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Supplementary Material

In this Appendix, we provide lemmas, the asymptotic distributional theory of semi-

parametric M-estimators with a nuisance functional parameter, and proofs of Theorems

3.1–3.3 and Corollary 3.1.

S1 Notation

When θ takes a value of θ̂n, we denote Aj and S as Ânj and Ŝn, and represent them as

A0j and S0 respectively when θ = θ0. Define H1 =
{
h = (h1, h2) : h1 ∈ R, h2 ∈

∗Co-first author
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Hr, ∥h1∥ ≤ 1, ∥h2∥∞ ≤ 1
}

, and l∞(H1) be the space of bounded functionals on H1

under the supermum norm ||f ||∞ = sup
h∈H1

|f(h)|. Suppose that Fη are the parameter paths

in F through F , that is, Fη ∈ F and Fη

∣∣
η=0

= F . Let H2 =
{
h : h = ∂Fη

∂η

∣∣∣
η=0

}
, and let

P and Pn denote probability measure and empirical measure.

For any h = (h1, h2),h1 = (h11, h12),h2 = (h21, h22) ∈ H1, h3 ∈ H2, we denote

m11(θ, F ;D)[h1,h2] = ∇2
βm(θ, F ;D)

= −∆hT11Z
⊗2h21

K∑
j=1

△Λj(Y )eβ
TZ − 1−∆

F (Y |Z)
hT11Z

⊗2h21

∫ ∞

Y

K∑
j=1

△Λj(u)e
βTZdF (u|Z),

m12(θ, F ;D)[h1,h2] =
∂m1(β,Λη, F ;D)[h11]

∂η

∣∣∣
η=0

= −∆hT11Z
K∑
j=1

eβ
TZ△h22j(Y )− 1−∆

F (Y |Z)
hT11Z

∫ ∞

Y

K∑
j=1

eβ
TZ△h22j(u)dF (u|Z),

m21(θ, F ;D)[h1,h2] = m12(θ, F ;D)[h2,h1],

m22(θ, F ;D)[h1,h2] =
∂2m(β,Ληj , F ;D)

∂η1∂η2

∣∣∣
η1=η2=0

= −∆
K∑
j=1

△Nj

(△Λj(Y ))2
△h12j(Y )△h22j(Y )

− 1−∆

F (Y |Z)

∫ ∞

Y

K∑
j=1

△Nj

(△Λj(u))2
△h12j(u)△h22j(u)dF (u|Z),

m13(θ, F ;D)[h, h3] =
∂m1(θ, Fη;D)[h1]

∂η

∣∣∣
η=0

=
1−∆

F (Y |Z)
hT1Z

∫ ∞

Y

K∑
j=1

Aj(u)△Λj(u)dh3(u|Z)

− 1−∆

F
2
(Y |Z)

h3(Y |Z)hT1Z
∫ ∞

Y

K∑
j=1

Aj(u)△Λj(u)dF (u|Z),
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m23(θ, F ;D)[h, h3] =
∂m2(θ, Fη;D)[h2]

∂η

∣∣∣
η=0

=
1−∆

F (Y |Z)

∫ ∞

Y

K∑
j=1

Aj(u)△h2j(u)dh3(u|Z)

− 1−∆

F
2
(Y |Z)

h3(Y |Z)
∫ ∞

Y

K∑
j=1

Aj(u)△h2j(u)dF (u|Z),

m(11)(θ, F ;D)[h1,h2] = m11(θ, F ;D)[h1,h2] +m12(θ, F ;D)[h1,h2] +m21(θ, F ;D)[h1,h2]

+m22(θ, F ;D)[h1,h2],

m(12)(θ, F ;D)[h, h3] = m13(θ, F ;D)[h, h3] +m23(θ, F ;D)[h, h3]

with △hj(u) = h(u− TK,j−1)− h(u− TK,j).

S2 Lemmas

Lemma S2.1. Under Conditions (C1)–(C4), the class of functions {m(θ, F ;D) : θ ∈

Θ, F ∈ F ,Λ is uniformly bounded } is Donsker, where m(θ, F ;D) is defined in Section

3.

Proof. First, the class {Λ : Λ ∈ Ψ,Λ is uniformly bounded } is Donsker, since Ψ is a

monotone and uniformly bounded functional class. By Conditions (C1)–(C3), {S(u), θ ∈

Θ} is Donsker by Theorem 2.10.6 of van der Vaart and Wellner (1996). By Theorem

2.10.3 of van der Vaart and Wellner (1996) and the performance of the Donsker prop-

erty for the closure of the convex hull, we have {
∫ τ

Y
S(u)dF (u|Z), θ ∈ Θ, F ∈ F} is

Donsker. Condition (C4) ensures that
∫ τ

Y
S(u)dF (u|Z)/F (Y |Z) < ∞, which shows that
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{
∫ τ

Y
S(u)dF (u|Z)/F (Y |Z), θ ∈ Θ, F ∈ F} is Donsker from Theorem 2.10.6 of van der

Vaart and Wellner (1996). This completes the proof of Lemma S2.1.

Lemma S2.2. (i). Under Condition (C5), for any F ∈ Fδ and any differentiable function

g,

P

∣∣∣∣∣ 1−∆

F (Y |Z)

K∑
j=1

∫ τ

Y

△gj(u)dF (u|Z)−
1−∆

F 0(Y |Z)

K∑
j=1

∫ τ

Y

△gj(u)dF0(u|Z)

∣∣∣∣∣
≲

(
E

[
K∑
j=1

(△ġj(U))2 + E

[
K∑
j=1

(△gj(U))2
])1/2

∥F − F0∥∞,

where △gj(u) = g(u− TK,j−1)− g(u− TK,j).

(ii). Under Conditions (C1)–(C5), we have for small enough δ

P (m(θ0, F ;D)−m(θ0, F0;D)) ≲ ∥F − F0∥∞, (S2.1)∣∣∣P (m(θ, F ;D)−m(θ, F0;D))− P (m(θ0, F ;D)−m(θ0, F0;D))
∣∣∣

≲d1(θ, θ0)∥F − F0∥∞. (S2.2)

Proof. Using integration by parts and Condition (C5), we can show part (i). Part (ii) can

be derived using Taylor expansion and part (i).

Lemma S2.3. Assume that for given F ∈ Fη, and for arbitrary function ϕn : (0,∞) → R
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such that δ → ϕn(δ)/δ
ι is decreasing for some ι < 2, every δ > 0 and θ ∈ Θn,

P (m(θ, F ;D)−m(θ0, F ;D)) ≲ −d21(θ, θ0) + d1(θ, θ0)∥F − F0∥∞,

E sup
θ∈Θnδ

|
√
n(Pn − P )(m(θ, F ;D)−m(θ0, F ;D))| ≤ ϕn(δ).

Let rn > 0 satisfy ϕn(rn) ≤
√
nr2n for every n ∈ N. If θ̂n ∈ Θn is a consistent estimator

for θ satisfying Pnm(θ̂n, F ;D) ≥ Pnm(θ0, F ;D) − Op(r
2
n), then d1(θ̂n, θ0) = Op(rn +

∥F − F0∥∞).

Proof. The lemma can be proved by following the same techniques in proving Theorem

5.55 in van der Vaart (1998).

Lemma S2.4. Let G = {h : [0, τ ] → [0,M ]}, where M is a finite positive constant.

Define

Gδ(F ) ={m(θ, F ;D)−m(θ0, F ;D) : θ ∈ Θnδ},

G1,δ(F )[h] ={m(1)(θ, F ;D)[h]−m(1)(θ0, F ;D)[h] : θ ∈ Θnδ},

G2,δ(F )[h] =
{
Vn

(
θ, θ0, h, F

)
: θ ∈ Θnδ

}

for F ∈ Fη, h ∈ H1 and h ∈ G. Then under Conditions (C1)–(C4) and (C8)–(C11), we
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have for any 0 < ϵ < δ,

logN[](ϵ,Gδ(F ), ∥ · ∥P,B) ≤cqn log(δ/ϵ), (S2.3)

logN[](ϵ,G1,δ(F )[h], ∥ · ∥P,B) ≤cqn log(δ/ϵ), (S2.4)

logN[](ϵ,G2,δ(F )[h], ∥ · ∥P,B) ≤cqn log(δ/ϵ), (S2.5)

where ∥ · ∥P,B is Bernstein’s norm defined as ∥f∥P,B = (2P (e|f | − 1− |f |))1/2.

Proof. The lemma can be verified by using Lemma 7.1 of Wellner and Zhang (2007)

and the arguments similar to those used in proving Lemma 1 of Zhao and Zhang (2017,

Supplementary Material).

S3 Asymptotic distributional theory of semiparametric M-estimators

with a nuisance functional parameter

Suppose that X = (X1, . . . , Xn) is a random sample taken from the distribution of X , and

ln(θ, F ;X) = 1
n

∑n
i=1m(θ, F ;Xi) is an objective function based on X, where θ = (β,Λ)

with β being an unknown d-dimensional parameter vector in R and Λ being an unknown

function in the class Ψ, and F is a nuisance functional parameter. Let Ψn be the sieve

parameter space satisfying Ψn ⊆ Ψn+1 ⊆ · · · ⊆ Ψ, for n ≥ 1. Assume that F̂n is a

consistent estimator of F and θ̂n is the estimator of Λ0 by maximizing ln(θ, F̂n;X) in the

sieve parameter space R×Ψn.
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For h ∈ H1, define a sequence of maps Gn of U , a neighborhood of (θ0, F0), into

l∞(H1) by

Gn(θ, F )[h] =
∂

∂δ
ln(θδ, F ;X)

∣∣
δ=0

=
1

n

n∑
i=1

∂

∂δ
m(θδ, F ;Xi)

∣∣
δ=0

= Pnm
(1)(θ, F ;X)[h],

and let G(θ, F )[h] = Pm(1)(θ, F ;X)[h], where P and Pn denote probability measure and

empirical measure with Pf =
∫
fdP and Pnf = n−1

∑n
i=1 f(Xi), respectively.

To establish the asymptotic normality of θ̂n, we propose the following working condi-

tions that can be verified for a specific problem using empirical process theorems.

(B1).
√
n(Gn −G)(θ̂n, F̂n)[h]−

√
n(Gn −G)(θ0, F0)[h] = op(1).

(B2). G(θ0, F0)[h] = 0 and Gn(θ̂n, F̂n)[h] = op(n
−1/2).

(B3). G(θ, F )[h] is Fréchet-differentiable with respect to θ and F with the continuous

derivative Ġ1,θ,F [h] and Ġ2,θ,F [h], respectively.

(B4). G(θ̂n, F̂n)[h]−G(θ0, F0)[h]−Ġ1,θ0,F0(θ̂n−θ0)[h]−Ġ2,θ0,F0(F̂n−F0)[h] = op(n
−1/2).

(B5).
√
nGn(θ0, F0)[h]+

√
nĠ2,θ0,F0(F̂n−F0)[h] converges in distribution to a tight Gaus-

sian process on l∞(H1).

Conditions (B2), (B3) and (B5) are the similar to the analytical conditions in Theorem

3.3.1 of van der Vaart and Wellner (1996); (B1) and (B4) require the remainder of the

Taylor expansions are negligible, which are weaker than those in van der Vaart and Wellner
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(1996).

Theorem S3.1. Under Assumptions (B1)–(B5), we have for any h ∈ H1,

−
√
nĠ1,θ0,F0(θ̂n − θ0)[h] =

√
nGn(θ0, F0)[h] +

√
nĠ2,θ0,F0(F̂n − F0)[h] + op(1),

and −
√
nĠ1,θ0,F0(θ̂n − θ0)[h] converges in distribution to a tight Gaussian process on

l∞(H1).

Proof. From Assumptions (B2)–(B4), we have

−
√
nĠ1,θ0,F0(θ̂n − θ0)[h]−

√
nĠ2,θ0,F0(F̂n − F0)[h] = −

√
nG(θ̂n, F̂n)[h] + op(1).

We can then get by Assumptions (B1) and (B2)

−
√
nG(θ̂n, F̂n)[h] =

√
n(Gn −G)(θ0, F0)[h] + op(1). (S3.1)

Thus, it follows from (S3.1)

−
√
nĠ1,θ0,F0(θ̂n − θ0)[h] =

√
nGn(θ0, F0)[h] +

√
nĠ2,θ0,F0(F̂n − F0)[h] + op(1).

At last, the proposition is concluded by Assumption (B5).

Theorem S3.1 concludes the general functional asymptotic normality for semipara-

metric M−estimators with nuisance parameters. This conclusion extends both Theorem
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3.3 in Wellner and Zhang (2007) and Theorem 2.1 in Zhao and Zhang (2017) to a more

general case. Applying this conclusion, we obtain the asymptotic normality of the regres-

sion coefficient estimator and the two-stage functional estimator for panel count data with

terminal event.

S4 Proofs of Main Results

Proof of Theorem 3.1

Proof. First we note that

Pm(θ0, F0;D)− Pm(θ, F0;D)

=E

(
K∑
j=1

{
△Nj log

(
△Λ0j(U)e

βT
0 Z

△Λj(U)eβ
TZ

)
−

[
△Λ0j(U)e

βT
0 Z

△Λj(U)eβ
TZ

+ 1

]
△Λj(U)e

βTZ

})

=

∫
exp(βT z)△Λ(u, t)ϕ

[
△Λ0(u, t) exp(β

T
0 z)

△Λ(u, t) exp(βT z)

]
dν1(u, t, z),

where △Λ(u, t) = Λ(u) − Λ(t) and ϕ(x) = x log(x) − x + 1. Since ϕ(x) ≥ 0 for

x > 0 with equality holding only at x = 1, we have Pm(θ0, F0;D) ≥ Pm(θ, F0;D) and

Pm(θ0, F0;D) = Pm(θ, F0;D) if and only if

△Λ0(u, t) exp(β
T
0 z)

△Λ(u, t) exp(βT z)
= 1 a.e. with respect to ν1.
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Then following the arguments in the proof of Theorem 3.1 in Wellner and Zhang (2007),

under Conditions (C6) and (C7), we can get that θ = θ0 a.e. with respect to µ1. In addition,

since the metrics d1 and d2 are equivalent, it follows θ = θ0 a.e. with respect to µ2.

Noting that Λ0 ∈ Hr, there exists a Λn ∈ Ψn such that ∥Λn − Λ0∥∞ = O(n−rγ)

according to (C8) and Lemma A1 of Lu, Zhang and Huang (2007). For any given ϵ > 0, let

θ̃n = (β̂n, (1−ϵ)Λ̂n+ϵΛn)) = (β̂n, Λ̂n)+ϵ(0,Λn−Λ̂n). By the definition of θ̂n = (β̂n, Λ̂n),

it follows that

0 ≥ lim
ϵ→0

Pnm(θ̂n + ϵ(0,Λn − Λ̂n), F̂n;D)− Pnm(θ̂n, F̂n;D)

ϵ

=Pn

(
∆

K∑
j=1

Ânj(Y )(△Λnj(Y )−△Λ̂nj(Y ))

+
1−∆

1− F̂n(Y |Z)

∫ τ

Y

K∑
j=1

Ânj(u)(△Λnj(u)−△Λ̂nj(u))dF̂n(u|Z)

)
.



S4. PROOFS OF MAIN RESULTS

By (C1)–(C4) and the strong law of large numbers, we obtain that

Pn

(
∆

K∑
j=1

(
△Nj

△Λnj(Y )

△Λ̂nj(Y )
+△Λ̂nj(Y )eβ̂

T
nZ
)

+
1−∆

1− F̂n(Y |Z)

∫ τ

Y

K∑
j=1

(
△Nj

△Λnj(u)

△Λ̂nj(u)
+△Λ̂nj(u)e

β̂T
nZ
)
dF̂n(u|Z)

)

≤Pn

(
∆

K∑
j=1

(△Nj +△Λnj(Y )eβ̂
T
nZ)

+
1−∆

1− F̂n(Y |Z)

∫ τ

Y

K∑
j=1

(△Nj +△Λnj(u)e
β̂T
nZ)dF̂n(u|Z)

)

≤cPn

(
∆

K∑
j=1

(△Nj +△Λnj(Y )) +
1−∆

1− F̂n(Y |Z)

∫ τ

Y

K∑
j=1

(△Nj +△Λnj(u))dF̂n(u|Z)

a.s.−−→cP

(
∆

K∑
j=1

(△Nj +△Λ0j(Y )) +
1−∆

F 0(Y |Z)

∫ τ

Y

K∑
j=1

(△Nj +△Λ0j(u))dF0(u|Z)
)
.
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On the other hand, we have

lim sup
n→∞

Pn

(
∆

K∑
j=1

(
△Nj

△Λnj(Y )

△Λ̂nj(Y )
+△Λ̂nj(Y )eβ̂

T
nZ
)

+
1−∆

1− F̂n(Y |Z)

∫ τ

Y

K∑
j=1

(
△Nj

△Λnj(u)

△Λ̂nj(u)
+△Λ̂nj(u)e

β̂T
nZ
)
dF̂n(u|Z)

)

≥c lim sup
n→∞

(
Λ̂n(b2)− Λ̂n(b1)

)
Pn

(
∆1{Y−TK,K∈[0,b1],Y ∈[b2,τ ]}

+
1−∆

1− F̂n(Y |Z)

∫ τ

Y

1{u−TK,K∈[0,b1],u∈[b2,τ ]}dF̂n(u|Z)
)

≥c lim sup
n→∞

(
Λ̂n(b2)− Λ̂n(b1)

)
E
[
1{U−TK,K∈[0,b1],U∈[b2,τ ]}

]
=c lim sup

n→∞

(
Λ̂n(b2)− Λ̂n(b1)

)
µ3([0, b1]× [b2, τ ])

for all 0 ≤ b1 ≤ b2 ≤ τ . Thus, if µ3([0, b1]× [b2, τ ]) > 0 and µ3({0}×{τ}) > 0 specially,

Λ̂n is uniformly bounded almost surely on [0, τ ].

Recalling that ∥Λn − Λ0∥∞ = O(n−rγ), we have

Pnm(Λn, β0, F̂n;D)− Pnm(θ0, F̂n;D)

=(Pn − P )
(
m(Λn, β0, F̂n;D)−m(θ0, F̂n;D)

)
+ P

(
m(Λn, β0, F̂n;D)−m(θ0, F̂n;D)

)
:=I1 + I2.

Using Lemma S2.1 and the fact that a Donsker class is also a Glivanko-Cantilli class, we

get that |I1| = op(1). In addition, we note |I2| ≤ cE(N(TK,K) + 1)∥Λn − Λ0∥∞ =
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Op(n
−rγ) = op(1). Thus, we have

Pnm(Λn, β0, F̂n;D) = Pnm(θ0, F̂n;D) + op(1).

It then follows by the definition of θ̂n that

Pnm(θ̂n, F̂n;D) ≥ sup
Λn∈Ψn

Pnm(Λn, β0, F̂n;D) ≥ Pnm(θ0, F̂n;D) + op(1)

=Pnm(θ0, F0;D) + Pn(m(θ0, F̂n;D)−m(θ0, F0;D)) + op(1)

=Pnm(θ0, F0;D) + (Pn − P )
(
m(θ0, F̂n;D)−m(θ0, F0;D)

)
+ P (m(θ0, F̂n;D)−m(θ0, F0;D)) + op(1)

=Pnm(θ0, F0;D) + op(1), (S4.1)

where the last equality is from Lemmas S2.1 and S2.2. Using Lemma S2.1 again, we get

that

0 ≤P (m(θ0, F0;D)−m(θ̂n, F0;D))

=Pnm(θ0, F0;D)− Pnm(θ̂n, F0;D) + op(1)

≤Pnm(θ̂n, F̂n;D)− Pnm(θ̂n, F0;D) + op(1)

=P (m(θ̂n, F̂n;D)−m(θ̂n, F0;D)) + op(1)

=op(1), (S4.2)
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where the second inequality follows from (S4.1) and the last equality is from (S2.1) and

(S2.2) in Lemma S2.2. Noting that for any δ > 0

sup
d1(θ,θ0)>δ

Pm(θ, F0;D) < Pm(θ0, F0;D)

and that θ0 is the unique maximizer of Pm(θ, F0), we have

{d1(θ̂n, θ0) > δ} ⊂ {Pm(θ̂n, F0;D) < Pm(θ0, F0;D)},

with the sequence of the events on the right going to a null event in view of inequality

(S4.2). Hence d1(θ̂n, θ0) converges to 0 almost surely by Theorem 5.8 in van der Vaart

(2002). So d2(θ̂n, θ0) converges to 0 almost surely as well since the metrics d1 and d2 are

equivalent. This completes the proof of Theorem 3.1.
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Proof of Theorem 3.2

Proof. We conclude the theorem through checking the conditions in Lemma S2.3. Using

the triangle inequality, we have

Pm(θ, F̂n;D)− Pm(θ0, F̂n;D)

=P
((
m(θ, F̂n;D)−m(θ, F0;D)

)
−
(
m(θ0, F̂n;D)−m(θ0, F0;D)

))
− P (m(θ0, F0;D)−m(θ, F0;D))

≤
∣∣∣P((m(θ, F̂n;D)−m(θ, F0;D)

)
−
(
m(θ0, F̂n;D)−m(θ0, F0;D)

))∣∣∣
− P (m(θ0, F0;D)−m(θ, F0;D))

:=I1 − I2.

From Lemma S2.2, it follows that for θ ∈ Θδ, I1 ≲ d1(θ, θ0)∥F̂n − F0∥∞. We now

consider the term I2. Since

I2 =P (m(θ0, F0;D)−m(θ, F0;D))

=E

[
K∑
j=1

△Λj(U)e
βTZϕ

(
△Λ0j(U)e

βT
0 Z

△Λj(U)eβ
TZ

)]
,
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and ϕ(x) ≥ (x− 1)2/4 for 0 ≤ x ≤ 5, we have for any θ in a sufficiently small neighbor-

hood of θ0,

I2 ≥
1

4
E

[
K∑
j=1

△Λj(U)e
βTZ

(
△Λ0j(U)e

βT
0 Z

△Λj(U)eβ
TZ

− 1

)2]

≥c
∫ (

△Λ(u1, u2)e
βT z −△Λ0(u1, u2)e

βT
0 z
)2
dν1(u1, u2, z)

by (C1) and (C2), where △Λ(u1, u2) = Λ(u1)−Λ(u2). Let g(t) = △Λt(U1, U2) exp(β
T
t Z),

where △Λt = △Λ0 + t△h2 and βt = β0 + th1 for 0 ≤ t ≤ 1 with △h2 = △Λ −△Λ0,

h1 = β − β0 and (U1, U2, Z) ∼ ν1. Then △Λ(U1, U2)e
βTZ − △Λ0(U1, U2)e

βT
0 Z =

g(1)− g(0) = ġ(ξ) for some ξ ∈ (0, 1) by the mean value theorem. Since

ġ(ξ) = exp(βξTZ)[△h2(U1, U2)(1 + ξhT1Z) + hT1Z△Λ0(U1, U2)]

with βξ = β0 + ξh1, we then get that

I2 ≥ c

∫ (
△h2(u1, u2) + hT1 z[△Λ0(u1, u2) + ξ△h2(u1, u2)]

)2
dν1(u1, u2, z) = ν1(g1w + g2)

2,

where g1(U1, U2, Z) = hT1Z△Λ0(U1, U2), g2(U1, U2) = △h2(U1, U2) and w(U1, U2, Z) =

1 + ξ△h2(U1, U2)/△Λ0(U1, U2). According to Lemma 8.8 of van der Vaart (2002), we

need to bound [ν1(g1g2)]
2 by a constant less than one times ν1(g21)ν1(g

2
2). To the end,
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writing expectations under ν1 as E1, we have by the Cauchy-Schwartz inequality

[E1(g1g2)]
2 =(E1[E1(g1g2|U1, U2)])

2 ≤ E1(g
2
2)E1([E1(g1|U1, U2)]

2)

=E1(g
2
2)E1(△Λ2

0(U1, U2)[E1(h
T
1Z|U1, U2)]

2)

=E1(g
2
2)E1(△Λ2

0(U1, U2)[E1(h
T
1 [Z − (Z − E1(Z|U1, U2))]

⊗2h1|U1, U2)])

≤(1−ϖ)E1(g
2
2)E1(△Λ2

0(U1, U2)h
T
1E1[ZZ

T |U1, U2]h1)

=(1−ϖ)E1(g
2
2)E1(g

2
1),

where the last inequality follows from (C12). By van der Vaart’s lemma,

ν1(g1w + g2)
2 ≥ c(ν1(g

2
1) + ν1(g

2
2)) = cd21(θ, θ0).

Thus, I2 ≳ d21(θ, θ0). It follows then

P (m(θ, F̂n;D)−m(θ0, F̂n;D)) ≲ −d21(θ, θ0) + d1(θ, θ0)∥F̂n − F0∥∞. (S4.3)

Similar to the proof of Lemma S2.4, we can show that

∥m(θ, F̂n;D)−m(θ0, F̂n;D)∥2P,B ≲d1(θ, θ0)∥F̂n − F0∥∞ + d21(θ, θ0) ≲ δ2
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for ∥F̂n − F0∥∞ ≲ Op(δ) and d1(θ, θ0) = Op(δ
2). Therefore, Lemma S2.4 gives that

J[](δ,Gδ(F̂n), ∥ · ∥P,B) =
∫ δ

0

(1 + logN[](ϵ,Gδ(F̂n), ∥ · ∥P,B))1/2dϵ ≤ Cq1/2n δ.

Using Lemma 3.4.3 of van der Vaart and Wellner (1996), we obtain

E sup
θ∈Θnδ

√
n|(Pn − P )(m(θ, F̂n;D)−m(θ0, F̂n;D))|

≤J[](δ,Gδ(F̂n), ∥ · ∥P,B)(1 + J[](δ,Gδ(F̂n), ∥ · ∥P,B)/(δ2n1/2))

≲q1/2n δ + qnn
−1/2.

Setting ϕn(δ) = q
1/2
n δ + qnn

−1/2 and rn = n−(1−γ)/2, it can be obtained that ϕn(δ)/δ is a

decreasing function of δ and ϕn(rn)/r
2
n = O(n1/2).

Since there exists Λn ∈ Ψn of order l ≥ r + 2 such that ∥Λn − Λ0∥∞ = O(n−rγ) for

0 < γ < 1/2 by (C8) and Lemma A1 in Lu, Zhang and Huang (2007), we have

Pnm(θ̂n, F̂n;D)− Pnm(θ0, F̂n;D)

=Pn

(
m(θ̂n, F̂n;D)−m(Λn, β0, F̂n;D)

)
+ (Pn − P )

(
m(Λn, β0, F̂n;D)−m(θ0, F̂n;D)

)
+ P

(
m(Λn, β0, F̂n;D)−m(θ0, F̂n;D)

)
:=I1 + I2 + I3,



S4. PROOFS OF MAIN RESULTS

where I1 ≥ 0 by the definition of θ̂n. For I2, set

G̃(F ) =
{m(θ, F ;D)−m(θ0, F ;D)

n−rγ+ϵ
: θ ∈ Θn, ∥θ − θ0∥∞ = O(n−rγ)

}

for any 0 < ϵ < 1/2− rγ and F ∈ F . It can be shown that G̃(F̂n) is P -Donsker by (C1)–

(C4). In addition, we note that Pf 2 → 0 as n → ∞ for any f ∈ G̃(F̂n). By Corollary

2.3.12 of van der Vaart and Wellner (1996), we have

I2 = n−rγ+ϵ(Pn − P )
(m(θ, F ;D)−m(θ0, F ;D)

n−rγ+ϵ

)
= Op(n

−rγ+ϵn−1/2) = o(n−2rγ).

Following the deduction for (S4.3), we have I3 ≥ −Op(n
−2rγ). Hence,

Pnm(θ̂n, F̂n;D)− Pnm(θ0, F̂n;D) ≥ −Op(n
−2rγ).

The conditions in Lemma S2.3 imply that n−2rγ = O(n−(1−γ)), which gives the rate of

convergence of nr/(1+2r) by choosing γ = 1/(1+2r). This completes the proof of Theorem

3.2.

Proof of Theorem 3.3

Proof. To conclude the theorem, it suffices to verify Conditions (B1)–(B5) by Theorem

S3.1. Note that G(θ0, F0)[h] = Pm(1)(θ0, F0;D)[h] = 0 for any h ∈ H1, and the Fréchet
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derivatives are

Ġ1,θ,F (θ − θ0)[h] = P (m(11)(θ, F ;D)[h, θ − θ0]),

Ġ2,θ,F (F − F0)[h] = P (m(12)(θ, F ;D)[h, F − F0]).

We only show (B5) since (B1)–(B4) can be verified by using the techniques similar to

those used in the proofs of Theorem 3.1 in Zhao and Zhang (2017).

Let Sn(θ, F ) = Gn(θ, F )+ Ġ2,θ,F (F̂n−F ). Then Sn is a map from U to l∞(H1). Re-

call thatGn(θ0, F0)[h] = n−1
n∑

i=1

m(1)(θ0, F0;Di)[h] and Ġ2,θ0,F0(F̂n−F0)[h] = P
(∫ τ

Y

ψ(u;D)[h]

d[F̂n(u|Z)−F0(u|Z)]
)
= n−1

n∑
i=1

P
( ∫ τ

Y
ψ̃(u;D)[h]dO(u;D; D̃i)

)
:= Pnm

∗∗(θ0, F0;D)[h]

withψ1(u;D)[h] = 1−∆
F 0(Y |Z)

∑K
j=1Aj(u)(h

T
1Z△Λj(u)+△hj(u)), ψ2(u;D)[h] =

∫ τ

Y
ψ1(u;D)[h]dF0(u|Z),

ψ(u;D) = ψ1(u;D)− ψ2(u;D) and ψ̃ = g ◦ ψ. It can be seen that Sn is a bounded Lips-

chitz function with respect to H1. Therefore, (B5) holds since H1 is a Donsker class.

Thus, we get that

−
√
nĠ1,θ0,F0(θ̂n − θ0)[h] =

√
nGn(θ0, F0)[h] +

√
nĠ2,θ0,F0(F̂n − F0)[h] + op(1)

(S4.4)

is asymptotically normal distributed.
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Especially, if we take h = (h1, h) with ∥h1∥ = 1, h1 ∈ R and

△hj(u) =−△Λ0jh
T
1E(Ze

βT
0 Z |U = u,K, TK,j, TK,j−1)/E(e

βT
0 Z |U = u,K, TK,j, TK,j−1)

:=−△Λ0jh
T
1R(u,K, TK,j, TK,j−1),

then P
(
m12(θ0, F0;D)[h, θ̂n − θ0] +m22(θ0, F0;D)[h, θ̂n − θ0]

)
= 0 and

−Ġ1,θ0,F0(θ̂n − θ0)[h] =− P
(
m11(θ0, F0;D)[h, θ̂n − θ0] +m21(θ0, F0;D)[h, θ̂n − θ0]

)
=hT1E

(
K∑
j=1

△Λ0j(U)e
βT
0 Z
[
Z −R(U,K, TK,j, TK,j−1)

]
ZT

)
(β̂n − β0)

=hT1E

(
K∑
j=1

△Λ0j(U)e
βT
0 Z [Z −R(U,K, TK,j, TK,j−1)]

⊗2

)
(β̂n − β0).

Note that

Gn(θ0, F0)[h] + Ġ2,θ0,F0(F̂n − F0)[h]

=Pnm
(1)(θ0, F0;D)[h] + Pm(12)(θ0, F0;D)[h, F̂n − F0]

=hT1 Pn

(
∆

K∑
j=1

(△Nj − eβ
T
0 Z△Λ0j(Y ))[Z −R(Y,K, TK,j, TK,j−1)]

)

+ hT1 Pn

(
1−∆

F 0(Y |Z)

∫ τ

Y

K∑
j=1

(△Nj − eβ
T
0 Z△Λ0j(u))[Z −R(u,K, TK,j, TK,j−1)]dF0(u|Z)

)

+ hT1
1

n

n∑
i=1

P

(∫ τ

Y

ρ̃(u;D)dO(u;D; D̃i)

)
,

:=hT1 Pnm
∗(θ0, F0;D),
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where

ρ1(u;D) =
K∑
j=1

Aj(u)△Λ0j(u)(Z −R(u,K, TK,j, TK,j−1)),

ρ(u;D) =
1−∆

F 0(Y |Z)

(
ρ1(u;D)−

∫ τ

Y

ρ1(u;D)

F 0(Y |Z)
dF0(u|Z)

)
,

and ρ̃ = g ◦ ρ. Then (S4.4) reduces to

√
n(β̂n − β0)

d−→ Nd(0,Σ
−1
1 Σ2(Σ

−1
1 )T ),

where

Σ1 = E

(
K∑
j=1

△Λ0j(U)e
βT
0 Z [Z −R(U,K, TK,j, TK,j−1)]

⊗2

)
,

Σ2 = E
(
m∗(θ0, F0;D)⊗2

)
.

Besides, we take h = (0, h). Define

m̃∗(θ0, F0;D)[h] =E
(
ZT

K∑
j=1

eβ
T
0 Z△hj(U)

)
Σ−1m∗(θ0, F0;D)[h1,h],

Pnm
∗∗(θ0, F0;D)[h] =

1

n

n∑
i=1

P
(∫ τ

Y

ϕ̃(u;D)[h]dO(u;D; D̃i)
)
,
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where

ϕ1(u;D)[h] =
K∑
j=1

Aj(u)△hj(u),

ϕ(u;D)[h] =
1−∆

F 0(Y |Z)

(
ϕ1(u;D)[h]−

∫ τ

Y

ϕ1(u;D)[h]

F 0(Y |Z)
dF0(u|Z)

)
,

and ϕ̃ = g ◦ ϕ. Let

m†(θ0, F0;D)[h] = m2(θ0, F0;D)[h]− m̃∗(θ0, F0;D)[h] +m∗∗(θ0, F0;D)[h].

Then P
(
m11(θ0, F0;D)[h, θ̂n − θ0] +m12(θ0, F0;D)[h, θ̂n − θ0]

)
= 0, and

− Ġ1,θ0,F0(θ̂n − θ0)[h] = −P
(
m21(θ0, F0;D)[h, θ̂n − θ0] +m22(θ0, F0;D)[h, θ̂n − θ0]

)
= Pn(m̃

∗(θ0, F0;D)[h]) + P

(
K∑
j=1

△Nj(
△Λ0j(U)

)2△hj(U)(△Λ̂nj(U)−△Λ0j(U)
))
,

Gn(θ0, F0)[h] + Ġ2,θ0,F0(F̂n − F0)[h] = Pn

(
m2(θ0, F0;D)[h] +m∗∗(θ0, F0;D)[h]

)
.

Applying (S4.4) again, we get

√
n

∫
△Λ̂n(t, s)−△Λ0(t, s)

△Λ0(t, s)
eβ0z△h(t, s)dν1(s, t, z)

d−→ N(0, σ2
1[h]),

where △Λ(t, s) = Λ(t)−Λ(s), △h(t, s) = h(t)−h(s) and σ2
1[h] = E(m†(θ0, F0;D)[h])2.

This completes the proof of Theorem 3.3.
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Proof of Corollary 3.1

Proof. Under Conditions (C4), (C5) and (C13), Lemma A.3 of Kong et. al. (2018) gives

that F̂n is n1/2−consistent in a finite interval. Moreover,

∫ τ

0

ψ(u;D)d
[
F̂n(u|Z)− F0(u|Z)

]
=

1

n

n∑
i=1

∫ τ

0

ψ̃(u;D)dO(u;D; D̃i),

where ψ̃(u;D) = g◦ψ = ψ(u;D)eζ
T
0 Z andO(u;D; D̃i) = F 0(u|Z)A1(F0;u, Z; Z̃i, ∆̃i, Ỹi)

with A1 is defined as in Lemma A.3 of Kong et al. (2018). Therefore, the asymptotic nor-

mality in Theorem 3.3 holds. This completes the proof of Corollary 3.1.
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