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S1 Proof

For a Borel function hi = h(Ti, Ii, Ci,Xi,Zi), we let h
(1)
i = h(T

(1)
i , 1, Ci,Xi,Zi)

and h
(0)
i = h(T

(0)
i , 0, Ci,Xi,Zi) be the values of hi when Ii = 1, 0, where

log T
(1)
i =µ1 + β1Xi,1 + · · ·+ βp1Xi,p1 + γ1Zi,1 + · · ·+ γp2Zi,p2 + εi,

log T
(0)
i =µ2 + β1Xi,1 + · · ·+ βp1Xi,p1 + γ1Zi,1 + · · ·+ γp2Zi,p2 + εi.

Let δ
(j)
i , Y

(j)
i be the values of δi, Yi when Ii = j, j = 1, 0. Define

Ẽhi = qEh
(1)
i + (1 − q)Eh(0)

i to be the expectation of hi when Ii is com-
∗Email:statzlx@zju.edu.cn



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

pletely random with probability q, i.e., Ii is independent of the other ran-

dom variables with P (Ii = 1) = q, P (Ii = 0) = 1 − q. It is clear that

E|hi| ≤ Ẽ|hi|/(q(1− q)). For a vector v, we denote v⊗2 = vvT .

To obtain the asymptotic properties, we let π(s) = G(s)P̃ (T1 ≥ s),

B1(s) = Ẽ
[
I{T1 ≥ s}X1

(
ZT

1 γ + ε1

)]
, and B2(s) = Ẽ

[
I{T1 ≥ s}X⊗2

1

]
.

Moreover, let Λc (u) be the cumulative hazard function of the censoring

times C. We need the following regularity conditions:

(Ra) εi and Ci have continuous distributions with sup{t : P (T
(j)
1 > t) >

0} ≥ sup{t : P (C > t) > 0}=̇τG, j = 1, 0;

(Rb) E[f 4
i /G(Ti ∧ τG)|Ii] < ∞ for fi = 1, Xi,t, Zi,s or εi, t = 1, . . . , p1,

s = 1, . . . , p2;

(Rc) det
( ∫∞

0
B2(u)dΛG(u)

)
<∞, det

( ∫∞
0
B⊗2

1 (u)/π(u)dΛG(u)
)
<∞.

Suppose that the covariance matrix V ar(X1) is nonsingular. Write

ui = γ1Zi,1 + . . . + γp2Zi,p2 + εi, ŭi = E[ui|Wi] − E[ui]. Then we have

Theorem 1 in the main paper as follows.

Theorem 1. Suppose that a covariate-adaptive design satisfies the following

three conditions:

(A) Cov(Xi,k, ui) =, k = 1, . . . , p1;
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(B)
∑n

i=1(Ii − q)ŭi = oP (
√
n);

(C) the within-stratum q-imbalances for all covariates are of order o(n) in

probability, i.e., D
(q)
n (t1, . . . , tp1 , r1, r2, . . . , rp2) = oP (n) for all tks and

rjs.

Further, suppose that the regularity conditions (Ra)–(Rc) are satisfied.

Then we have the following results:

(i) Under H0 : µ1 − µ2 = 0,

T (n)
D→ N(0, τ 2), with τ 2 =

σ2
δ,G

σ2
z,G

(S1.1)

where σ2
z,G = E

[
(ui − Eui)2/G(Ti ∧ τG)|H0

]
, σ2

δ,G = σ2
z,G − Eŭ2

i .

(ii) Under HA : µ1−µ2 6= 0, consider a sequence of local alternatives, i.e.,

µ2 = µ1 − δ/
√
n for a fixed δ 6= 0. Then

T (n)
D→ N(∆, τ 2), with ∆ =

δ
√
q(1− q)
σz,G

. (S1.2)

The following remark is Remark 1 in main paper.

Remark 1. (i) Suppose that the marginal q-imbalances for covariates Z1, . . . , Zp2

are of order o(
√
n) in probability, i.e., D

(q)
n (Z, j; rj) = oP (

√
n), j = 1, . . . , p2,

and that Z1, . . . , Zp2 are independent and independent ofX. Then Assump-

tions (A) and (B) are satisfied. In this case, E[ŭ2
i ] =

∑p2
j=1 γ

2
jV ar(E[Zi,j|Z̃i,j]).



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

(ii) Suppose that the within-stratum q-imbalances for Z1, . . . , Zp2 are

of order o(
√
n) in probability, i.e., D

(q)
n (Z; r1, . . . , rp2) = oP (

√
n) for all

rjs, and that Z is independent of X. Then Assumptions (A) and (B) are

satisfied.

(iii) Suppose the order o(n) in Assumption (C) is strengthened to

o(
√
n). Then Assumptions (B) and (C) are satisfied.

Proof. Before proving Theorem 1, we first show this remark. Note

that ŭi = E[ui−E[ui]|Wi] = g(Wi) is a function of Wi. If the order o(n) in

Assumption (C) is strengthened to o(
√
n), then

n∑
i=1

(Ii − q)ŭi =
n∑
i=1

(Ii − q)g(Wi)

=
∑

t1,...,tp1 ,r1,...,rp2

(Ii − q)I{Wi = (xt11 , . . . , x
tp1
p1 , z

r1
1 , . . . , z

rp2
p2 )}

· g(xt11 , . . . , x
tp1
p1 , z

r1
1 , . . . , z

rp2
p2 )

=
∑

t1,...,tp1 ,r1,...,rp2

D(q)
n (t1, . . . , tp1 , r1, . . . , rp2)g(xt11 , . . . , x

tp1
p1 , z

r1
1 , . . . , z

rp2
p2 )

=
∑

t1,...,tp1 ,r1,...,rp2

oP (
√
n)g(xt11 , . . . , x

tp1
p1 , z

r1
1 , . . . , z

rp2
p2 ) = oP (

√
n). (S1.3)

Assumption (B) is satisfied.

When Z is independent of X, then ŭi = E[ui − E[ui]|Wi] = E[ui −

E[ui]|Z̃i] = g(Z̃i) is a function of Z̃i = (Z̃i,1, . . . , Z̃i,p2). Then similar to
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(S1.3),

n∑
i=1

(Ii − q)ŭi =
n∑
i=1

(Ii − q)g(Z̃i) = oP (
√
n)

if the within-stratum q-imbalances for Z1, . . . , Zp2 are of order o(
√
n) in

probability.

When X, Z1, . . . , Zp2 are independent, ŭi = E[ui − E[ui]|Wi] = E[ui −

E[ui]|Z̃i] =
∑p2

i=1 γjE[Zi,j−E[Zi,j]|Z̃i,j], and E[Zi,j−E[Zi,j]|Z̃i,j] = gj(Z̃i,j)

is a function of Z̃i,j. Then

n∑
i=1

(Ii − q)ŭi =

q∑
j=1

γj

n∑
i=1

(Ii − q)gj(Z̃i,j)

=

q∑
j=1

γj

sj∑
rj=1

D(q)
n (Z, j; rj)gj(z

rj
j ) = oP (

√
n).

if the marginal q-imbalances for covariates Z1, . . . , Zp2 are of order o(
√
n) in

probability. Assumption (B) is also satisfied. Also, Eŭ2
i = V ar(

∑p2
i=1 γjE[Zi,j|Z̃i,j]) =∑p2

j=1 γ
2
jV ar(E[Zi,j|Z̃i,j]). �.

To prove Theorem 1, we need some lemmas.

Lemma 1. Let the function hi = h(Ti, Ii, Ci,Xi,Zi) be such that Ẽ|hi| <

∞. Under assumption (C) of Theorem 1,
∑n

i=1 Iihi/n
P→ qEh

(1)
i ,
∑n

i=1(1−

Ii)hi/n
P→ (1− q)Eh(0)

i , and
∑n

i=1 hi/n
P→ Ẽhi.

In particular, we have the following results:

(1.1) 1
n

∑n
i=1 Ii

P→ q, 1
n

∑n
i=1 (1− Ii)

P→ 1− q.
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(1.2) 1
n

∑n
i=1 IiXi,k

P→ qEXk, 1
n

∑n
i=1 (1− Ii)Xi,k

P→ (1−q)EXk,
1
n

∑n
i=1 IiZi,j

P→

qEZj, and 1
n

∑n
i=1 (1− Ii)Zi,j

P→ (1 − q)EZj, k = 1, . . . , p1, j =

1, . . . , p2.

(1.3) 1
n

∑n
i=1

Iiδi
G(Yi)

f(Xi,Zi, εi)
P→ qE[f(X1,Z1, ε1)], 1

n

∑n
i=1

(1−Ii)δi
G(Yi)

f(Xi,Zi, εi)
P→

(1−q)E[f(X1,Z1, ε1)], and 1
n

∑n
i=1

δi
G(Yi)

f(Xi,Zi, εi)
P→ E[f(X1,Z1, ε1)]

if E[|f(X1,Z1, ε1)|] <∞.

Proof. Let Fi−1 = σ(Ii−1,Xi−1,Zi−1, Ci−1, Ti−1) be the history sigma

field. We first show that if g(Wi) is a Borel function of Wi with E|g(Wi)| <

∞, then

1

n

n∑
i=1

Iig(Wi)
P→ qEg(Wi). (S1.4)

By assumption (C) of Theorem 1, we have

n∑
i=1

(Ii − q)g(Wi)

=
∑

t1,...,tp1 ,r1,...,rp2

(Ii − q)I{Wi = (xt11 , . . . , x
tp1
p1 , z

r1
1 , . . . , z

rp2
p2 )}

· g(xt11 , . . . , x
tp1
p1 , z

r1
1 , . . . , z

rp2
p2 )

=
∑

t1,...,tp1 ,r1,...,rp2

D(q)
n (t1, . . . , tp1 , r1, . . . , rp2)g(xt11 , . . . , x

tp1
p1 , z

r1
1 , . . . , z

rp2
p2 )

=
∑

t1,...,tp1 ,r1,...,rp2

oP (n)g(xt11 , . . . , x
tp1
p1 , z

r1
1 , . . . , z

rp2
p2 ) = oP (n).

On the other hand, by the law of large numbers for i.i.d. random variables,
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we have
∑n

i=1 g(Wi)/n
P→ Eg(Wi). It follows that

1

n

n∑
i=1

Iig(Wi) =
1

2n

n∑
i=1

(Ii − q)g(Wi) + q
1

n

n∑
i=1

g(Wi)

P→ qEg(Wi).

The proof of (S1.4) is complete.

Now, note that Iihi = Iih
(1)
i . Since we have

1

n

∣∣∣∣∣
n∑
i=1

Iih
(1)
i I{|h(1)

i | ≥M}

∣∣∣∣∣ ≤ 1

n

n∑
i=1

|h(1)
i |I{|h

(1)
i | ≥M}

P→ E
[
|h(1)

1 |I{|h
(1)
1 | ≥M}

]
→ 0 as M →∞

by the law of large numbers for i.i.d. random variables, we can assume

without loss of generality that the his are bounded. Let gi = E[h
(1)
i |Wi] =

g(Wi). Then

E
[
Ii
(
h

(1)
i − gi

)∣∣Fi−1,Wi

]
= E

[
Ii
∣∣Fi−1,Wi

]
E
[
h

(1)
i − gi

∣∣Wi

]
= 0.

Thus, E
[
Ii
(
h

(1)
i −gi

)∣∣Fi−1

]
= 0. It follows that {Ii(h(1)

i −gi), i = 1, 2 . . .} is

a sequence of bounded martingale differences. By the law of large numbers

for martingale differences,

1

n

n∑
i=1

Ii(h
(1)
i − gi)

P→ 0.

On the other hand, by (S1.4),

1

n

n∑
i=1

Iigi
P→ qE[g(Wi)] = qE

[
E[h

(1)
i |Wi]] = qEh

(1)
i .
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It follows that 1
n

∑n
i=1 Iihi

P→ qEh
(1)
i . The proof of

∑n
i=1(1 − Ii)hi

P→

(1− q)Eh(0)
i is similar.

The conclusions of (1.1) and (1.2) follow immediately. For (1.3), note

that δ
(j)
i ,Xi,Zi are independent given T

(j)
i (Stute (1993)), i.e., E

[
δ

(j)
i |Fi−1,Xi,Zi, T

(j)
i

]
=

E
[
δ

(j)
i |T

(j)
i

]
= G

(
T

(j)
i

)
, j = 1, 0, and then E

[
δi|Xi,Zi, Ti, Ii

]
= E

[
δi|Ti

]
=

G
(
Ti
)
. Thus,

E
[
δ

(j)
i /G

(
Y

(j)
i

)
|Xi,Zi, T

(j)
i

]
= E

[
δ

(j)
i /G

(
T

(j)
i

)
|Xi,Zi, T

(j)
i

]
= 1,

j = 1, 0, and

E
[ δi

G
(
Yi
) |Xi,Zi, Ii, Ti

]
= 1. (S1.5)

It follows that if f(Xi,Zi, εi) is a function of (Xi,Zi, εi), then

E

[
δ

(j)
i

G
(
Y

(j)
i

)f(Xi,Zi, εi)

]
= E [f(Xi,Zi, εi)] , j = 1, 0.

Hence, (1.3) holds. �

Lemma 2. Under assumption (C) of Theorem 1 and regularity condition

(Ra), we have a martingale integral representation for (Ĝ−G)/Ĝ such that

√
n{Ĝ(t)−G(t)}/Ĝ(t) (S1.6)

=− 1√
n

n∑
i=1

∫ ∞
0

I{s ≤ t}dM c
i (s)

π(s)
+ op (1) , uniformly in t ≤ τ

for any τ < τG, where

π(s) = lim
n→∞

1

n

n∑
i=1

I{Yi ≥ s} = P̃ (Y1 ≥ s) (S1.7)
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in probability, and M c
i (s) = I {Yi ≤ s, δi = 0}−

∫ s
0
I {Yi ≥ u} dΛc(u) (s ≥ 0)

is a continuous-time martingale with predictable variation process

〈M c
i ,M

c
i 〉(t) =

∫ t

0

I {Yi ≥ u} dΛG(u).

Proof. This result is known when Ti, i = 1, 2, . . . are i.i.d. random

variables (Gill (1980), p. 37). We want to show it under the covariate-

adaptive design. Note that the adaptive allocation depends only on the

covariates. Therefore, given D = σ(Xi,Zi, Ii; i = 1, 2, . . .), we have that

Ti, Ci, i = 1, 2, . . . are independent. Note that C1, C2, . . . are i.i.d. random

variables with cumulative hazard function ΛG. We consider Ci to be the

survival time and Ti the censoring time. It follows that for given D , M(s) =∑n
i=1M

c
i (s) (s ≥ 0) is a martingale with predictable variation process

〈M,M〉(t) =

∫ t

0

Y (s)dΛG(s), Y (t) =
n∑
i=1

I{Yi(t) ≥ t}.

Similarly to (3.2.15) of (Gill (1980), p. 37; Shen et al. (2009)),

G(t)− Ĝ(t)

G(t)
=
F̂G(t)− FG(t)

1− FG(t)

=

∫ t

0

Ĝ(u−)

G(u)

J(u)

Y (u)
dM(u)− I{ζ < t}Ĝ(ζ)(G(ζ)−G(t))

G(t)G(ζ)
, (S1.8)

where ζ = ζn = inf{t > 0 : Y (t) = 0} is a stopping time and J(s) =
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I{Y (s) > 0}. For the second term of (S1.8), note that

P (ζ < τ |D) =P (Yi < τ, i = 1, . . . , n|D) =
n∏
i=1

P (Yi < τ |D)

≤
(

1− min
j=0,1

P (T
(j)
1 ≥ τ)G(τ)

)n
=̇(1− a)n.

Hence, P (I{ξn < τ} 6= 0, i.o.) = 0 since
∑

n(1 − a)n < ∞. Given D ,

the first term of (S1.8), denoted by M̃(t), is a martingale with predictable

variation process

〈M̃, M̃〉(t) =

∫ t

0

Ĝ2(u−)

G2(u)

J(u)

Y (u)
dΛG(u) ≤ ΛG(τ)

G2(τ)

J(τ)

Y (τ)
.

Note that Y (τ)/n
P→ π(τ) = P̃ (T1 ≥ τ)G(τ) > 0, which implies that

〈M̃, M̃〉(τ)
P→ 0. By Lenglart’s inequality ((Lenglart, 1977)), for any δ > 0

and ε > 0,

P

(
sup
t≤τ
|M̃(t)| > ε|D

)
≤ η

ε2
+ P

(
〈M̃, M̃〉(τ) > η|D

)
.

Hence,

P

(
sup
t≤τ
|M̃(t)| > ε

)
≤ η

ε2
+ P

(
〈M̃, M̃〉(τ) > η

)
→ 0

as n→∞ and then η → 0. That is, supt≤τ |M̃(t)| P→ 0. It follows that

sup
t≤τ

|G(t)− Ĝ(t)|
G(t)

P→ 0.

Now, let

M(t) =

∫ t

0

1√
n

(
Ĝ(u−)

G(u)

nJ(u)

Y (u)
− 1

π(u)

)
dM(u).
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Then given D , M is also a martingale with predictable variation process

〈M,M〉(t) =

∫ t

0

(
Ĝ(u−)

G(u)

nJ(u)

Y (u)
− 1

π(u)

)2
Y (u)

n
dΛG(u).

Note that Ĝ(u−)
G(u)

P→ 1 for almost all u and Y (u)
n

P→ π(u), which implies

that 〈M,M〉(τ)
P→ 0. By applying Lenglart’s inequality again we have

supt≤τ |M(t)| P→ 0. We conclude that

√
n(G(t)− Ĝ(t))

G(t)
=

1√
n

∫ t

0

dM(u)

π(u)
+M(t) + oP (1)

=
1√
n

∫ t

0

dM(u)

π(u)
+ oP (1) uniformly in t ≤ τ.

(S1.6) is proved. �

Lemma 3. (Theorem 3 in the main paper) Under assumption (C)

of Theorem 1 and the regularity conditions (Ra)–(Rc), β̂ is a consistent

estimate of β∗, where β∗ = (µ1 + E[u1], µ2 + E[u2], β1, . . . , βp1)
T .

Proof. Recall that ui = ZT
i γ + εi and

β̂ = β +

{
n∑
i=1

δiX
⊗2
i

Ĝ (Yi)

}−1 n∑
i=1

δiX iui

Ĝ (Yi)

. Then

β̂ = β∗ +

{
n∑
i=1

δiX
⊗2
i

Ĝ (Yi)

}−1 n∑
i=1

δiX i(ui − E[ui])

Ĝ (Yi)
.

Without loss of generality, we can assume that E[ui] = 0. Otherwise, we

can replace ui by ui−Eui, µ1 and µ2 by µ1 +Eui and µ2 +Eui respectively.
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We can write

n∑
i=1

δiX iui

Ĝ (Yi)
=

n∑
i=1

{
1

Ĝ (Yi)
− 1

G (Yi)

}
δiX iui +

n∑
i=1

δiX iui
G (Yi)

.

From the martingale integral representation (S1.6) for (Ĝ−G)/Ĝ, we have

1

n

n∑
i=1

G (Yi)− Ĝ (Yi)

Ĝ (Yi)G (Yi)
δiX iui

=
1

n
√
n

n∑
i=1

{
1√
n

n∑
j=1

∫ ∞
0

I {s ≤ Yi} dM c
j (s)

π(s)

}
δiX iui
G (Yi)

+ op
(
n−1/2

)
.

Also, by Lemma 1,

1

n

n∑
i=1

I{Yi ≥ s}δiX iui
G (Yi)

P→ Ẽ

[
I {Y1 ≥ s} δ1X1u1

G (Y1)

]
= B1(s), (S1.9)

where B1(s) = Ẽ [I {T1 ≥ s}X1u1]. Hence,

1

n

n∑
i=1

G (Yi)− Ĝ (Yi)

Ĝ (Yi)G (Yi)
δiX iui =

1

n

n∑
i=1

∫ ∞
0

B1(s)

π(s)
dM c

i (s) + oP
(
n−1/2

)
.

Note that
∫∞

0
B1(s)
π(s)

dM c
i (s) is a function of Yi and δi with mean zero. By

Lemma 1,

1

n

n∑
i=1

∫ ∞
0

B1(s)

π(s)
dM c

i (s)
P→ 0.
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By Lemma 1 again,

1

n

n∑
i=1

δiX iui/G (Yi) =
1

n



n∑
i=1

δiIiui/G (Yi)

n∑
i=1

δi (1− Ii)ui/G (Yi)

n∑
i=1

δiXiui/G (Yi)



P→


qE[u1]

(1− q)E[u1]

E[X1u1]

 = 0

by the assumption that Eui = 0 and Cov(Xi, ui) = 0. Combining these we

have

1

n

n∑
i=1

δiX iui

Ĝ (Yi)

P→ 0. (S1.10)

Next, we consider

n∑
i=1

δiX
⊗2
i

Ĝ (Yi)
=

n∑
i=1

{
1

Ĝ (Yi)
− 1

G (Yi)

}
δiX

⊗2
i +

n∑
i=1

δiX
⊗2
i

G (Yi)
.

Similarly, by noting that

1

n

n∑
i=1

I{Yi ≥ s}δiX⊗2
i

G (Yi)

P→ Ẽ

[
I{Y1 ≥ s}δ1X

⊗2
1

G (Y1)

]
= B2(s),

where B2(s) = Ẽ
[
I{T1 ≥ s}X⊗2

1

]
, we have

1

n

n∑
i=1

G (Yi)− Ĝ (Yi)

Ĝ (Yi)G (Yi)
δiX

⊗2
i =

1

n

n∑
i=1

∫ ∞
0

B2(s)

π(s)
dM c

i (s) + oP (1)
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and

1

n

n∑
i=1

δiX
⊗2
i

G (Yi)

=
1

n

δi
G (Yi)

diag(Ii, 1− Ii) (Ii, 1− Ii)TXi

(Ii, 1− Ii)XT
i X⊗2

i


P→

diag(q, 1− q) (q, 1− q)TEXT
1

EX1(q, 1− q) EX⊗2
1

 .
= Γβ. (S1.11)

The inverse matrix of Γβ is

Γ−1
β =

Γ11 Γ12

ΓT12 (V ar(X1))−1

 ,
Γ11 = diag(1

q
, 1

1−q )+(1, 1)T (1, 1)EXT
1 (V ar(X1))−1EX1, Γ12 = −(1, 1)TEXT

1 (V ar(X1))−1.

Note that
∫∞

0
B2(s)
π(s)

dM c
i (s) is a function of Yi and δi, with mean zero. By

Lemma 1,

1

n

n∑
i=1

∫ ∞
0

B2(s)

π(s)
dM c

i (s)
P→ 0.

By Slutsky’s theorem

Γ̂β =
1

n

n∑
i=1

δiX
⊗2
i

Ĝ (Yi)

P→ Γβ. (S1.12)

Hence, {
n∑
i=1

δiX
⊗2
i

Ĝ (Yi)

}−1 n∑
i=1

δiX iui

Ĝ (Yi)

P→ 0.

It follows that

β̂ − β P→ 0.
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The proof of Lemma 3 is complete. �

Lemma 4. (Theorem 4 in the main paper) Under the conditions of

Theorem 1,

√
n
(
β̂ − β∗

) D→ N
(
0,Γ−1

β ΣβΓ−1
β

)
, (S1.13)

where Γβ and Σβ are defined as in (S1.11) and

Σβ = Ẽ
[ X⊗2

i u2
i

G(Ti ∧ τG)

]
− q(1− q)LLTE(ŭi)

2−
∫ ∞

0

B⊗2
1 (u)

π(u)
dΛc(u), (S1.14)

respectively, with the estimators Γ̂β, Σ̂β given by (S1.12) and (S1.22), re-

spectively.

Proof. Without loss of generality, we assume E[ui] = 0. Note that

β̂ − β =

{
1

n

n∑
i=1

δiX
⊗2
i

Ĝ (Yi)

}−1
1

n

n∑
i=1

δiX iui

Ĝ (Yi)
.

We have shown in the proof of Lemma 3 that

Γ̂β =
1

n

n∑
i=1

δiX
⊗2
i

Ĝ (Yi)

P→ Γβ. (S1.15)

Let

An =
1

n

n∑
i=1

δiX iui

Ĝ (Yi)
, Bn =

{
Γ̂−1
β − Γ−1

β

}
An.

Then

√
nAn =

1√
n

n∑
i=1

{
1

Ĝ (Yi)
− 1

G (Yi)

}
δiX iui +

1√
n

n∑
i=1

δiX iui
G (Yi)

=
1√
n

n∑
i=1

[∫ ∞
0

B1(s)

π(s)
dM c

i (s) +
δiX iui
G (Yi)

]
+ oP (1) .
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The first term in the above bracket is a sequence of martingale differences.

However, the second term needs to be modified. Let

Vi,1 =

∫ ∞
0

B1(s)

π(s)
dM c

i (s), Vi,2 =
δiX iui
G (Yi)

−
(
Ii − q

)
Lŭi.

By assumption (B),

n∑
i=1

(Ii − q)E[ui|Wi] =
n∑
i=1

(Ii − q)ŭi = oP (
√
n).

It follows that

√
nAn =

1√
n

n∑
i=1

(Vi,1 + Vi,2) + oP (1) .

Since for given D = σ(Ij,Xj,Zj, j = 1, . . .}, T1, C1, T2, C2, . . . are indepen-

dent and M c
i (t) (t ≥ 0) is a martingale, it is easy to show that

E[Vi,1|Fi−1,Xi,Zi, Ii] = E
[
E[Vi,1|D ]Fi−1,Xi,Zi, Ii

]
= 0. (S1.16)

Furthermore, E[δiXi,tui/G(Yi)|Fi−1,Wi] = E[Xi,tui|Wi] and

E
[
δiIiui/G(Yi)− (Ii − q)ŭi

∣∣Fi−1,Wi

]
= E

[
Ii(ui − ŭi) + qŭi

∣∣Fi−1,Wi

]
=E[Ii|Fi−1,Wi]

(
E[ui − ŭi|Wi]

)
+ qŭi = qŭi = qE[ui|Wi].

Similarly,

E
[
δi(1− Ii)ui/G(Yi) + (Ii − q)ŭi

∣∣Fi−1,Wi

]
= (1− q)ŭi = (1− q)E[ui|Wi].
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It follows that

E[Vi,2|Fi−1] = E[(q, 1− q,XT
i )Tui] =

(
qEui, (1− q)Eui, E[XT

i ui]
)

= 0

by the assumptions that E[ui] = 0 and Cov(Xi, ui) = 0. Hence, {Vi,1 +

Vi,2,Fi−1; i = 1, 2, . . . , n} is a sequence of martingale differences. Next, we

verify the conditions for the central limit theorem of martingale differences.

It can be checked that

Ẽ[V ⊗2
i,1 ] =Ẽ

[∫ ∞
0

B⊗2
1 (u)

π2(u)
I{Yi ≥ u}dΛc(u)

]
(S1.17)

=

∫ ∞
0

B⊗2
1 (u)

π(u)
dΛc(u)=̇Σβ,G,

Ẽ[V ⊗2
i,2 ] =Ẽ

[δ2
iX

⊗2
i u2

i

G2(Yi)

]
− q(1− q)LLTE(ŭi)

2 (S1.18)

=Ẽ
[ X⊗2

i u2
i

G(Ti ∧ τG)

]
− q(1− q)LLTE(ŭi)

2

=̇Σβ,u − Σβ,ž,

and, by (S1.16),

Ẽ[Vi,1V
T
i,2] =Ẽ[Vi,1

δiX
T
i ui

G(Yi)
] + Ẽ

[
Vi,1ŭi(Ii − q)LT

]
=Ẽ

[∫ ∞
0

B1(u)(1− δi)
π(u)

dI{Yi ≤ u}δiX
T
i ui

G(Yi)

]
− Ẽ

[∫ ∞
0

B1(u)

π(u)
I{Yi ≥ u}dΛG(u)

δiX
T
i ui

G(Yi)

]
+ 0

=− Ẽ
[∫ ∞

0

B1(u)

π(u)
I{Yi ≥ u}δiX

T
i ui

G(Yi)
dΛG(u)

]
=−

∫ ∞
0

B⊗2
1 (u)

π(u)
dΛG(u) = −Σβ,G.
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Hence, by Lemma 1,

lim
n→∞

1

n

n∑
i=1

(Vi,1 + Vi,2)⊗2 = lim
n→∞

1

n

n∑
i=1

(V ⊗2
i,2 + V ⊗2

i,1 − 2Vi,1V
T
i,2)

= Σβ,u − Σβ,ž − Σβ,G=̇Σβ in probability. (S1.19)

Also,

1

n
E

[
max
i≤n
‖Vi,1 + Vi,2‖2

]
≤ 1

nq(1− q)
Ẽ

[
max
i≤n
‖Vi,1 + Vi,2‖2

]
≤ 1√

nq(1− q)
+

1

q(1− q)
Ẽ
[
‖V1,1 + V1,2‖2I{‖V1,1 + V1,2‖2 ≥

√
n}
]
→ 0.

By the central limit theorem for martingale differences (see Theorem 3.2 of

Hall and Heyde (1980)),

√
nAn

D→ N(0,Σβ).

It follows that

√
n(β̂ − β) =(Γ̂−1

β − Γ−1
β )
√
nAn + Γ−1

β

√
nAn

=Γ−1
β

1√
n

n∑
i=1

(Vi,1 + Vi,2) + oP (1)

D→ N
(
0,Γ−1

β ΣβΓ−1
β

)
.

The proof of (S1.13) is complete.

Recall that (S1.17), (S1.9), and (S1.7) hold. A consistent estimator of

Σβ,G is

Σ̂β,G =

∫ ∞
0

B̂⊗2
1 (s)

π̂(s)
dΛ̂G(s), (S1.20)
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where B̂1(s) = 1
n

∑n
i=1 δiI{Yi ≥ s}X i(log Yi−X iβ̂)/Ĝ(Yi), π̂(s) = 1

n

∑n
i=1 I{Yi ≥

s}, and Λ̂G(s) is the Nelson estimate for the cumulative hazard function

ΛG(s) of C.

As for Σβ,u − Σβ,ž, by (S1.19), Σβ,u − Σβ,ž is a limit of 1
n

∑n
i=1 V

⊗2
i,2

with Vi,2 =
δiXiui
G(Yi)

−L(Ii− q)ŭi. To obtain an estimator, we should replace

the unobservable terms ui and G(·) by their estimators ûi = log Yi − X iβ̂

and Ĝ(·). However, the term ǔi = E[Ziγ + εi|Wi]− E[Ziγ + εi] is neither

observable nor estimable under the working AFT model (2.2). When Wi

is independent of Zi, ŭi = 0. In general, the ŭis have zero means and∑n
i=1(Ii − 1/2)ǔi = oP (

√
n) by the assumption (B). It is reasonable to

replace ŭi by zero and obtain the estimator of Σβ,u − Σβ,ž as

Σ̂β,WLS =
1

n

n∑
i=1

δi

Ĝ2(Yi)
X iX

T
i (log Yi −X iβ̂)2. (S1.21)

The estimator of Σβ is now given by

Σ̂β = Σ̂β,WLS − Σ̂β,G. � (S1.22)

Proof of Theorem 1. Note that LTΓ−1
β = (q−1,−(1− q)−1, 0, . . . , 0)

and LTΓ−1
β Xi = (Ii − q)/(q(1 − q)). For the test statistic the nominator
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part is equal to

√
n
[
(µ̂1 − µ̂2)− (µ1 − µ2)

]
= LT

√
n(β̂ − β)

=
1√
n

n∑
i=1

LTΓ−1
β (Vi,1 + Vi,2) + oP (1)

=
1√
n

n∑
i=1

[
LΓ−1

β B1(u)

π(u)
dM c

i (u) +
Ii − q
q(1− q)

( δiui
G(Yi)

− ŭi
)]

+ oP (1).

(S1.23)

D→ N
(

0,LTΓ−1
β ΣβΓ−1

β L
)
.

It can easily be seen that

LTΓ−1
β ΣβΓ−1

β L

=LTΓ−1
β Σβ,uΓ

−1
β L−L

TΓ−1
β Σβ,GΓ−1

β L

=−
∫ ∞

0

(LTΓ−1
β B1(u))2

π(u)
dΛG(u)

+
1

q2(1− q)2
Ẽ

[
(I1 − q)2δ1u

2
1

G2(Y1)

]
− 1

q(1− q)
E(ŭ1)2.

Since

LTΓ−1
β B1(s) = Ẽ

[
I{T1 ≥ s}LTΓ−1

β X1u1

]
= Ẽ [I{T1 ≥ s}(I1 − q)u1] /(q(1− q))

= E
[(
I{T (1)

1 ≥ s} − I{T (0)
1 ≥ s}

)
u1

]
= E

[(
I{T (1)

1 ≥ s} − I{T (1)
1 eµ2−µ1 ≥ s}

)
u1

]
,

we haveLTΓ−1
β B1(s) = 0 and Ẽ

[
(I1−q)2δ1u

2
1/G

2(Y1)
]

= q(1−q)E
[
δ1u

2
1/G

2(Y1)|H0

]
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under the null hypothesis µ1 = µ2. It follows that

LTΓβΣβΓ−1
β L = σ2

δ,G/(q(1− q)).

We conclude that, under H0, the first term in (S1.23) is zero and

√
n{(µ̂1 − µ̂2)− (µ1 − µ2)}

=
1√
n

n∑
i=1

Ii − q
q(1− q)

( δiui
G(Yi)

− ŭi
)

+ oP (1) (S1.24)

D→ N
(
0, σ2

δ,G/(q(1− q))
)
. (S1.25)

On the other side we show that the estimator V̂ar(LT β̂) we use for the

variance of LT β̂ is inflated. Recall that

nV̂ar(LT β̂) = LT Γ̂−1
β

(
Σ̂β,u − Σ̂β,G

)
Γ̂−1
β L,

LT Γ̂−1
β

P→ LTΓ−1
β ,

and Σ̂β,G is a consistent estimator of Σβ,G. Therefore,

LT Γ̂−1
β Σ̂β,GΓ̂−1

β L

P→
∫ ∞

0

(LTΓ−1
β B1(u))2

π(u)
dΛG(u) = 0 under H0.

It follows that

nV̂ar(LT β̂) = nV̂arWLS(LT β̂) + oP (1).
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For Σ̂β,WLS, we have

Σ̂β,WLS =
1

n

n∑
i=1

δ2
iX

⊗2
i

Ĝ2(Yi)
u2
i +

1

n

n∑
i=1

δ2
iX

⊗2
i

Ĝ2(Yi)

{
XT

i (β̂ − β)
}2

− 2

n

n∑
i=1

δ2
iX

⊗2
i

Ĝ2(Yi)
uiX

T
i (β̂ − β).

Note that

Ẽ

[
δ2
i (1 +X4

i,t + Z4
i,t + ε4i )

G2(Yi)

]
= Ẽ

[
1 +X4

i,t + Z4
i,t + ε4i

G(Ti ∧ τG)

]
<∞.

Using arguments similar to those used to show (S1.12) we have

1

n

n∑
i=1

δ2
iX

⊗2
i

Ĝ(Yi)2
u2
i
P→ Ẽ

[
δ1X

⊗2
1

G2(Y1)
u2

1

]
= Ẽ

[
X⊗2

1

G(T1 ∧ τG)
u2

1

]
,

and

∥∥∥∥∥ 1

n

n∑
i=1

δ2
iX

⊗2
i

Ĝ(Yi)2

{
XT

i (β̂ − β)
}2

∥∥∥∥∥
≤ 1

n

n∑
i=1

δ2
i (1 + ‖Xi‖2)2

Ĝ2(Yi)
‖β̂ − β‖2 = OP (1)‖β̂ − β‖2 P→ 0,

∥∥∥∥∥ 2

n

n∑
i=1

δ2
iX

⊗2
i

Ĝ2(Yi)
uiX

T
i (β̂ − β)

∣∣∣∣∣ = OP (1)‖β̂ − β‖ P→ 0,

since β̂
P→ β. It follows that

Σ̂β,WLS
P→ Ẽ

[
δ1X

⊗2
1

G2(Y1)
u2

1

]
= Σβ,u. (S1.26)
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Hence,

nV̂ar(LT β̂) = nV̂arWLS(LT β̂) + oP (1) (S1.27)

=LT (Γ̂−1
β − Γ−1

β )Σ̂β,u(Γ̂
−1
β − Γ−1

β )L

+ 2LT (Γ̂−1 − Γ−1
β )Σ̂β,uΓ

−1
β L+LTΓ−1

β Σ̂β,uΓ
−1
β L+ oP (1)

=
1

n(q2(1− q)2

n∑
i=1

δi(Ii − q)2

Ĝ2(Yi)
(log Yi −X iβ̂)2 + oP (1)

=
1

nq2(1− q)2

n∑
i=1

δi(Ii − q)2

Ĝ2(Yi)
(log Yi −X iβ)2 + oP (1)

P→ 1

q2(1− q)2
Ẽ

[
(I1 − q)2δ1u

2
1

G2(Y1)

]
=

1

q(1− q)
σ2
z,G under H0.

By combining (S1.25) and (S1.27), we obtain

LT β̂ − (µ1 − µ2)

{V̂ar(LT β̂)}1/2

D→ N(0, τ 2), τ 2 =
σ2
δ,G

σ2
z,G

under H0. (S1.28)

The proof of Theorem 1 (i) is complete.

Now, suppose that µ2 = µ1 − δ/
√
n. Let hi = h(Ti, Ii, Ci,Xi,Zi) be a

Borel function. Note that

1

n

n∑
i=1

(1− Ii)
∣∣h(0)
i − h(T

(1)
i , 0, Ci,Xi,Zi)

∣∣
≤ 1

n

n∑
i=1

sup
|x|≤ε

∣∣h(T
(1)
i ex, 0, Ci,Xi,Zi)− h(T

(1)
i , 0, Ci,Xi,Zi)

∣∣
P→E

[
sup
|x|≤ε

∣∣h(T
(1)
1 ex, 0, C1,X1,Z1)− h(T

(1)
1 , 0, C1,X1,Z1)

∣∣]

→ 0 as n→∞ and then ε→ 0.
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It follows that

1

n

n∑
i=1

(1− Ii)hi =
1

n

n∑
i=1

(1− Ii)h(0)
i

=
1

n

n∑
i=1

(1− Ii)h(T
(1)
i , 0, Ci,Xi,Zi) + oP (1)

P→(1− q)Eh(T
(1)
1 , 0, C1,X1,Z1) = (1− q)E[h

(0)
1 |H0]

and

1

n

n∑
i=1

Iihi =
1

n

n∑
i=1

Iih
(1)
i

P→ qE[h
(1)
1 |H0],

1

n

n∑
i=1

hi
P→Ẽ[h1|H0].

In particular,

1

n

n∑
i=1

I{Yi ≥ s}δiX iui
G (Yi)

P→ Ẽ

[
I {Y1 ≥ s} δ1X1u1

G (Y1)

∣∣H0

]
= B1(s),

with LTΓ−1
β B1(s) = Ẽ

[
I{T1 ≥ s}LTΓ−1

β X1u1|H0

]
= 0. The arguments

used to show (S1.24), (S1.25) and (S1.27) remain valid with σ2
z,G = E

[
δ1u21
G2(Y1)

|H0

]
and σ2

δ = σ2
u,G − E(ŭ1)2. Hence,

Lβ̂ − (µ1 − µ2)

{V̂ar(Lβ̂)}1/2

D→ N(0, τ 2), τ 2 =
σ2
δ,G

σ2
z,G

under HA.

Note that (µ1 − µ2)/{V̂ar(Lβ̂)}1/2 → δ
√
q(1− q)/σu,G. We conclude that

Lβ̂

{V̂ar(Lβ̂)}1/2

D→ N(∆, τ 2), τ 2 =
σ2
δ,G

σ2
z,G

,∆ =
δ
√
q(1− q)
σu,G

under HA.

The proof of Theorem 1 is complete. �
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Proof of Theorem 2

From (S1.28) in Theorem 1, if γj = 0, j = 1, 2, . . . , p2, the terms involving

Z will disappear, so ui = εi, ŭi = 0 and τ 2 = 1. That is, when the correct

model is used in the analysis, the hypothesis test of (2.4) can achieve the

correct Type I error. If E[ZT
1 + ε1γ|W1] 6≡ Const, we have τ < 1. Then

the hypothesis test of (2.4) is conservative. �

Proof of Theorem 5

By Lemma 4,

√
nP(β̂ − β)

D→ N
(
0,PΓ−1

β ΣβΓ−1
β P

T
)
.

On the other hand,

M̂
.
= nV̂ar(β̂) = Γ̂−1

β

(
Σ̂β,WLS − Σ̂β,G

)
Γ̂−1
β →M ,

by (S1.26), whereM = Γ−1
β (Σβ,u−Σβ,G)Γ−1

β = Γ−1
β

[
Σβ+q(1−q)LLTE(ŭ1)2

]
Γ−1
β .

Note that the first two columns of P are all zeros. It follows that PΓ−1
β L =

P
(

1
q
,− 1

1−q , 0, . . . , 0
)T

= 0. Hence, PMPT = PΓ−1
β ΣβΓ−1

β PT . It follows

that

√
nP(β̂ − β)

D→ N
(
0,PMPT

)
.

Hence (
PM̂PT

)−1/2√
nP(β̂ − β)

D→ N
(
0, Im×m

)
.



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Under the null hypothesis H ′0 : Pβ = ξ0,

(
PM̂PT

)−1/2√
n(Pβ̂ − ξ0)

D→ N
(
0, Im×m

)
.

Hence,

Tβ = n(Pβ̂ − ξ0)T
(
PM̂PT

)−1
(Pβ̂ − ξ0)T

D→ χ2
(m).

Under the local alternative H ′A : Pβ = ξ0 + η/
√
n,

(
PM̂PT

)−1/2√
n(Pβ̂ − ξ0)

D→ N
(
δ, Im×m

)
,

with δ =
(
PMPT

)−1/2
η. Thus,

Tβ = n(Pβ̂ − ξ0)T
(
PM̂PT

)−1
(Pβ̂ − ξ0)T

D→ χ2
(m)(λ),

with λ = δTδ = ηT
(
PMPT

)−1
η. The proof is complete. �
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