Statistica Sinica: Supplement

On the efficiency of composite likelihood estimation

for Gaussian spatial processes
Nelson J. Y. Chua*'?, Francis K. C. Hui! and A. H. Welsh!
Y The Australian National University and ?Australian Bureau of Statistics

This material covers proofs of Theorems 2, 3 and 4 in the main paper, as well as derivations
of the Fisher information and sandwich covariance for a constant mean parameter under the

exponential covariance model. Note that equations from the main paper are referenced here.

S1 Proof of Theorem 2

Note the following result pertaining to the expectation of fourth-order mo-

ments (see p. 109 of Rencher and Schaalje, |2008|, for instance):

Lemma 1. Let € = (x1,...,2,)" follow a Gaussian distribution with zero
mean and covariance matriz 3. Also, let U and V be n X n symmetric

matrices. Then E|z! Urx’ V| = tr(UX)tr( VE) + 2tr( UL VY).

We also note that 9%1/960; = 3. 1(0%,,/00;)%. !, which is a useful ex-

pression to avoid the direct evaluation of the derivative of a matrix inverse.
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By using these two results, we can derive (3.2) as follows:
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S2 Proof of Theorem 3

For notational convenience, let M = M(«a). Following on from (4.3), the

first and second-order partial derivatives of the composite log-likelihood are

DF 1 T
0 —552 T 3,3y My
%cﬁ(az,a;y) = ? ? (52.1)
2 ( DF DF—2 1 Tar
_% <1—p2 1+p? > 32y M y
and
o 2 —gor + 5oy’ My —5,7Y My

—RyMY % (e )+ Sy My

(52.2)

where the first and second derivatives of M with respect to « are

;2 p(1+p%) o +pY
M= F<1—p2>2[(p+<1+p2>2)A1+2pA2+( ) s

2 p(1+p*)
_ (1 +p )A4 + mA5]

and

p(1+6p" + p°)

4p
M// —
T+

F2(1 _ p2)3

<p<1+p2) + )A1 +2p(1 4 p*)As

p(1+6p" + p°)
(1+p?)?

1
) A3—§(1+6p2—|—p4)A4+

T+ P
First, to find H(o?, ), we note the following trace formulae for the expo-

nential covariance matrix X:
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tr(A1X) = 02 DF, tr(AyX) = o*(DF — 2), tr(A3X) = o?(DF — 4),
tr(A4X) = 20%p(DF — 1), tr(AsX) = 202p*(DF —2). (S2.3)
Due to the linearity of the trace function, we can use the additive
decomposition of M and its derivatives to show that E[y” My] = tr(MX) =
o?DF, E[y"™M'y| = —40*p*[DF — (1 - p*)|/[F(1 - p*)], and E[y"M"y] =
402 p*[(3+ p* +5p* = p°)DF — (1= p*)(3 = 29 + 3p")] /[F*(1 - p*)?]. Thus,

by using (S2.2)), we obtain

2 Frti[DF = (1= 2

204 Fo2(1—p%)

ms[DF — (1= p?)] 722l (14 02 +3p* — p)DF — (1 — p)(1 + 3p*)]

The calculation of J(¢?, ) is considerably more complicated as it requires

finding expressions for fourth-order moments. In order to apply Lemma [T}
we require traces of the form tr(A;3A,3) for each pair of the five simple
matrices A; to A;s. However, due to the cyclical invariance of traces, we
only need 15 such expressions rather than 25.

To simplify notation, define u,, = >_;_,(n —k)p*. Also, let “o” denote
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the Hadamard (entrywise) product of two matrices. Then as an example,

DF DF DF DF
(A BAE) = tr(E8) =) D {Zoxn}; =)D (%)
i=1 j=1 i=1 j=1
DF—-1 DF
= ot 21+Zp2|2 ]]_0— DF+QZ Zp% J]
Li=1 i#£j J=1 i=j+1
DF—-1DF—j DF—-1DF—k
= ot DF+QZ Z ]—0 DF+2 )" Zp%]
j=1 k= k=1 j=1
B DF
= o DF+22(DF—k)p2’“] = d'[DF + 2upp).
L k=1

Similarly, we can obtain all of the following:

tI‘(A1EA12) = 0'4[DF + ZUDF], tI‘(A1EA22) = 0’4[DF — 24 2uDF71],

tr(A1ZARXE) = o' [(1 + 20°)(DF — 4) 4 2p*upr_3),tr(A1ZALE) = o' [4p(DF — 1) + 4pupr_1],

tr(A1ZAsX) = 0*[2p*(DF — 2) + 4upr_1], tr(A2XALS) = 0*[DF — 24 2upr-2],
tr(A2XA3X) = 0*[DF — 44 2upr-3), tr(A2XALY) = o*[4p(DF — 2) + 4pupr—_2l,
tr(A2TAsX) = o' [2p*(DF — 2) 4 dupr_2], tr(A3XA3X) = ¢ [DF — 44 2upr_4],
tr(AsSALX) = 0*[4p(DF — 4) + 4pupr—_3], tr(A3ZAsX) = 0*[20*(DF — 4) + dupr_3),

tr(A4EA4E) = 0'4[2(1 + p2)(DF — 1) + 811,DF71]7 tI‘(A4EA52) = 0’4[4/)(1 + pz)(DF — 2) + SpUDpfz},

tr(AsSAsX) = oi[2(1 4 p?)(DF — 2) + 4p*(1 + p*)(DF — 3) + 8p*upr—3). (52.4)

Using the above results, we can then find tr(MEXMZY), tr(MXM'Y)

and tr(M'XM'Y). For instance, by using (4.4), we have

2

2 2
p p
4
(14 4p> + pYYDF — 2 + 4p"). (S2.5)

pliEYE
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The algebra required is lengthy but is made more manageable by use of the
recursive relation u,1 = p*(u, +n). In fact, observe that is a linear
function of D, which indicates that all of the non-linear terms u,, that are
present in cancel out after repeated application of this relation. The

same is also true for the two remaining traces, which are given by

80.4p2
tr(MEM'S) = — 1+p°+p")DF — 1+ p* + p°
( ) F(l_pg)(HpQ)g[( p-+p) P+’
and
8 4 2
tr(M'EM'Y) op 4[(1—|—2p2—|—6p4—|—2p6+p8)DF—1+p2—4p4+8p6+p8—p10].

T P21 — 221+ )

Finally, using these results alongside (S2.1)) and Lemma [1} we find that

1 T 4p? T
J(O_Q Ck) _ 204(1+p2)2.]1 (DF)(I) O'2F(1—pg)(1+p2)3']2 (DF)(l)
7 4 2 T 1 422 T 1 ’
UQF(l—pg)(1+p2)3.]2 (DF)( ) F2(1—p2)2(1+p2)4']3 (DF)( )

where (DF)®) = ((DF)*, (DF)*', ..., (DF)°)", and

. 1+4p2+p4 . 1+p2+p4 . 1+2p2+6p4+2p6+p8
.]1: ) .12: ) .]3:
_2,02+4p4 _1_'_p2+p6 —1+p2—4p4+8l)6+,08—p10

Out of completeness, we provide the expression for G(o?, a)™! here,



S3. PROOF OF THEOREM 4

which follows from standard matrix algebra:

G(o% o) =H(o? a) ' J(0? a)H (0%, o)

B 1 25gl (DF)®  —20°Fg] (DF)®
~ (gf (DF)®)? 21,2 ’
4 —202Fgl (DF)® L) el(DF)®)
where
(1=p*)*(1+p") (1—p*)?
2(—1+8p? — 11p* + 1505 — 4p% + p'9) —2415p% — 17p* +13p5 — p®
gl = ) g2 =
(1 — p?)(1 —18p2 + 26p* — 425 + p®) (1= p?)(1 —17p% + 13p* — 9p°)
2p°(1 — p?)*(3 — 5p* + 10p") 20°(1 = p?)*(3 — 2p%)
(1—p)° - .
(1—p?)?
—14+12p? — 16p* + 1295 + p®
g3 = ; g:= |—1+8p%—3p*
—2p%(1 = p*)(3 — 8p° + 3p")
—4p*(1 - p?)
| 4= p)(-1+207)

S3 Proof of Theorem 4

Following on from (4.5), the first and second-order partial derivatives of the

composite log-likelihood are

DF 1 T
0 —307 + 5,7y My
agcl(0” acy) = oo (83.1)
_ 2
BB L'ty
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and

* ~ o ey My — 5y My
_aGaGTcg(o- ) &5 y) =
o 2
—gaY' MYy IR ey My

(S3.2)
In order to find the various traces involving M (and its derivatives) and
3, we can make use of the block-diagonality of M. First, let M = M +
M) + ... + M(p), where M(;) is an N X N matrix containing only the b-th
block of M (with all other elements set to zero). Also, break down the

RDFXDF

structure of X € into blocks of size W x W as follows:

S Sq) S SB-2) S(z-1)
S(-1) S Sw S(B-3) S(B-2)
5 S(-2) S(-1) S() S(z-1) S(B-3) |
S(~(B-2)) S(-(B-3) S(-(B-1) So  Sw
S(-B-1)) S-8-2)) S(-(8-3) Sy S |
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where
p|Wk| p|Wk+1| p|Wk+2\ N p|W(k+1)—2| p\W(k—H)—l\
p\Wk71| p|W1c\ p|Wk+1\ N p|W(k+l)fS| p\W(kJrl)—Q\
) p\ka2| p'Wk*” p|Wk| N p|W(k+1)74| p\W(k+1)73\
S(k) =0
p|W(k—1)+2| p\W(k—1)+3\ p|W(k—1)+4| N p|Wk| p|Wk+1|
-p|W(k71)+l| p\W(k71)+2\ p|W(k71)+3| N p‘Wk*ll p|Wk\ _

Then in order to compute E[y? My] for instance, we have

B B

(M) = > tr(My %) = > tr(QS() = Btr(QS ).

b=1 b=1

This reduces the problem down to using the additive decomposition Q =
(A1+p*Ay—pA,)/(1—p?) alongside similar expressions to (S2.3): tr(A1S()) =
o*W, tr(A2S(p)) = 0*(W —2) and tr(A4S(o)) = 202p(W —1). We can there-
fore evaluate the expectation of to obtain
DF p?(DF—B)
H(0%, ) = 201 Fo2(1—p?)

p*(DF-B)  p*>(14+p*)(DF-B)
Fo?(1-p?) F2(1-p?)?

Next, for the traces of the four-matrix products MEXMY, MXM'E

and M'XM'Y, it is useful to observe that Sk = pW("’_l)S(l) and S_y) =
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pW(k*US(,l) for £k > 1. Then, for instance,

B B B B

r(MEM'E) =) > tr(MpEM{,2) = > > tr(QS. QS0

b=1 c=1 b=1 c=1

= Btr(QS)Q'S(y)) + Z tr(QS(c—)Q'Sp-0)) + Z tr(QS(—») Q'S p-0))

1<b<c<B 1<c<b<B

— Btr(QS Z — a)tr(QS(,Q Z —a)r(QS(_)Q'S(w)

B-1

= Btr(QS(O)Q’S(O)) + (tr(QS(l)Q’S(,l)) + tr(QS(fl)Q'S(l))) Z(B _ a)pQW(“—l)

a=1

1
= Btr(QS()Q'S0) + (tr(QS1)Q'S (1)) + tr(QS()Q'S())) 7— W (B -

1

, / 2 1 o p2DF
= Btr(QS(O)Q Sw)) + tr(QS(l)Q S-1)) 1— p2W (B 1= P2V ) '

The final line can be obtained by observing that Q and Q' are rotationally
symmetric by 180 degrees; that is, for the antidiagonal identity matrix R (a
square matrix with a diagonal of 1s from the top-right to the bottom-left),
we have Q@ = RQR and Q' = RQ'R. Additionally, Sy and S(_y) are
180-degree rotations of each other, such that S;) = RS_R and S(_) =
RS1HR. The equality tr(QS;)Q'S(—1)) = tr(QS_;)Q'S1)) then follows
from cyclical invariance. Note that the traces of MXMX and M'SM'Z
may be derived similarly, but the rotational symmetry argument can be
replaced with a direct use of cyclical invariance to prove the equality.

By once again using the additive decomposition of Q, we now require

traces of four-matrix products involving Ay, Ay, A4 and Sy or S(;). These

2DF

1—p

)

1—p?
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are summarised below with use of the notation u, = Y ._ (n — k)p*,

v = S8 (0 In — k)p* and g, = S, 5

tr(A1S0)A1S()) = 04[W + 2uw], tr(A1S0)A2S()) = 04[W — 24 2uw_1],
tr(A1S(0)A4S(0)) = 4o [p(W — 1) + puw 1], tr(A2S(0)A2S(0)) = o' [W — 2 + 2uw_2],
tr(A2S(0)A4S(0)) = 40 [p(W — 2) + puw 2], tr(A4S(0)A4S(0)) = o' [2(1 + p*)(W — 1) + Suw—1],
tr(A1S1)A1S—1y) = otow, tr(A1S1)A2S(—yy) = 04[p2vW,1 — pZW],
tr(A1S(1)A4S(_y) = 204[pvw — pZW*qu}, tr(A2S1)A2S(_y) = 0’4p41)wf2,

tl‘(AQS(l)A4S(,1)) = 204[p3’l)w_1 — pQW_qu_l], tr(A4S<1)A4S(,1>) = 40’4p2’UW_1.

Expressions for the traces of QS()QS0), QS0)Q'S(0) and Q'S»)Q'S(o)
can be obtained by repeatedly applying u, 11 = p*(u, +n) to cancel out the
u, terms in a similar manner to . For the traces of QS1)QS(),
QS(1)Q'S(1y and Q'S(1)Q'S(1), we can instead make use of the relation

(2n+1) £ cancel out the v, terms. This results in the

Up+41 = Up + 2p2nQn + p2
expressions tr(MXM'Y) = —20*p?(DF — B)/[F (1 — p?)], tr(M'EM'Y) =

20°p*(1+ p*)(DF — B)/[F*(1 = p*)?] and

2p2 1— p2DF
4
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Hence, using (S3.1)) and applying Lemma [I| gives

2 _ 2DF 2
J(O_Q O_/) . ﬁ [DF + 1_2£2W (B - 11_[;2W )] ng(pl_pg)(DF — B)

o* (DF— B) p2(14p?) (DF— B)

02F(1—p?) F2(1—p2)2
P _ 1-p?PF
We observe that there is a small perturbation term between J(o2, o) and
H(o?, ), which is consistent with (3.1) and (3.2) in the general Gaussian
case for unweighted composite likelihood functions. Also note that if B =1
(and W = DF), then J(0?, ) = H(0?, ), which is as expected for the full
likelihood.

Following standard matrix algebra, it can be shown that

ot o) 1 2(0%)*(1+p?*) —20%F(1 - p?)
o, =
’ (1 — p2)DF —f- QpQB _2)\2
—20°F(1—p*) F2gfts
4p? 1— p2PF\ [(02)*(1+p?)? —o?F(1 - p)
=)L - ?)DF + 2/°B)? ( T )

—o’F(1—p')  F*(1-p%)?

(93.3)

S4 Asymptotics for a Constant Mean Parameter

In this section, we extend our results for the one-dimensional Gaussian

exponential covariance process to allow for a constant mean p. Due to the
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orthogonality between the mean parameter and the covariance parameters
under a Gaussian process, the asymptotic relative efficiency for p can be
derived separately from o? and a.

To begin, note that the full/composite log-likelihood can be written in
the form cl(u; 02, o, y) = q(0?,a) — (y — plpr) " M(y — ulpr)/(20%), where
M is equal to 0?21 (with 71 as defined in (4.1)) for the full likelihood,
(4.4) for the composite full conditional likelihood and (4.5) for the composite

marginal block likelihood. This emits the following first and second-order

derivatives:
0 2 L
@CK(MQU L, y) = ;1DFM(y — ulpr)
and
0? 1
—a—MQCf(M;U27047Y) = glgleDF

S4.1 Full Likelihood

The inverse of the Fisher information is given by

82

I(p)™' = {]E [—a—[ﬂf(u;OQ,a,y)} }1 = {15, "1pp} ' = o*(1+p)

(1—p)DF +2p

It should be noted that /iy, is not consistent under infill when o2 and «
are known, because I(u)™' = var(jiyg) (ie., it is the exact finite sample

variance), and limg_ oI ()™t = 20%/(aD + 2) > 0.
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S4.2 Composite Full Conditional Likelihood

To derive the sandwich covariance G ()™ = H(p) ™ J () H (1) ™!, we begin

by evaluating H (u) as follows:

0? 1
H(:u) =K |:_a_'uzcg(ﬂa 027047}’)} - ;]-gFM]-DF
1 1+ 207 ) o
= DF + 2p°(DF — 2) — DF —4
o?(1—p?) | 1+ p? 20 ) 1+p2< )
p?
—2 2(DF — 1 20DF — 2
px 2 )+ e ( )
= e~ [(1—p*)DF + 4p]
o*(1+p)(1+ p?) '
Next, note that
) ) 2 1,
J(p) =E @cﬁ(u;a 00y) ) | = —1psMEMIp.

Our approach for evaluating J(u) is to derive the vector quantity M1pp
and then subsequently exploit the simple structure of this vector to compute
the quadratic form (M1pr)?3(M1pp). In particular, it can be shown

that M1pp = (mq, ma, ms, ..., m3, ma, my)? /[(1 + p)(1 + p?)], where m; =

DF—4 times
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1—p+2p% my=1-3p+2p*>—2p> and m3 = (1 — p)3. As such,

DF DF
J(p) = — ZZEU M1pr)i(M1pg);
=1 j=1
1
- | D X A ¥ Y
26{1 DF} je{1,DF} i€{1,DF} je{2,DF -1}
DF-2
tommg Y Y P emy Y S
i€{1,DF} j=3 i€{2,DF -1} je{2,DF—1}
DF—2 DF—2 DF—2
+ 2mams Z Z P+ m3 Z Z piﬂ]
ie{2,DF-1} j=3 =3 j=3

1

a?(1+p)*(1 + p?)?
. pDF—4
L=p

2mi(1 4 p"" =) + dmama(p + pP1 )

+ 4mymsp? +2m3(1 + pPE?)

I—p

1—pDF*4 DF—4
+Amymap———+mj [ DF —4+2 Y (DF —4—k)p" | |.

k=1

After working through the algebra and using the fact that

K

1— K
3 kot = 1fp ( P —KpK), (S4.4)
k=1

L=p

the expression for J(u) can be simplified to

1—p 4 2 3
J(p) = 02(1+p)(1+p2>2[(1—p) DF +2p(3 —4p+ 3p” + 2p”)].

o*(1+p)[(1 — p)'DF +2p(3 — 4p + 3p* + 2p°)]
(1=p)[(1 = p)"(DF)* +8p(1 — p)>DF + 16p?]

G(p)™' =

The expanding domain asymptotic relative efficiency of the composite full

conditional likelihood estimator for u is 1 for p < 1. However, under infill

plifﬂ
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asymptotics (F — o0o), G(u)~! diverges to co. This once again highlights
the structural instability of the composite full conditional likelihood under

this model.

S4.3 Composite Marginal Block Likelihood

Noting that we can express M = diag(Q, ..., Q), where Q is a matrix of size
——

B times
W x W, we have
HW%ZE-"jwﬂMOQaY)=~£ﬂ#NﬂDF
aMQ ) L o2
2557Q1 :——L—{u—)DF+2B]
o2 Wi W 72(1+ p) P P

The approach that we take to derive J(u) is to rewrite M in the form

M = 0?2~ — T, where

Pt j=1e{WkWk+1},

0, otherwise.
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and k € {1,2,..., B— 1}. Using this expression, we obtain

1
J(p) = Flf)p(aQE‘l ~T)X(*E ! - T)lpp

1
— F(OA]_IDHFZil]_DF — 2021%FT1DF —|— 1£FT2T1DF)
1—p)DF +2p 4(B-1 2
_( 5) p+(2 )p+4p TS
a2(1+p) o2 (1+p) o (1+p)

where 7 is a DF-dimensional vector with 7, = 1 for i € {Wk, Wk + 1},
k € {1,2,...,B — 1} and 7; = 0 otherwise. In a descriptive sense, the
quantity 7727 can be calculated by partitioning the matrix ¥ into B2
blocks of size W x W and only summing up the entries that are located in

the corners where any four blocks intersect. As such,

S}

—2
T'Sr =0 |2(B-1)(1+p) + 2B —1—k)(p"* 1 +2p"F ¢ kaH)]
1

- o
=0? |2(B=1)(1+p)+20 (1 +p)? Y (B—1—k)p"*
k=1

i

2

Following further algebraic manipulation and using ((S4.4)), we obtain

J(n) = % %ﬂ[(l—p)DF+2pB]+ 1_2’;W (B— 11_—€)W)]'
Thus,
Gl — — 0+ 0) 2p(1+ p)[B — (1= pP7)/(1 = p")]
" T = p)DF+20B (1— p™)[(1 - p)DF + 2pB]

Interestingly, we observe that 20°1(p)'|,—p = {I(0* &) ' }11],—z and

202G (1) p=z = {G(0* @) }1l,—yz as per (S3.3). Hence, assuming a
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fixed W, the expanding domain asymptotic relative efficiency of the com-

posite marginal block likelihood estimator for pu is given by

o It {10 a)
EDARE(fcr, i) = lim 705y = Jim vo 2
P

_ (1—p+2p/W)/(1—p)
L+ 2p(1+ p)]/[W(L = p")(L = p+2p/W)]

~Vp
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