql

is negligible; (ii) STEP II, showing that T
(2)
ql is of order Op(d) and then em-

ploying a Taylor series expansion to derive the leading term of T
(2)
ql as a com-

bination of quadratic forms of the random error εt, which directly connects

to the result of Lemma 4; (iii) STEP III, demonstrating the asymptotic

normality of Tql based on the results of Lemma 4.

STEP I: Note that T
(3)
ql = (nT )−1

∑T
t=1{Y >t (Σ̂−1

t −Σ−1
t )Yt}2 ≤ maxt ‖Σ̂−1

t −

Σ−1
t ‖2 × (nT )−1

∑T
t=1(Y >t Yt)

2. By Condition (C3), we obtain Y >t Yt =

ε>t {∆−1
t (λ0)}>∆−1

t (λ0)εt ≤ maxt ‖{∆−1
t (λ0)}>∆−1

t (λ0)‖ × ε>t εt = O(1) ×

ε>t εt = Op(n). Then (nT )−1
∑T

t=1(Y >t Yt)
2 = Op(n). In addition, Σ̂−1

t =

(σ̂2)−1∆>t (λ̂)∆t(λ̂) and Σ−1
t = (σ2

0)−1∆>t (λ0)∆t(λ0). Thus, Σ̂−1
t − Σ−1

t =

(σ2
0)−1

{
∆>t (λ̂)∆t(λ̂) − ∆>t (λ0)∆t(λ0)

}
+ {(σ̂2)−1 − (σ2

0)−1}∆>t (λ̂)∆t(λ̂) ,

∆11t + ∆12t. Note that ‖∆11t‖ = ‖(σ2
0)−1

{
∆>t (λ̂)∆t(λ̂) − ∆>t (λ̂)∆t(λ0) +

∆>t (λ̂)∆t(λ0) − ∆>t (λ0)∆t(λ0)
}
‖ ≤ (σ2

0)−1‖∆>t (λ̂)‖ × ‖∆t(λ̂) − ∆t(λ0)‖ +

(σ2
0)−1‖∆t(λ0)‖×‖∆t(λ̂)−∆t(λ0)‖ ≤ (σ2

0)−1(‖∆>t (λ)‖+‖∆t(λ̂)−∆t(λ0)‖)×
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‖∆t(λ̂) − ∆t(λ0)‖ + (σ2
0)−1‖∆t(λ0)‖ × ‖∆t(λ̂) − ∆t(λ0)‖. By Condition

(C3), we have maxt ‖∆>t (λ)‖ = O(1). Moreover, by the results of Theorem

2, maxt ‖∆t(λ̂)−∆t(λ0)‖ = Op{d(nT )−1/2}, which leads to maxt ‖∆11t‖ ≤

(σ2
0)−1 maxt(‖∆>t (λ)‖+‖∆t(λ̂)−∆t(λ0)‖)×‖∆t(λ̂)−∆t(λ0)‖+(σ2

0)−1 maxt ‖∆t(λ0)‖×

‖∆t(λ̂)−∆t(λ0)‖ = Op

{
‖∆t(λ̂)−∆t(λ0)‖

}
= Op{d(nT )−1/2}. Analogously,

we can show that maxt ∆12t = Op{d(nT )−1/2}. Combining the above re-

sults, we have maxt ‖Σ̂t − Σt‖ = Op{d(nT )−1/2}, which leads to T
(3)
ql ≤

maxt ‖Σ̂−1
t −Σ−1

t ‖2×(nT )−1
∑T

t=1(Y >t Yt)
2 = Op{d(nT )−1}×Op(n) = op(1).

The proof is complete.

STEP II: Note that T
(2)
ql = (nT )−1

∑T
t=1 Y

>
t (Σ̂−1

t − Σ−1
t )Yt{Y >t Σ−1

t Yt −

1}. In addition, Y >t Σ−1
t Yt = ε>t εt = nσ2

0{1 + op(1)} = Op(n). By the

theorem’s assumption that n/T → c > 0, we have Y >t (Σ̂−1
t − Σ−1

t )Yt ≤

%max(Σ̂−1
t −Σ−1

t )Y >t Yt = Op{d(nT )−1/2}×Op(n) = Op(dn
1/2T−1/2) = Op(d).

Accordingly, T
(2)
ql = Op(d), and it is non-negligible. Hence, we need to

evaluate the mean and variance of T
(2)
ql for the bias-correction. However,

T
(2)
ql involves the estimator λ̂, which does not have a closed form. As a result,

it is not plausible to obtain explicit formulas for E{T (2)
ql } and Var{T (2)

ql }.

Thus, we apply a Taylor series expansion with respect to θ̂ = (λ̂>, σ̂2)>

given below to obtain the leading term of T
(2)
ql .

Let T̃
(2)
ql = T−1

∑T
t=1 Y

>
t (Σ̂−1

t − Σ−1
t )Yt. We then obtain T

(2)
ql = T̃

(2)
ql +
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op(1). Thus, we only need to consider T̃
(2)
ql in the rest of proof. Define Σ−1

t ,

Σ−1
t (θ0) = (σ2

0)−1∆>t (λ0)∆t(λ0) and Σ̂−1
t , Σ−1

t (θ̂) = (σ̂2)−1∆>t (λ̂)∆t(λ̂).

By Theorem 1, we have θ̂ − θ0 = I−1(θ0)(nT )−1 ∂`(θ0)
∂θ
{1 + op(1)}. Further-

more, employing a Taylor series expansion, we have

T̃
(2)
ql = T−1

T∑
t=1

vec>{Σ−1
t (θ̂)− Σ−1

t (θ0)}vec(YtY
>
t )

= T−1

T∑
t=1

(θ̂ − θ0)>
∂vec>{Σ−1

t (θ0)}
∂θ

vec(YtY
>
t ) + op(1)

= n−1T−2

T∑
t=1

∂>`(θ0)

∂θ
I−1(θ0)Λ>t vec(YtY

>
t ) + op(1),

where Λt = ∂vec{Σ−1
t (θ0)}/∂θ = (∂vec{Σ−1

t (θ0)}/∂λ1, · · · , ∂vec{Σ−1
t (θ0)}/∂σ2) ∈

Rn2×(d+1). It is worth noting that

Λ>t vec(YtY
>
t ) = (Y >t Λ̃t1Yt, · · · , Y >t Λ̃t(d+1)Yt)

>

= (ε>t {∆−1
t (λ0)}>Λ̃t1∆−1

t (λ0)εt, · · · , ε>t {∆−1
t (λ0)}>Λ̃t(d+1)∆

−1
t (λ0)εt)

> ∈ Rd+1,

where Λ̃tk is the matrix form of ∂vec{Σ−1
t (θ0)}/∂θk for k = 1, · · · , d +

1. In addition, ∂`(θ0)
∂θ

=
∑T

t=1(ε>t Ut1εt/σ
2
0 − tr(Ut1), · · · , ε>t Ut(d+1)εt/σ

2
0 −

tr(Ut(d+1)))
>, where Utk = s{W (t)

k ∆−1
t (λ0)}, for k = 1, · · · , d, and Ut(d+1) =

In/(2σ
2
0). Accordingly,

T̃
(2)
ql = n−1T−2

T∑
t1=1

T∑
t2=1

(
ε>t1Ut11εt1/σ

2
0−tr(Ut11), · · · , ε>t1Ut1(d+1)εt1/σ

2
0−tr(Ut1(d+1))

)
×I−1(θ0)(ε>t2Vt21εt2 , · · · , ε>t2Vt2(d+1)εt2)

> + op(1),
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where Vtk = {∆−1
t (λ0)}>Λ̃tk∆

−1
t (λ0) for k = 1, · · · , d + 1. Consequently,

the leading term of T
(2)
ql is a combination of quadratic forms of the random

errors εt, which allows us to directly apply the results from Lemma 4 and

complete this part of the proof.

STEP III: Note that T
(1)
ql = (nT )−1

∑T
t=1 tr(εtε

>
t /σ

2
0−In)2 = (nT )−1

∑
t(ε
>
t εt/σ

2
0)2+

(nT )−1
∑

t(n−2ε>t εt/σ
2
0) , T

(11)
ql +T

(12)
ql . SinceE{T (12)

ql } = −1 and Var{T (12)
ql } =

(nT )−2
∑

t Var(ε>t εt/σ
2
0) = O{(nT )−1} = o(1), we obtain that T

(1)
ql = T

(11)
ql −

1 + op(1). This, together with the results from STEPs I–II, leads to

Tql = T
(11)
ql + 2T̃

(2)
ql − 1 + op(1) = (nT )−1

T∑
t=1

(ε>t εt/σ
2
0)2 − 1

+2n−1T−2

T∑
t1=1

T∑
t2=1

(
ε>t1Ut11εt1/σ

2
0−tr(Ut11), · · · , ε>t1Ut1(d+1)εt1/σ

2
0−tr(Ut1(d+1))

)
×I−1(θ0)(ε>t2Vt21εt2 , · · · , ε>t2Vt2(d+1)εt2)

> + op(1)

= (nT )−1

T∑
t=1

(ε>t εt/σ
2
0)2 − 1 + 2n−1T−2

T∑
t1=1

T∑
t2=1

d+1∑
k,l

I−1
kl (θ0){ε>t1Ut1kεt1/σ

2
0

−tr(Ut1k)}ε>t2Vt2lεt2 + op(1)

with I−1(θ0) = (I−1
kl (θ0)). One can further apply Condition (C3) to verify

that maxt maxk ‖Utk‖ < ∞ and maxt maxk ‖Vtk‖ < ∞. Moreover, I−1(θ0)

is a positive definite matrix with bounded upper eigenvalues by Condition

(C4). Finally, we apply Lemma 4 and demonstrate that Tql is asymptotic

normal, which completes the entire proof.
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S4 Additional Simulation Results

In this section, we consider five settings for additional simulation studies.

Setting I is used to study a larger weight matrices with d = 12. Settings II

and III introduce distributions with non-normal errors (i.e., exponential and

mixture normal) to demonstrate the robustness of our proposed methods.

Setting IV is designed to demonstrate the robustness of EBIC with different

choices of γ. Section V presents simulation results with more dense weight

matrices.

Setting I: Weight Matrices with d = 12. In addition to d = 2 and

6 presented in the paper, we consider weight matrices with d = 12. The

Monte Carlo settings are the same as those in Section 4 of the manuscript,

and the simulation results are summarized in Table S.9. We find that the

results yield similar patterns to those in Table 1 of the manuscript, which

indicates that our method is applicable for larger weight matrices.

Setting II: Exponential Errors. The simulation settings are the same as

those in Section 4 of the manuscript, except that the random error terms are

iid from an exponential distribution (exp(1) − 1). The simulation results

for assessing the finite sample performance of the QMLE estimates, the

EBIC criterion and the influence matrix test are presented in Tables S.2-

S.4, respectively. We find that the results yield similar patterns to those
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in Tables 1–3 of the manuscript, which demonstrate the robustness of the

parameter estimate, weight matrix selection and the test statistic against

non-normal errors.

Setting III: Mixture Normal Errors. The simulation settings are the

same as those in Section 4 of the manuscript, except that the random error

terms are iid from a mixture normal distribution (0.9N(0, 5/9)+0.1N(0, 5)).

The simulation results for assessing the finite sample performance of the

QMLE estimates, the EBIC criterion and the influence matrix test are given

in Tables S.5-S.7, respectively. The results show similar patterns to those

in Tables 1–3 of the manuscript, which further demonstrate the robustness

of our proposed methods.

Setting IV: EBIC with Different γs. The simulation settings are the

same as those in Section 4 of the manuscript. We consider three values

of γ to implement EBIC, i.e., γ = 0.5, 1 and 2. All simulation results are

summarized in Table S.8. This table shows that the model selection results

for different values of γ are comparable, which indicates that EBIC is robust

for different choices of γ.

Setting V: More Dense Weight Matrices. The simulation settings are

the same as those in Section 4 of the manuscript, except that the density of

A
(t)
k (i.e., the proportion of nonzero elements) is defined as 20/n for any k
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and t. The results are summarized in Table S.9, and they indicate that the

performance gets worse (i.e., standard error increases) as the density of the

weight matrices increases. This finding is expected, since Condition (C3)

requires that the maximum absolute row-sum and column norms of weight

matrices are bounded. Accordingly, (C3) is well satisfied if the weight

matrices are extremely sparse and may be violated if the weight matrices

are relatively dense.
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Table S.1: The bias and standard error of the parameter estimates when the true parameters are λk = 0.1 for k = 1, · · · , 12,

and the random errors are normally distributed. BIAS: the average bias; SE: the average of the estimated standard errors via

Theorem 1; SE∗: the standard error of parameter estimates calculated from 500 realizations.

n T λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8 λ9 λ10 λ11 λ12

25 25 BIAS -0.000 -0.006 0.001 -0.002 -0.005 -0.001 -0.001 0.004 -0.003 -0.001 -0.003 -0.004

SE 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052

SE∗ 0.055 0.050 0.053 0.053 0.048 0.055 0.053 0.051 0.054 0.053 0.056 0.053

25 50 BIAS -0.002 -0.004 -0.001 -0.000 -0.003 -0.003 0.002 -0.001 -0.001 -0.001 0.002 -0.002

SE 0.037 0.037 0.037 0.037 0.037 0.037 0.037 0.037 0.037 0.037 0.037 0.037

SE∗ 0.039 0.036 0.037 0.035 0.038 0.037 0.037 0.035 0.037 0.036 0.037 0.037

25 100 BIAS 0.000 0.001 -0.002 -0.002 -0.000 -0.001 -0.003 0.001 0.001 -0.001 0.001 -0.002

SE 0.026 0.026 0.027 0.026 0.026 0.026 0.026 0.026 0.026 0.027 0.026 0.027

SE∗ 0.027 0.026 0.026 0.026 0.027 0.027 0.025 0.028 0.027 0.026 0.026 0.027

50 25 BIAS -0.001 -0.004 0.001 -0.004 -0.002 0.001 -0.004 -0.000 -0.004 0.002 -0.003 -0.003

SE 0.032 0.032 0.032 0.032 0.032 0.032 0.032 0.032 0.032 0.032 0.032 0.032

SE∗ 0.032 0.033 0.032 0.032 0.033 0.035 0.031 0.033 0.034 0.032 0.033 0.031

50 50 BIAS 0.000 -0.002 -0.001 -0.001 -0.001 -0.002 -0.000 -0.001 -0.000 -0.001 -0.000 -0.001

SE 0.023 0.023 0.023 0.023 0.023 0.023 0.023 0.023 0.023 0.023 0.023 0.023

SE∗ 0.024 0.023 0.024 0.023 0.023 0.021 0.022 0.022 0.022 0.022 0.023 0.022

50 100 BIAS -0.001 0.001 -0.002 0.000 -0.001 -0.000 -0.001 -0.000 0.000 0.000 -0.002 0.000

SE 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016

SE∗ 0.016 0.017 0.016 0.016 0.016 0.016 0.017 0.016 0.016 0.016 0.017 0.016

100 25 BIAS 0.000 -0.000 -0.001 -0.001 -0.003 -0.002 0.001 -0.001 -0.001 -0.001 -0.001 -0.000

SE 0.021 0.021 0.021 0.021 0.021 0.021 0.021 0.021 0.021 0.021 0.021 0.021

SE∗ 0.022 0.021 0.022 0.022 0.022 0.021 0.020 0.022 0.022 0.021 0.021 0.021

100 50 BIAS -0.001 -0.000 -0.000 -0.001 -0.001 -0.001 -0.002 -0.000 -0.001 0.001 -0.001 -0.000

SE 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015

SE∗ 0.015 0.015 0.015 0.015 0.016 0.015 0.014 0.015 0.015 0.014 0.016 0.014

100 100 BIAS 0.000 -0.000 -0.000 -0.001 0.000 0.000 -0.000 0.000 -0.001 0.000 -0.000 0.000

SE 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011

SE∗ 0.011 0.011 0.010 0.011 0.011 0.010 0.011 0.010 0.011 0.011 0.010 0.010
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Table S.2: The bias and standard error of the parameter estimates when the true pa-

rameters are λk = 0.1 for k = 1, · · · , d, and the random errors follow a standardized

exponential distribution. BIAS: the average bias; SE: the average of the estimated stan-

dard errors via Theorem 1; SE∗: the standard error of parameter estimates calculated

from 500 realizations.

d = 2 d = 6

n T λ1 λ2 λ1 λ2 λ3 λ4 λ5 λ6

25 25 BIAS -0.001 -0.002 -0.004 -0.000 -0.011 0.001 0.003 -0.002

SE 0.055 0.055 0.055 0.055 0.055 0.055 0.055 0.055

SE∗ 0.059 0.058 0.054 0.053 0.063 0.061 0.053 0.053

25 50 BIAS 0.003 -0.000 -0.000 -0.001 -0.003 0.003 -0.004 -0.001

SE 0.039 0.039 0.039 0.039 0.039 0.039 0.039 0.039

SE∗ 0.035 0.037 0.040 0.035 0.041 0.038 0.037 0.035

25 100 BIAS 0.002 0.004 -0.002 0.001 0.001 -0.003 -0.003 0.001

SE 0.027 0.027 0.028 0.028 0.027 0.028 0.028 0.028

SE∗ 0.026 0.026 0.026 0.028 0.027 0.026 0.032 0.028

50 25 BIAS 0.000 0.002 -0.004 -0.006 0.003 0.006 -0.000 -0.005

SE 0.038 0.038 0.037 0.037 0.037 0.037 0.037 0.037

SE∗ 0.037 0.041 0.033 0.031 0.041 0.035 0.033 0.038

50 50 BIAS -0.001 0.001 0.001 -0.004 0.004 -0.005 -0.007 0.006

SE 0.027 0.027 0.026 0.026 0.026 0.026 0.026 0.026

SE∗ 0.027 0.026 0.024 0.026 0.030 0.026 0.026 0.026

50 100 BIAS 0.001 0.001 -0.002 -0.002 -0.000 0.002 0.000 -0.000

SE 0.019 0.019 0.019 0.018 0.019 0.018 0.018 0.018

SE∗ 0.019 0.020 0.018 0.020 0.019 0.019 0.018 0.016

100 25 BIAS 0.003 -0.002 -0.001 -0.003 0.001 -0.004 -0.003 -0.004

SE 0.027 0.027 0.026 0.026 0.026 0.026 0.026 0.026

SE∗ 0.026 0.026 0.025 0.026 0.027 0.025 0.025 0.026

100 50 BIAS 0.000 -0.001 -0.003 -0.001 0.002 -0.002 0.000 0.000

SE 0.019 0.019 0.018 0.018 0.018 0.018 0.018 0.018

SE∗ 0.018 0.018 0.019 0.019 0.019 0.018 0.018 0.016

100 100 BIAS 0.000 -0.000 0.000 -0.001 -0.001 0.000 -0.001 -0.000

SE 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013

SE∗ 0.013 0.014 0.015 0.013 0.012 0.014 0.011 0.015



S4. ADDITIONAL SIMULATION RESULTS

Table S.3: Model selection via EBIC when d = 8 and the random errors are distributed

as standardized exponential. AS: the average size of the selected model; CT: the average

percentage of the correct fit; TPR: the average true positive rate; FPR: the average false

positive rate.

n T AS CT TPR FPR

25 25 3.2 75.8 90.6 9.9

50 3.2 80.4 96.3 7.6

100 3.1 83.7 99.8 5.4

50 25 3.2 77.6 92.7 8.2

50 3.1 82.9 98.2 6.8

100 3.1 85.4 100.0 4.7

100 25 3.2 80.3 96.8 7.2

50 3.1 85.0 100.0 4.8

100 3.0 88.5 100.0 3.9
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Table S.4: The empirical sizes and powers of the influence matrix test. The case of

κ = 0 corresponds to the null model and κ > 0 represents alternative models. The

random errors are distributed as standardized exponential, and the full model sizes are

d = 2 and 6.

d=2 d=6

n T κ=0 κ=0.1 κ=0.2 κ=0 κ=0.1 κ=0.2

25 25 0.024 0.268 0.654 0.026 0.232 0.564

50 0.028 0.482 0.780 0.030 0.376 0.724

100 0.040 0.602 0.902 0.038 0.548 0.820

50 25 0.028 0.386 0.746 0.030 0.346 0.656

50 0.032 0.562 0.872 0.038 0.480 0.776

100 0.044 0.642 0.946 0.044 0.624 0.922

100 25 0.032 0.522 0.902 0.030 0.424 0.876

50 0.040 0.704 0.986 0.036 0.568 0.928

100 0.056 0.880 1.000 0.048 0.822 1.000



S4. ADDITIONAL SIMULATION RESULTS

Table S.5: The bias and standard error of the parameter estimates when the true pa-

rameters are λk = 0.1 for k = 1, · · · , d, and the random errors follow a mixture normal

distribution. BIAS: the average bias; SE: the average of the estimated standard errors

via Theorem 1; SE∗: the standard error of parameter estimates calculated from 500

realizations.

d = 2 d = 6

n T λ1 λ2 λ1 λ2 λ3 λ4 λ5 λ6

25 25 BIAS -0.008 0.003 -0.007 -0.005 -0.000 -0.002 -0.002 0.001

SE 0.055 0.054 0.055 0.055 0.055 0.055 0.055 0.055

SE∗ 0.056 0.054 0.054 0.057 0.057 0.054 0.055 0.054

25 50 BIAS 0.002 -0.002 -0.004 0.001 0.005 -0.003 -0.000 -0.004

SE 0.038 0.038 0.039 0.039 0.039 0.039 0.039 0.039

SE∗ 0.041 0.038 0.039 0.041 0.039 0.039 0.042 0.039

25 100 BIAS -0.002 0.002 -0.002 -0.001 -0.001 0.002 -0.002 -0.001

SE 0.027 0.027 0.027 0.027 0.027 0.027 0.027 0.027

SE∗ 0.027 0.027 0.027 0.025 0.026 0.024 0.027 0.027

50 25 BIAS 0.003 -0.006 -0.000 -0.001 -0.002 0.001 0.002 -0.002

SE 0.038 0.038 0.037 0.037 0.037 0.037 0.037 0.037

SE∗ 0.039 0.038 0.038 0.033 0.035 0.039 0.038 0.035

50 50 BIAS 0.001 -0.002 -0.001 -0.002 0.001 -0.002 -0.002 -0.001

SE 0.027 0.027 0.026 0.026 0.026 0.026 0.026 0.026

SE∗ 0.025 0.028 0.028 0.028 0.027 0.026 0.027 0.026

50 100 BIAS 0.000 -0.001 0.001 -0.000 0.002 -0.000 -0.001 -0.002

SE 0.019 0.019 0.018 0.018 0.018 0.018 0.018 0.018

SE∗ 0.019 0.019 0.018 0.020 0.018 0.016 0.018 0.019

100 25 BIAS 0.002 -0.004 -0.000 -0.000 -0.002 0.000 -0.001 -0.001

SE 0.026 0.027 0.026 0.026 0.026 0.026 0.026 0.026

SE∗ 0.027 0.026 0.024 0.024 0.028 0.027 0.025 0.027

100 50 BIAS -0.001 -0.002 0.002 0.002 -0.001 -0.003 0.001 -0.001

SE 0.019 0.019 0.018 0.018 0.018 0.018 0.018 0.018

SE∗ 0.020 0.019 0.019 0.019 0.019 0.018 0.018 0.018

100 100 BIAS -0.000 -0.001 -0.000 0.000 -0.000 0.000 -0.000 -0.002

SE 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013

SE∗ 0.013 0.014 0.012 0.013 0.013 0.012 0.012 0.014
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Table S.6: Model selection via EBIC when d = 8 and the random errors are distributed

as mixture normal. AS: the average size of the selected model; CT: the average per-

centage of the correct fit; TPR: the average true positive rate; FPR: the average false

positive rate.

n T AS CT TPR FPR

25 25 3.2 79.2 94.6 8.1

50 3.1 83.4 98.7 6.3

100 3.0 87.6 100.0 4.4

50 25 3.2 83.5 97.1 6.6

50 3.1 86.1 100.0 5.1

100 3.0 89.3 100.0 3.7

100 25 3.1 86.5 100.0 4.7

50 3.0 88.7 100.0 4.0

100 3.0 91.1 100.0 3.1



S4. ADDITIONAL SIMULATION RESULTS

Table S.7: The empirical sizes and powers of the influence matrix test. The case of

κ = 0 corresponds to the null model and κ > 0 represents alternative models. The

random errors are distributed as mixture normal, and the full model sizes are d = 2 and

6.

d=2 d=6

n T κ=0 κ=0.1 κ=0.2 κ=0 κ=0.1 κ=0.2

25 25 0.026 0.266 0.640 0.024 0.242 0.574

50 0.032 0.482 0.806 0.030 0.428 0.714

100 0.042 0.592 0.902 0.040 0.570 0.804

50 25 0.028 0.374 0.748 0.030 0.378 0.620

50 0.038 0.542 0.856 0.032 0.504 0.768

100 0.044 0.662 0.986 0.046 0.644 0.952

100 25 0.030 0.448 0.918 0.034 0.408 0.882

50 0.034 0.650 0.944 0.042 0.564 0.924

100 0.048 0.842 1.000 0.040 0.802 1.000
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Table S.8: Model selection via EBIC for different choices of γ when d = 8 and the

random errors are normally distributed. AS: the average size of the selected model; CT:

the average percentage of the correct fit; TPR: the average true positive rate; FPR: the

average false positive rate.

γ=2 γ=1 γ=0.5

n T AS CT TPR FPR AS CT TPR FPR AS CT TPR FPR

25 25 3.3 72.6 91.8 9.8 3.3 73.2 92.3 9.9 3.4 72.9 93.2 10.2

50 3.2 77.1 95.7 8.5 3.2 76.9 96.7 8.7 3.3 77.2 97.0 9.0

100 3.1 81.2 100.0 5.9 3.1 81.7 100.0 6.2 3.1 80.9 100.0 6.4

50 25 3.2 78.2 94.0 7.9 3.2 77.8 94.8 8.4 3.3 78.5 95.3 8.6

50 3.1 80.8 97.2 5.8 3.1 81.1 97.7 6.3 3.2 80.5 98.2 6.8

100 3.1 84.7 100.0 5.1 3.1 84.5 100.0 5.6 3.1 85.1 100.0 6.0

100 25 3.1 82.3 100.0 6.7 3.1 82.4 100.0 7.1 3.2 82.0 100.0 7.4

50 3.1 83.8 100.0 5.1 3.1 83.2 100.0 5.6 3.1 84.0 100.0 5.9

100 3.0 87.7 100.0 4.2 3.0 87.5 100.0 4.3 3.0 87.6 100.0 4.4



S4. ADDITIONAL SIMULATION RESULTS

Table S.9: The bias and standard error of the parameter estimates when the true

parameters are λk = 0.1 for k = 1, · · · , d, the random errors follow a normal distribution

and the densities of the weight matrices are set to be 20/n. BIAS: the average bias; SE:

the average of the estimated standard errors via Theorem 1; SE∗: the standard error of

parameter estimates calculated from 500 realizations.

d = 2 d = 6

n T λ1 λ2 λ1 λ2 λ3 λ4 λ5 λ6

25 25 BIAS -0.022 0.004 0.001 -0.003 -0.001 -0.008 0.001 -0.009

SE 0.113 0.112 0.132 0.132 0.132 0.132 0.131 0.132

SE∗ 0.113 0.115 0.135 0.123 0.137 0.155 0.134 0.143

25 50 BIAS -0.009 -0.005 0.004 0.008 -0.008 -0.010 0.004 -0.005

SE 0.079 0.080 0.094 0.093 0.094 0.094 0.094 0.094

SE∗ 0.079 0.083 0.092 0.099 0.093 0.090 0.088 0.094

25 100 BIAS -0.002 0.002 0.006 -0.003 -0.001 -0.008 0.009 -0.006

SE 0.056 0.056 0.066 0.067 0.066 0.066 0.066 0.066

SE∗ 0.057 0.057 0.069 0.062 0.074 0.071 0.071 0.069

50 25 BIAS -0.005 -0.001 0.001 -0.001 0.010 -0.007 -0.007 0.001

SE 0.073 0.073 0.078 0.078 0.077 0.078 0.078 0.078

SE∗ 0.075 0.074 0.082 0.077 0.080 0.081 0.071 0.079

50 50 BIAS -0.009 -0.004 -0.003 0.002 -0.002 -0.000 -0.001 -0.002

SE 0.052 0.052 0.055 0.055 0.055 0.055 0.055 0.055

SE∗ 0.054 0.052 0.059 0.057 0.056 0.054 0.059 0.053

50 100 BIAS -0.000 -0.004 -0.001 0.002 -0.004 0.001 -0.001 0.001

SE 0.036 0.036 0.039 0.039 0.039 0.039 0.039 0.039

SE∗ 0.036 0.034 0.038 0.041 0.042 0.037 0.039 0.038

100 25 BIAS -0.001 -0.002 -0.005 0.001 -0.002 0.001 -0.007 0.006

SE 0.048 0.048 0.048 0.048 0.048 0.048 0.048 0.048

SE∗ 0.048 0.046 0.045 0.050 0.046 0.045 0.047 0.050

100 50 BIAS -0.002 -0.006 0.001 0.001 -0.002 -0.003 -0.000 0.002

SE 0.034 0.034 0.034 0.034 0.034 0.034 0.034 0.034

SE∗ 0.033 0.034 0.032 0.033 0.032 0.033 0.033 0.034

100 100 BIAS -0.003 0.000 0.000 -0.002 0.001 0.002 0.002 -0.005

SE 0.024 0.024 0.024 0.024 0.024 0.024 0.024 0.024

SE∗ 0.024 0.025 0.024 0.023 0.022 0.024 0.024 0.023
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