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Supplementary Material

S1 Proofs of the theoretical results

Proof of Lemma [1. The “ = 7 part is immediate by the elementary
properties of independence.

Next we prove the reverse. For any t(# 0) € R? and any s € R, the
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characteristic function of (X,Y") satisfies

dxy)(t,s) = Elexp{iX"t +isY}]
= Elexp{illt[| X" (t/[[t]]) + isY}]

= <Z5(BTX,Y)(HtH75)>

where § = t/|[t|| € SP~'. Thus, if A7X 1Y holds for any 8 € SP!, we

obtain that

Px.v)(t,5) = zrx ([t oy (s) = Elexp{iX t}] Elexp{isY}] = ¢x(t)oy (s).

In addition, when t = 0, it is easy to see that ¢x v)(t,s) = éx(t)dy(s)
also holds. Thus, if 37X LY holds for any 3 € SP~!, we have that X Y.

[]

Proof of Theorem [1]. (i) Note that
Ey[Farx (u|Y)] = r{ﬂTX <ulY =y} pr{Y = i}

pr{"X <u,Y =y} = Frx(u)

|MN HMN

and

=

vary [Fprx (u]Y)] =Y [pr{"X < u|Y =y} — Fyrx ()] pr{¥ = yi}.
k=1
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Thus, we obtain that

PMV(X[|Y) = o S 1EBTX[Vary(F(6TX|Y))]d6

. / / pr{f"X < ulY’ =y} — Fyrx(u)PdFyr (u)dp.

(ii) By the property (i), we have that PMV(X|Y') = 0 if and only if, for

any €SP tueRandk=1,--- K,

pr{f'X <ulY =y} = Fgrx(u),as.,

which is equivalent to 7 XL Y for any 8 € SP~1. Thus, by (2.3), PMV(X]|Y) =
0 if and only if X Il Y.
(iii) Let U = TX and U; = B87X;. After some algebra, we can obtain

that

| el < Y = e~ pr{5TX < e

o0

= p.2E[I(Uy < U3)[(Uy < U3)I(Yr = yx, Yo = )] + E[L(Uy < U3)1(Uy < Us)]

—2p ' E[I(Uy < Us)I(Uy < Us)I(Yr = yi)]-
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This, together with (2.5)), yields that

[ e < aly = ) - prl 57X < B (s

pIZQE[I(Yl =y, Yo = yk)/

Sp—1

1(8"X1 < 5" Xs) (67X < 57 Xs)df]
+B[ [ 167X < BTX)I(E X, < "Xa)ap
—2p;, E[I(Yl = yk)/

167X < 8"Xa)1(8"Xz < 6" Xs)d]
sp-1

DEZEI(Y: = e Y = eyl — ang(Xs — X, X~ X
+Elep[m — ang(Xy — X3, Xo — X3)]]

—2p ' E[I(Y1 = yi)cp[m — ang(X; — X3, Xy — X3)]]
—cpp "B (Y1 = yi, Ya = yp)ang(X; — X3, X, — X))
—¢pElang(Xy — X3, Xy — X3))]

+2¢,p, L E[I(Y] = yp)ang (X, — X3, Xy — X3)].

Thus, we obtain that

PMV(X]Y)

—Zpk || b X < aly =) - Farx(PdFarx(uds

- Zpk E[I(Y1 = yx, Y2 = yr)ang(X; — X3, Xy — X3)]

+E[ang(X1 - Xg, X2 — Xg)]

(iv) Denote U = a+ cAX and U; = a + cAX;. By the definition of
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ang(+,-), we have that

ang(U1 — U3, U2 — Ug) = ang(cA(X1 — Xg), CA(XQ — Xg))

(X; —X3)TPATA(X, — X3) }
leA(X1 = Xa)|llcA (X2 = Xs3)|

= ang(X1 — X3, Xg — )(3)7

= arccos {

where A € RP*P is any orthonormal matrix, a € R? and ¢ € R. This, to-
gether with the property (iii), yields that PMV(a+cAX|Y) = PMV(X]Y).

]

Proof of Corollary (1l For any vy, vy € R, we have the following result

vl vy

m} = 7[I(v1 <0)(v2 > 0) + I (v > 0)I(vz < 0)]-

ang(vy, v9) = arccos {
Thus, when X is univariate, we obtain that

ang(Xl—Xg, X2_X3) = W[I(Xl < X3)](X2 > X3)+I<X1 > X3)I(X2 < Xg)]

This, together with Proposition 4| and the property (iii) of Theorem |1}, gives
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that

PMV(X|Y) = E[ang(X1 - X3, X2 — Xg)]

K
= P 'EI(Y: =y, Ya = yr)ang(X; — X5, X5 — X3)]
k=1
= 7B[I(X, < X3)I(Xy > X3)] + 7E[I(X, > X3)I(Xs < X3)]

K
—1 Y py BI(Y: =y, Yo = y) (X1 < X3)[(X5 > X))
k=1

K
—7 Y pe By =y, Y2 = y) (X1 > X3) (X, < X))
k=1

= 27MV(X]|Y).

Proof of Theorem [2 Note that

Iy (wye) — gp(w) = p'n ' Y I(U < w,Yi=yp) =0~ Y I(U; <w).
=1 =1

Thus, we have that

9ty (us ) — g (w)]?

1 & -
= 5 YU S w Y = )= 1(U: < w)Hp (U < Y = ) =105 S ),

1,j=1
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It follows from ([2.5)) that we obtain

PMV,(X[Y)

| K
N n_%;ka/SplgUyﬁ Xisyr) — 95 (8" Xo)|*dp

=1

= ZMEZLIMWMX<W&y—m>(W&gM&ﬂ

3¢
P g=1 1,7,r=1

%m%ﬂ&sf&xzwkuﬁxsfxww

1 A—
- 3 Z {pk ajridl (Y = yr, Yr = Y )_pklajrij(y;" = yi)
k=1 i,J,r=1
—Di. ajriI(Yj = Yp) + ajri} (S1.1)
= ——3 ZP Z aj'ri{bjr;k — E.r;k - Ej.;k + I;..;k}, (81,2)
4,7,r=1

T R ot T 1N T _ 2N
where b.j,p =n"' D> " bijik, bk =1 ZFl bijr and b, = n Zi,jzl bijok-

Using (S1.2]), we have that

P/M\VH(X|Y> = Zpk Z ajTi{bjT;k - B-T;k - [_)j-;k + B,k}
4,4,r=1
1 ~
= _E Zﬁlzl Z ajriBjr;k
= ijr=1
- Zp Z g7; zéjr;kz‘
2,J,r=1

Thus, we obtain the result in (2.7)).
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It follows from (S1.1]) that

K n
— 1 N .~ .
PMVW(X[Y) = =75 > b > Apainl (=Y, =ux) = 25 " (Y, =) + ajoi}

k=1 ijr=1

1 K n 1 n
= T3 Zﬁlzl Z ajrill (Y =y, Yo = yr) + e Z Aijr-

k=1 3,5,r=1 i,7,r=1

This completes the proof of (2.8)).
O
Proof of Theorem [3 It follows from Theorems [I] and [2] that
PMV,,(X[Y) = Sip—S2n, PMV(X|Y) = S) — S,
where
1 n 1 K n
Stn=r3> wng(XiX, X;=X)), Son=—3d 5 ) 1 (Vi=Y; =pi)ang(Xi—X,, X;-X,)
%,7,r=1 k=1 4,7,r=1

and

K
Sl = E[ang(Xl —X37 X2 —Xg)], SQ :Z p,;lE[[<}/1 = Y’Q = yk)ang(Xl —X3, X2 —Xg)]
k=1
Thus, we have that
PMV,(X|Y) — PMV(X|Y) = [Si, — Si] — [Son — Sa]. (S1.3)

We shall establish the convergence of each part by the theory of U-statistics.

Step 1: The convergence of Sy,. Note that S, can be expressed
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as follows:

1
Sln — ﬁ{ Zang(xl — Xr7Xj — Xr) +Z ang(Xi — Xr, Xj — Xr>

T, AT IF],
T#] =]
13 ang(X, - X, X, - X,) + Y ang(X, - X, X, — XT)}
ir,i=j, i=r,ij,
r#] r#]
1 1
= D ang(X; - X, X; - X,) + gz ang(X; — X,, X; — X,.)
i, ], i#ri=j
]
n—1)(n—2
. Colesdy,

where T7,, is a U-statistics, defined by
~1
n 1
Ti,= Z g[ang(Xi—Xr,Xl—Xr)—l—ang(Xr—Xi,Xl—Xi)+ang(Xi—Xl,Xr—Xl)]
3 Ji<r<i
~1

n
= Z kl<Xi7XT‘7Xl)7

3 i<r<l
with the symmetric kernel function k;(X;, X,., X;).

For any given t > 0, we have that

(n—1)(n—2)

n2

pr{Sin =il 2t} < pr{ N e (Eo= Ty

t
< pr{|T1n—S1|Z§}+p1"{| 51 > 5 ¢
n

Note that the kernel function ki (X;, X, X;) satisfies 0 < |k1(X;, X, X;)| <

7. Thus, we have |S;| < 7 and

In —2
pr{] nn Sl|2t}:0, (S1.5)

2
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for n large enough, i.e., n > 37 /t.
Note that E[T},] = S;1. Thus, we next study the concentration inequal-
ity pr{|T1, — Si| > t}. This can be obtained by the decoupling trick in

Serfling| (1980, Section 5.1.6) and Chernoff method. Denote

—_

3

Q (X17 e 7Xn) - kl (X1—|—2T7 X2+27‘7 X3+21’)7

1
m

Il
o

T

where m = [n/3]. As shown by Serfling (1980, Section 5.1.6), we obtain

that
in n‘ ' ( i19 "7 in)a

where ) | denote summation over all n! permutations (i1, - - - ,i,) of (1,--- ,n).

By the Markov’s inequality, we can obtain that
pr {Tm _5 > t} < exp{—M}E[exp{A\[Tin — Si]}], (S1.6)
for any A > 0. It follows from the Jensen’s inequality that

Blep(ATul] = Blew( 300K, X))

1

IA
|
&
@
»
=)
——
>
@)
s

LX)

)\ m—1
= E[exp {E Z kl(XH—Qra Xoyor, X3+2r)H
r=0

— E™ [exp{)\kl (X1, X, Xs) /m}] .
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This, together with (S1.6)), yields that

pr {Tln -5 > t} < exp{—-At}E™ [QXP{)‘[kl(Xh Xy, X3) — 51]/m}]-
(S1.7)
It follows from 0 < |ky (X1, X2, X3) — 51| < 27 and Hoeffding’s Lemma that

we have

2

E[exp{/\[k‘l(Xl,Xg, X3) — Sl]/m}] < exp {#)\2}.
This, together with (S1.7)), leads to
2
pr {Tm -5 > t} < exp{ — At + —)\2}.
2m

Minimizing the right hand side of the above expression in A\, we can obtain

that the optimal choice of \ is A = mt/m%. Thus, we can obtain that

t2
pr{Tm—Sl Zt} Sexp{——m }
272

Repeating this argument for — [Ty, — S1] instead of T}, — S, we obtain the

same bound for pr{—[T},—S1] > t}. Thus, we have that

pr {|T1n—81| > t} < Qexp{ — th}. (S1.8)

2n?

Combining (S1.4)), (S1.5) with (S1.8]), we obtain that

pr {|Sln -5 > t} < 2exp{ - QT;}’ (S1.9)

for n large enough.
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Step 2: The convergence of Ss,. Note that Sy, and Sy can be

expressed as follows:

SQn

S

where

and

n

K K
1 " A_
Ezpkl Z I(Y; :Y; :yk)ang(Xi _XT7XJ _XT) = Zpkl‘sén,k?
k=1 k=1

ijr=1

K K
ZPQIEU(E =Y, = yp)ang(X; — X3, Xo—X3)] := Zp]?lSQ,ka
k=1 k=1

n

1

g =5 D (Vi =y Y = y)ang(Xi — X, X; = X,)

ijr=1

Sag = E[I(Y1 = yk, Y2 = yp)ang(Xy — X3, Xo— X3)].

Similar to the argument of Sy, we can represent S, ; as a U-statistics

as follows

1 n—1)(n—2
Sonpe=—3 > ang(Xi=X,, X=X I(Y; = Vi = ) = ( 712 Ly,
i;ﬁri?él,

where 15, is a U-statistics, given by

T2n,k =

-1

n 1
Y Slng(Xi—X, X=X, I(Yi=Yi=yy)

3 i<r<l
+ang(X, —X;, X;— X)) I(Y, =Y, =y,)+ang(X; — X;, X, — X)) I(YV; =Y, =yi)]

-1

n
Z kQ,k(Xiv XT7 XZ)

3| i<r<i
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By the same argument of Sj,, we have

PY{|52n,k—S2,k|Zt} < pr{\Tznk So k| > }+p1“{|3n So k| > }

t2
< Qexp{ . 2ZW2}, (S1.10)

for n large enough. By Hoeffding’s inequality, we have

PT{|ﬁk—pk\ Zt} SQexp{ —2nt2}. (S1.11)

Note that

pr {19 Sons = e Sl = 1) = pr {167 [Sanse— Sl + Soalii 11| = 1}

Sonr—S
Spr{] 2n,k 2.k

t t
> L Sy ilpt—pr! >—}.

Combining (S1.10]), (S1.11)) with the condition ¢;/K < minj<p<gpr <

max<g<ri Pr < ¢2/ K, we have

o c
pf{pk1|52n,k—52,k|2t} < | > t, k>—}+p {pk<—1}

br { | Son e —S2,k
Dr 2K 2K

t Clt
< — _
< Pf{|52nk 52k|_2K}+Pr{|Pk pk\_2K}
cAt? cAt?
< 2exp{ —nggr 2o { - 207 )
nt?
< dep{ - )
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for some positive constant ¢y, and

A_ _ Dk — Dk t . 1 . c1
Sulii' =il 2 1) < we{IBTR = Sz e} < 5}
pr{ oklDy — D | > < pryf B |_7rpk_2K HPE Dk < 5o
< {|A > C%t}—l— {|A |>clt}

r — — r — —

> PryPk — Pkl = 22 Py IPk — Pk| = oK

4t2

c 242
< 2exp{ —Qnﬁ} —|—2exp{ — QnM}

< 4 { nt*
< 4dexpy —cp—¢.
i)

These, together with union bound, yield that

K

— _ t

Pl“{|52n — Sy| > t} < ;pf{\pklszn,k —pklsz,k\ > E}
t2

n nt?
< 4K[exp{ - Coﬁ} + eXp{ - Cow}]

nt?
< 8Kexp{ - COF}. (51.12)

Combining (S1.3)), (S1.9) with (S1.12]), we obtain that

__ t t
pr {\PMVH(X|Y) ~ PMV(X[Y)| > t} < pr {ysm — 8| > 5} +pr {ysm — S| > 5}
nt? nt?
- QeXp{ - 2471'2} +8K6Xp{ - Coﬁ}
nt?
< 9Kexp{ — Coﬁ},
for n large enough. Thus, when ¢ > cof\;—; log(K /), we have
—— KG
pr {]PMVn(X|Y) ~PMV(X|Y)| < coy/ — 1og(K/a)} >1—a,
n
O

provided that n is sufficiently large.
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Proof of Theorem [{] By the properties of conditional expectation, we

have

pr{X <z[Y =y} - pr{X < az}]?
= [BU(X <o)l =yl - BIX < )| [BUKX <)Y = ] - BU(X < 2)]
= BlI(Xi <0)[(Xy < 2)|Yi = yi, Yo = yi] = 2B[I(Xy < 2)1(X2 < 2)[V1 = gy
FE[I(X, < 2)I(Xs < )
= BI(X, < 0)[(Xs < )Yi = g Yo = ] + EI(X, < 2)[(X < )]

_Qp]:lE[[(Xl <x)[( Xy <2)I[(Y1 = yi)],

where (Y1, X;) and (Y3, X5) are independent and identically distributed.

This leads to

[ﬁmm—memm—Ew&s%m&sxmm_%n_m

[e.9]

—2p; L BII(X) < Xa)[(Xa < X3)I(Y = y)]

+E[I(X) < X3)I(X; < X3)]. (S1.13)
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By the result in (2.2)), we obtain that

MV(X|Y)

K
= Y pE[I(X) < X3)I(Xy < X3)|V3 = yi, Yo = yi] — E[I(X1 < X3)I(X5 < X;)]
k=1

= ZpkE{[l — (X1 > X3)[I( Xy < X3)|Y1 = Y, Yo =y

k=1

= B(X; > X3)I[(Xy < X3)} — E[I(Xy < X3)] + ZpkE[[<X2 < X3)|Yas = yi]
- ZpkE[I(Xl > X3)[( Xy < X3)|Y1 =y, Yo = Ui

= BlI(X; > X3)[(X> < X3)] = Y pmBE[I(X7 > X3)I(Xs < X3)[V; = Yo =y

k=1

k=1

To prove this theorem, we next need to prove

Sw(X[Y) = pp ' EI(X1 > X3)I[(Xy < X3)I(Yy = Yo = ).
k=1

Note that

{EI (X1 <2)[Yi=y] — 1(X; <)}

= EI(Xi<x)[(Xo<z)|[Yi=Yo=yi] + (X1 <z) - 2E[I(X;<z)|Y] = y|[ (X1 <x).
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Then, we have that
w(X]Y)

= ZK:Pk/_OO E{EI(X,<z)[Yi=y] — [(X1 <) |Y1=Yo=y|dF (x)

- Zpk [ BUCG <o1(e <a)lYi=Yomi] + B <0)Yi=Yo=u

—2E[I(X; <2)I(Xs<2)|Y1=Yo=y;]dF(z)

— Zpk/ E{I(X,<z) - I[(X;<2)[(Xy<2)}|Y1=Yo=y|dF ()
= Y mEI(X<X;) — I(X; < X3) (X < X3) |V =Ya =y,

= Y i EI(Y1 =Yy =ye)1(X) > X3)I (X2 < X3)].

This completes the proof of [4]

Proof of Theorem [5 By the definition of P/M\Vn(X|Y), we have

- 1 K n 9

PMV,(XY) = — >~ zﬁkz / 1{98,y(ﬁTxi;yk) —g}}(ﬂTXi)} ds
Pg=1 =175

- /sp 1/ Zpk 90y (w3 yi)pr — gy (u )pk} dFy(u)ds

k=1
_ /S / ZWn,k(ﬁ,u)QdﬁU(u)dﬁ, (S1.14)
Pl —oo g

where Fyy(u) = gib(u) = nt 320 I(U; < u) and

Whe(B,u) = n'/? [gﬁy(u; Yr )Pk — gg(“)ﬁk] /\/ﬁ
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for u € R and 3 € SP~L.

By simple calculation, we have that

WoklB,0) = 02 (L ST <, Vo= ) — + ST < w) - STV = )] [V

=1 =1 =1

Let W,(8,u) == (Wo1(B,u), -, Wyx(B,u))”. To study the consistency

of W, (8, u), we consider the following K-dimensional empirical process

Rn(ﬁ?“) = (Rn,l(ﬁ7u)v T 7Rn,K(6a u))Tv

where

Rua(Bu) = 0723 %{ [(U; < ) — Fyrx (W) HI(Y: = gi) — pi}

= n Z o (X, Yi; B, u)
=1

and ¢ (Xy,Yy; B,u) = {1(Us < u) — Farx(u) HI(Y; = yr) — v}/ /Pr-

By (S1.14]), we can obtain that

o K
nP/M\Vn(X|Y) = Cl/gpl/_ Zka(ﬁ,u)QdﬁU(u)dﬂ

© k=1
1 0o K )
N a /Spl /—oo ;[Wn,k<5, U) - Rn,k(ﬁ,U)FdFU(u)dﬂ
1 0o K .
+g /Sp—l /_oo ; Rn,k(ﬁj u)2dFU<u>dﬁ

2 o K A
e /S / > W8, ) = Ru(B. ) Ro (B, w)dEyy (w)dp.

X k=1
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By simple algebraic manipulation, we have

R go(Bw) = Wage(Bow) = n™ Z{f —pe}n” 1/22{1 B"X; < u) — Fyrx(u)}-

By the law of large numbers, we have n='>"" {I(Y; = y) — pr} = 0,(1).
Using Theorem 2.5.2 in [van der Vaart and Wellner| (1996), we can show
that
w2y {1(5Txi <u) — FﬁTX(u)},
i=1
converges to a Gaussian process with zero mean and covariance function

P{ATX < u}(1 — P{BTX < u}). This yields that,

R 1 (B, 1) = Wik (8, 1) = 0p(1), (S1.15)

holds uniformly for (u,3) € SP~' x R. By Proposition 7.27 in [Kosorok
(2008), we have
/S 1/ Z Wok(B, 1) — Rugo(B,u)]*dFy (w)dB = 0,(1)
" k=1
and
/S / Z Wo k(B w) = Rup (B, 1w)] Ry (B, u)dFy (u)df = 0,(1).
P00 gy
These lead to

nPMV, (X[Y) = ¢; /S/ ZRmk(ﬁ,u)?dFU(u)dmop(1).(s1.16)

k=1
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Thus, we only need to establish the convergence of

0o K
i/g/_ > Ryi(B,u)*dFy(u)dB.

k=1

By the theory of empirical process (van der Vaart and Wellner| [1996),

we have

(R(30): (50 €91 x R}
~ {R(B.0) = (Ru(B.), RafB.u), - Ric(B.))T : (B.) € 9 x R},

where ~~ denotes the convergence in distribution and {R(3,u) : (8,u) €
SP~1 x R} is a K-dimensional Gaussian process. If Hy : Fj(x) = Fy(x) =
-+ = Fg(x), for all x € R? holds, it is equivalent to that the distributions

of X given Y = y;, are the same and thus X Y. Let
Cov(Ry (81, u1), Ru (B, ug)) = ¥ = (Ukl,kz)KxK
be a K x K matrix with each element oy, 1, defined by
Oy by = Elon, (X, Y5 81, u1) on, (X, Y5 Ba, ug)].

Since ¢r(X,Y;8,u) = {I(fTX < u) — Farx(u) HI(Y = yr) — pe}//Pr
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under H,, we obtain that

E[Rn,lﬁ (517 ul)Rn,kz (ﬁ% UQ)]

= E[qbkl (Xa Y; 517 u1)¢k2 (X, Y: ,82, ug)]

- \/]ﬁE[{I(ﬁipX <uy) = Fgrx (un) HI(Y = yr,) — pr HI(B3 X < ug) — Fyrx (ug)}
X{[(Y = ykg) —ka}]

_ @E[{I(ﬂfX < wr) — Fyrx ()] HI(BTX < w3) — gy (1))

XE[{I(Y = ykl) _plﬂ}{j(y = yk2) _pk2}]'

Note that

E[{I(B]X < u1) — Farx (un)[HI(By X < uz) — Fyrx (u2)}]

= pr(BX <y, 83X < up) — F,BITX<U1)FB2TX(U2)'
If k1 = ko, we have

E[{](Y - ykl) _pkl}{‘[<y = yk2) _ka}] = pkl“‘ _pkl]'

If k1 # ko, we have

E[{I(Y = yk’1) - plﬁ}{[(y = ykz) - pkz}] = — Pk Pk,

Thus, we can obtain that
Y = [pr(f7 X < ui, f3 X < ug) — Farx (u1) Farx (us)] [Ix — bi b]

where I; denotes the K x K identity matrix and bx = (\/p1, /P2, -+ , PK)" -
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Let ' = (by, by, -+ ,bg)”, where by, by, ..., bx_; € RX are K —1 unit
and orthogonal vectors such that I' is a K x K orthogonal matrix. Consider

the transformed K-dimensional Gaussian process

R, (8,u) ~ Re(8,u) = TR(B,u), for (8,u) € "' x R.

Then, we have

Cov(IR, (81, u1), TR, (B2, us))
= Iyrt
= [pr(8/ X < uy, B3 X < up) — Fyrx (u1) Fgrx (ug)]T [Ix — bge b ] TT
= [pr(B{ X < up, 83 X < up) — Fyrx (wi) Fyrx (u2)] [Ix — diag(0,---,0,1)]
= [pr(6{ X < ui, B3 X < ug) — Frx(ur) Farx (ug)]diag{1, - -, 1,0} rxx.

It implies that each component of TR, (5, u) (or Rr(8,u)) is independent.

By applying the continuous mapping theorem, we have

ZRM& * = [Rat, )| = [rRus )| [Re( ]| for (8,0) e 577 xR,

Therefore, we have

A I LNCEEL U M O LG (LT

EN Cl /S / ZHRFw,u)HQdFU(uMﬁ
_ C_tfg/S /ZRF,k(ﬁ,u)zdFU(u)dﬁ.
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According to [Kuo (1975, Chapter 1, Section 2), we derive that

1K

1 /S / R4 (8, u)?dFy (u)dg (S1.17)

c
P k=1

follows the same distribution as > p-, Agni, where the A, depend on the
distribution of (X,Y") and the 7 are independent standard normal random

variables. Thus, together with (S1.18|), we have

WPNV,(X|Y) = / / ZRn,k(ﬁ,u)QdFU(u)dﬁ +0,(1)
Sp—1 0 1
LN Z/\knk, n— 0o. (S1.18)
k=1

It is easy to obtain that SSr = Elang(X; — X3, Xo — X3)] + 0,(1). By
Theorem [3 we obtain SSy = SSp—SSp = PSw(X]|Y)+0,(1). By Sultsky’s

Theorem, we have

(n— K)PMV,(X]Y) ¢ <
F =
" (K — 1)SSy H; —1PS <X|Y)’7k’

n — .
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Proof of Theorem [6] By the proof of Theorem [3| we have

PMV,(X|Y) — PMV(X]Y)

= [Sln - S2n] - [Sl - SQ]

K K
(n—1)(n—2) (n—1)(n—2) 1
= e Ty, — 2 2;]% T, k} —[S1— ;pk So.k)
(n—1)(n—2) 3n— (n—1)(n—2) e~ _
= n2 [T — 1] — St — 2 ;pk 1[T2n K — Sk
K K
_(n— 1 (n—2) 3n —2 _
Z b ]Sk + 3 Zpklsz,k
k=1 k=1
K K
= [T = 1] = 25 Tons = Soad + D (B = 1) P22k + 0y (n2)S1.19)
k=1 k=1
where
-1
n 1
Tln — Z g[ang(X_Z —XT, Xl —XT)+ang(XT —Xz‘, X.l _Xz) +ang<X—2 _Xl7 XT_XI)]
3 Ji<r<i
—1
n
= Z k1<Xi7XT7Xl>
3 i<r<l
and
-1
n 1
Tong = ; KZKI §[ang(Xi—Xr,Xl—Xr)[(}/;:Yl:yk)

+ang(X, —X;, X; = X)) [(YV, =Y, =yx) +ang(X; — X;, X, — X)) I(Y; =Y, =ys)]

-1

n
= > k(X0 Yis X, Vs X0, V).

3| i<r<i



S1. PROOFS OF THE THEORETICAL RESULTS

To obtain the asymptotic normality, we approximate the U-statistics with

their projections (Serfling, [1980)

3 n
Tin—51 = =Y {E[k(X:,X,,X))|X;] = 51} +0,(n7h)
N

3 -
= ;Zhd(Xz) —|—0p(n71),
i=1

Topg — Sop = % i{E[kZ,k(Xia Vi X, YV X0, V) |XG, Vi) = Sap} + 0p(n)
i=1
— % ; BM(XZ', Y:) + op(n_l),
where
h(x) = E[k1(X1, X2, X3)[Xy =x] — S,
and

hox(x,y) = Elkosn(Xy, Y1; Xy, Ya; X3, ¥3)[X) = x, V) = 9] — Sau.

This, together with (S1.19), yields that

VPNV, (X[Y) — PMIV(X[Y)) = 072 3 0(X, ¥) + o,(1)

=1

where

K K
O(X;, V) =30 (Xa) + 3> pr ' hon(Xa, i) + Y pp 2 SarlI(Y: = i) — pul-
k=1 k=1

(S1.20)
Then by the limit central theorem, we have

Vi(PMV,(X]Y) = PMV(X[Y)) -5 N (0,0%), (S1.21)
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where 02 = Var [®(X;,Y;)].

Proof of Corollary[2. For an arbitrary positive constant ¢, we have

pr {Fn > c}
{7 )

(K —1)SSw — (n — K)PMV(X|Y) }

_ pr{\/ﬁa— [PMV,(X]Y) — PMV(X|Y)] > (n—K)o/v/n

(K — 1)SSw — (n — K)PMV(X]Y)
1o (n— K)o/ vn ).

where ®(-) is the CDF of the standard normal distribution.
Under the alternative hypothesis, we have PMV(X|Y') > 0. This indi-

cates that

(K — 1)SSw — (n — K)PMV(X]Y)
(n—K)o/vn

— —00, N — 0.

Thus, we can prove that lim,, . pr{F, > ¢} = 1. O

Proof of Theorem [7. For notation convenience, let F'(u; ) = pr{87X <
u}, F,(u;8) = pr{BTX < wl|A = a}, Fy(u; 8) = pr{B7X < u|B = b}
and Fy(u; 8) = pr{BTX < u|A = a,B = b}. Define py = 1/(K4Kp),
Pa. = 1/K4 and py = 1/Kp.

(i) By similar arguments of (3.5]), we consider the following decompo-
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sition

[(B"X <u) = F(w ) = [Fa(wB) = Flu; )] + [Fo(u; B) = F(u; B)]

HI(B7X < u) — Fu(us B) = Fylus ) + F(us 8)].

Let E,p[-] be conditional expectation E[-|A = a,B = b]. Then, for any

B €SP~ and u € R, we have

var(I(TX < u))

= > > paE{I(B"X <u) = F(u; )}*|A = a, B =]
= Y padFu(w; B) = F(w; )} + Y po{Fo(u; B) — F(u; 8)}?
a=1 b=1

+3 D pwBap[{I(87X < w) = F,(u; 8) = Fy(u; 8) + F(u; )] (S1.22)

a=1 b=1
Note that, is obtained by the fact that all of the crossproduct terms
in above equation are orthogonal. That is,

Ki Kp

SN pa{Fu(w; B) — F(u; 8)} {Fy(u; f) — F(u; B)} =0, (S1.23)

a=1 b=1

Ka Kp

Y0 pa{ Fu(w; BF (u; B)} Eap[I(B7X < w)—=F, (u; 8)—Fy(u; )+ F(u; 8)] = 0

a=1 b=1

(S1.24)



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME?2

and
Ki Kg

DD pa{Fow; BY-F (u; )} Eap[1 (87X < u)=Fo.(u; B) = Fy(u; )+ F (u; §)] = 0.

a=1 b=1

(S1.25)

We here only check (S1.24]). The results in (S1.23)) and (S1.25) can be

proved similarly. By the properties of conditional expectation, we obtain
that

Ky Kp

DY pad Fo(u; B)— F(u; B)} Eap[1(87X < w) — Fo(u; B) — Fiy(u; ) + F(u; B)]

a=1 b=1

= > {Fa(w; B)=F(; 8)} Y paplEapl[(B7X < u)] = Fo.(u; 8)— Fo(us B)+F (u; B)]

a=1 b=1
= > {Fu(w; B)=F(u; B}EU(B"X < u)I(A = a)]— Fo (u; B)pa.— F (s B)pa+F (u; 5)pa]
= 0

By (S1.22)) and the definition of PMV(:|-), we have that

" I/SP-I/OO"”“ (B"X < w))dF (u; B)dp
— ;pa.c; /Sp_1 /OO{Fa.(u; B) — F(u; B)Y2dF (u; B)dp

+bz:;p-bC; /Sp_l /OO{F.b<U§B) — F(u; B)Y?dF (u; B)dB

Ky Kp

+>° Zpabcpl/gpl /_: Eop[{I1(8"X < u) = Fo(u; B) = Fy(u; B) + F(u; §)}2dF (u; 5)d

a=1 b=1

= PMV(X]|A) + PMV(X|B) + o 1,
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where
Ka Kp 00
O—%},l = Z Zpabcpl/ / Ea,b[{I(BTX < U) - Fa-(u; B) - F~b<u; ﬁ)
a=1 b=1 sp=1 J—oo
+F (u; B)}*|dF (u; B)dB. (S1.26)

(ii) For model X ~ A+ B 4+ A x B, we consider the decomposition

I(B"X <u) = F(u; ) = [Fu(w;8) — F(u; 8)] + [Fy(u; B) — F(u; 8)]
+[Fap(u; B) — Fou; B) — Fo(us 8) + F(u; 8)]

HI(BTX < u) — Fop(u; B)].

Then, we have

Ka Kp

var(I(B"X <u)) = Y > puE{I(B"X < u) — F(u; 8)}*|A = a, B =1b|

a=1 b=1

= > pa{Fulw; B) = F(u; )Y + Y pa{ Fulu; B) — Flu; 8)}?

Ka Kp

+ 3 ) paEas[{Fan(w; 8) = Fo(u; 8) = Fylus B) + F(u; 8)}7]

+ 33 By [{I(B™X < w) = Ful(u; )}, (S1.27)

a=1 b=1

Here, we can prove that all of the crossproduct terms in above equation are
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orthogonal using the similar arguments of (S1.24)). Then, we have that
. / / var(I(87X < u))dF (u: B)dB
sP—1J —00
Ka 0
= Y one [ [ (Futwsd) - Fls )P s)is
a=1 Sp=t J—oo

e3> o[ [ Rt — P p)ars yas

Ky Kp

22 L BualFustas ) = P 8) = Fafus 5) + Fws 5)YIAF i )5
# 3 3 pa! [ [ Bul157X <0 = Pl )FaE G )3

= PMV(X|A) + PMV(X|B) + PMV(X|A % B) + o ,,

where
Ka Kp 00
2= D Pt / / Eob[{I(B"X < u) — Fo(u; 8)Y)dF (u; B)dB  (S1.28)
a=1 b=1 §p=tJ—o0
and
Ka Kp 00
PMVXIAB) = 35 puc'[ [ Bual{Fulusd) - Fuuip)
a=1 b=1 §p=1 J —oo
—Fy(u; 8) + F(u; B)Y]dF (u; B)dp. (S1.29)

(iii) Note that

Eop[{Fup(u; B) — Fo.(u; B) — Fy(u; B) + F(u; B)})

= Eoo[{[Fu(u; B) — F(u; 8)] — [Fu.(u; B) — F(u; B)] — [Fo(u; B) — F(u; 8)]}7].
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By the similar arguments of (S1.24]), we have

PMV(X|A  B)
Ka Kg

- Z Z” / /  Bupl{Fu(us B) = Fuw )YIAF (s 5)d5

F2 e /S /Z Ewpl{Fu(u f) = F(u; §)Y1dF (u; £)dp
+ ; bZ;pabCp /Spl /_OO Eop[{Fo(u; B) — F(w; B)}|dF (u; B)df

— PMV(X|A: B) — PMV(X|A) — PMV(X|B).
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