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S1 Proofs of the theoretical results

Proof of Lemma 1. The “ ⇒ ” part is immediate by the elementary

properties of independence.

Next we prove the reverse. For any t(6= 0) ∈ Rp and any s ∈ R, the
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characteristic function of (X, Y ) satisfies

φ(X,Y )(t, s) = E[exp{iXT t + isY }]

= E[exp{i‖t‖XT (t/‖t‖) + isY }]

= φ(β̃TX,Y )(‖t‖, s),

where β̃ = t/‖t‖ ∈ Sp−1. Thus, if βTX |= Y holds for any β ∈ Sp−1, we

obtain that

φ(X,Y )(t, s) = φβ̃TX(‖t‖)φY (s) = E[exp{iXT t}]E[exp{isY }] = φX(t)φY (s).

In addition, when t = 0, it is easy to see that φ(X,Y )(t, s) = φX(t)φY (s)

also holds. Thus, if βTX |= Y holds for any β ∈ Sp−1, we have that X |= Y .

Proof of Theorem 1. (i) Note that

EY [FβTX(u|Y )] =
K∑
k=1

pr{βTX ≤ u|Y = yk} pr{Y = yk}

=
K∑
k=1

pr{βTX ≤ u, Y = yk} = FβTX(u)

and

varY [FβTX(u|Y )] =
K∑
k=1

[pr{βTX ≤ u|Y = yk} − FβTX(u)]2 pr{Y = yk}.
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Thus, we obtain that

PMV(X|Y ) =
1

cp

∫
Sp−1

EβTX[varY (F (βTX|Y ))]dβ

=
1

cp

K∑
k=1

pk

∫
Sp−1

∫ ∞
−∞

[pr{βTX ≤ u|Y = yk} − FβTX(u)]2dFβTX(u)dβ.

(ii) By the property (i), we have that PMV(X|Y ) = 0 if and only if, for

any β ∈ Sp−1, u ∈ R and k = 1, · · · , K,

pr{βTX ≤ u|Y = yk} = FβTX(u), a.s.,

which is equivalent to βTX |= Y for any β ∈ Sp−1. Thus, by (2.3), PMV(X|Y ) =

0 if and only if X |= Y.

(iii) Let U = βTX and Ui = βTXi. After some algebra, we can obtain

that

∫ ∞
−∞

[pr{βTX ≤ u|Y = yk} − pr{βTX ≤ u}]2dFβTX(u)

= p−2
k E[I(U1 ≤ U3)I(U2 ≤ U3)I(Y1 = yk, Y2 = yk)] + E[I(U1 ≤ U3)I(U2 ≤ U3)]

−2p−1
k E[I(U1 ≤ U3)I(U2 ≤ U3)I(Y1 = yk)].
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This, together with (2.5), yields that

∫
Sp−1

∫ ∞
−∞

[pr{βTX ≤ u|Y = yk} − pr{βTX ≤ u}]2dFβTX(u)dβ

= p−2
k E

[
I(Y1 = yk, Y2 = yk)

∫
Sp−1

I(βTX1 ≤ βTX3)I(βTX2 ≤ βTX3)dβ
]

+E
[ ∫

Sp−1

I(βTX1 ≤ βTX3)I(βTX2 ≤ βTX3)dβ
]

−2p−1
k E

[
I(Y1 = yk)

∫
Sp−1

I(βTX1 ≤ βTX3)I(βTX2 ≤ βTX3)dβ
]

= p−2
k E[I(Y1 = yk, Y2 = yk)cp[π − ang(X1 −X3,X2 −X3)]]

+E[cp[π − ang(X1 −X3,X2 −X3)]]

−2p−1
k E[I(Y1 = yk)cp[π − ang(X1 −X3,X2 −X3)]]

= −cpp−2
k E[I(Y1 = yk, Y2 = yk)ang(X1 −X3,X2 −X3)]

−cpE[ang(X1 −X3,X2 −X3)]

+2cpp
−1
k E[I(Y1 = yk)ang(X1 −X3,X2 −X3)].

Thus, we obtain that

PMV(X|Y ) =
1

cp

K∑
k=1

pk

∫
Sp−1

∫ ∞
−∞

[pr{βTX ≤ u|Y = yk} − FβTX(u)]2dFβTX(u)dβ

= −
K∑
k=1

p−1
k E[I(Y1 = yk, Y2 = yk)ang(X1 −X3,X2 −X3)]

+E[ang(X1 −X3,X2 −X3)].

(iv) Denote U = a + cAX and Ui = a + cAXi. By the definition of
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ang(·, ·), we have that

ang(U1 −U3,U2 −U3) = ang(cA(X1 −X3), cA(X2 −X3))

= arccos
{ (X1 −X3)T c2ATA(X2 −X3)

‖cA(X1 −X3)‖‖cA(X2 −X3)‖

}
= ang(X1 −X3,X2 −X3),

where A ∈ Rp×p is any orthonormal matrix, a ∈ Rp and c ∈ R. This, to-

gether with the property (iii), yields that PMV(a+cAX|Y ) = PMV(X|Y ).

Proof of Corollary 1. For any v1, v2 ∈ R, we have the following result

ang(v1, v2) = arccos
{ vT1 v2

‖v1‖‖v2‖

}
= π[I(v1 < 0)I(v2 > 0) + I(v1 > 0)I(v2 < 0)].

Thus, when X is univariate, we obtain that

ang(X1−X3, X2−X3) = π[I(X1 < X3)I(X2 > X3)+I(X1 > X3)I(X2 < X3)].

This, together with Proposition 4 and the property (iii) of Theorem 1, gives
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that

PMV(X|Y ) = E[ang(X1 −X3, X2 −X3)]

−
K∑
k=1

p−1
k E[I(Y1 = yk, Y2 = yk)ang(X1 −X3, X2 −X3)]

= πE[I(X1 < X3)I(X2 > X3)] + πE[I(X1 > X3)I(X2 < X3)]

−π
K∑
k=1

p−1
k E[I(Y1 = yk, Y2 = yk)I(X1 < X3)I(X2 > X3)]

−π
K∑
k=1

p−1
k E[I(Y1 = yk, Y2 = yk)I(X1 > X3)I(X2 < X3)]

= 2πMV(X|Y ).

Proof of Theorem 2. Note that

gnU,Y (u; yk)− gnU(u) = p̂−1
k n−1

n∑
i=1

I(Ui ≤ u, Yi = yk)− n−1

n∑
i=1

I(Ui ≤ u).

Thus, we have that

[gnU,Y (u; yk)− gnU(u)]2

=
1

n2

n∑
i,j=1

{p̂−1
k I(Ui ≤ u, Yi = yk)−I(Ui ≤ u)}{p̂−1

k I(Uj ≤ u, Yj = yk)−I(Uj ≤ u)}.
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It follows from (2.5) that we obtain

P̂MVn(X|Y )

=
1

ncp

K∑
k=1

p̂k

n∑
i=1

∫
Sp−1

[gnU,Y (βTXi; yk)− gnU(βTXi)]
2dβ

=
1

n3cp

K∑
k=1

p̂k

n∑
i,j,r=1

∫
Sp−1

[
p̂−1
k I(βTXj ≤ βTXi, Yj = yk)− I(βTXj ≤ βTXi)

]
×
[
p̂−1
k I(βTXr ≤ βTXi, Yr = yk)− I(βTXr ≤ βTXi)

]
dβ

= − 1

n3

K∑
k=1

p̂k

n∑
i,j,r=1

{p̂−2
k ajriI(Yj = yk, Yr = yk)−p̂−1

k ajriI(Yr = yk)

−p̂−1
k ajriI(Yj = yk) + ajri} (S1.1)

= − 1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

ajri{bjr;k − b̄·r;k − b̄j·;k + b̄··;k}, (S1.2)

where b̄·j;k = n−1
∑n

i=1 bij;k, b̄i·;k = n−1
∑n

j=1 bij;k and b̄··;k = n−2
∑n

i,j=1 bij;k.

Using (S1.2), we have that

P̂MVn(X|Y ) = − 1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

ajri{bjr;k − b̄·r;k − b̄j·;k + b̄··;k}

= − 1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

ajriB̃jr;k

= − 1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

Ãjr;iB̃jr;k.

Thus, we obtain the result in (2.7).
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It follows from (S1.1) that

P̂MVn(X|Y ) = − 1

n3

K∑
k=1

p̂k

n∑
i,j,r=1

{p̂−2
k ajriI(Yj =Yr=yk)− 2p̂−1

k ajriI(Yr=yk) + ajri}

= − 1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

ajriI(Yj = yk, Yr = yk) +
1

n3

n∑
i,j,r=1

aijr.

This completes the proof of (2.8).

Proof of Theorem 3. It follows from Theorems 1 and 2 that

P̂MVn(X|Y )=S1n−S2n, PMV(X|Y ) = S1 − S2,

where

S1n=
1

n3

n∑
i,j,r=1

ang(Xi−Xr,Xj−Xr), S2n=
1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

I(Yi=Yj =yk)ang(Xi−Xr,Xj−Xr)

and

S1 =E[ang(X1−X3,X2−X3)], S2 =
K∑
k=1

p−1
k E[I(Y1 = Y2 = yk)ang(X1−X3,X2−X3)].

Thus, we have that

P̂MVn(X|Y )− PMV(X|Y ) = [S1n − S1]− [S2n − S2]. (S1.3)

We shall establish the convergence of each part by the theory of U -statistics.

Step 1: The convergence of S1n. Note that S1n can be expressed
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as follows:

S1n =
1

n3

{∑
i 6=r,i6=j,
r 6=j

ang(Xi −Xr,Xj −Xr) +
∑

i 6=r,i 6=j,
r=j

ang(Xi −Xr,Xj −Xr)

+
∑

i 6=r,i=j,
r 6=j

ang(Xi −Xr,Xj −Xr) +
∑

i=r,i6=j,
r 6=j

ang(Xi −Xr,Xj −Xr)
}

=
1

n3

∑
i 6=r,i 6=j,
r 6=j

ang(Xi −Xr,Xj −Xr) +
1

n3

∑
i 6=r,i=j

ang(Xi −Xr,Xj −Xr)

=
(n− 1)(n− 2)

n2
T1n,

where T1n is a U -statistics, defined by

T1n=

n
3


−1∑
i<r<l

1

3
[ang(Xi−Xr,Xl−Xr)+ang(Xr−Xi,Xl−Xi)+ang(Xi−Xl,Xr−Xl)]

:=

n
3


−1 ∑

i<r<l

k1(Xi,Xr,Xl),

with the symmetric kernel function k1(Xi,Xr,Xl).

For any given t > 0, we have that

pr
{
|S1n − S1| ≥ t

}
≤ pr

{(n−1)(n−2)

n2
|T1n − S1| ≥

t

2

}
+ pr

{
|3n− 2

n2
S1| ≥

t

2

}
≤ pr

{
|T1n − S1| ≥

t

2

}
+ pr

{
|3n− 2

n2
S1| ≥

t

2

}
. (S1.4)

Note that the kernel function k1(Xi,Xr,Xl) satisfies 0 ≤ |k1(Xi,Xr,Xl)| ≤

π. Thus, we have |S1| ≤ π and

pr
{
|3n− 2

n2
S1| ≥ t

}
= 0, (S1.5)
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for n large enough, i.e., n ≥ 3π/t.

Note that E[T1n] = S1. Thus, we next study the concentration inequal-

ity pr{|T1n − S1| ≥ t}. This can be obtained by the decoupling trick in

Serfling (1980, Section 5.1.6) and Chernoff method. Denote

Ω (X1, · · · ,Xn) =
1

m

m−1∑
r=0

k1(X1+2r,X2+2r,X3+2r),

where m = bn/3c. As shown by Serfling (1980, Section 5.1.6), we obtain

that

T1n =
1

n!

∑
n!

Ω (Xi1 , · · · ,Xin) ,

where
∑

n! denote summation over all n! permutations (i1, · · · , in) of (1, · · · , n).

By the Markov’s inequality, we can obtain that

pr
{
T1n − S1 ≥ t

}
≤ exp{−λt}E[exp{λ[T1n − S1]}], (S1.6)

for any λ > 0. It follows from the Jensen’s inequality that

E [exp{λT1n}] = E
[

exp{ λ
n!

∑
n!

Ω (Xi1 , · · · ,Xin)}
]

≤ 1

n!

∑
n!

E
[

exp{λΩ (Xi1 , · · · ,Xin)}
]

= E
[

exp
{ λ
m

m−1∑
r=0

k1(X1+2r,X2+2r,X3+2r)
}]

= Em
[

exp{λk1(X1,X2,X3)/m}
]
.
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This, together with (S1.6), yields that

pr
{
T1n − S1 ≥ t

}
≤ exp{−λt}Em

[
exp{λ[k1(X1,X2,X3)− S1]/m}

]
.

(S1.7)

It follows from 0 ≤ |k1(X1,X2,X3)−S1| ≤ 2π and Hoeffding’s Lemma that

we have

E
[

exp{λ[k1(X1,X2,X3)− S1]/m}
]
≤ exp

{ π2

2m2
λ2
}
.

This, together with (S1.7), leads to

pr
{
T1n − S1 ≥ t

}
≤ exp

{
− λt+

π2

2m
λ2
}
.

Minimizing the right hand side of the above expression in λ, we can obtain

that the optimal choice of λ is λ = mt/π2. Thus, we can obtain that

pr
{
T1n − S1 ≥ t

}
≤ exp

{
− mt2

2π2

}
.

Repeating this argument for −[T1n−S1] instead of T1n−S1, we obtain the

same bound for pr{−[T1n−S1] ≥ t}. Thus, we have that

pr
{
|T1n−S1| ≥ t

}
≤ 2 exp

{
− mt2

2π2

}
. (S1.8)

Combining (S1.4), (S1.5) with (S1.8), we obtain that

pr
{
|S1n − S1| ≥ t

}
≤ 2 exp

{
− nt2

24π2

}
, (S1.9)

for n large enough.
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Step 2: The convergence of S2n. Note that S2n and S2 can be

expressed as follows:

S2n =
1

n3

K∑
k=1

p̂−1
k

n∑
i,j,r=1

I(Yi = Yj = yk)ang(Xi −Xr,Xj −Xr) :=
K∑
k=1

p̂−1
k S2n,k,

S2 =
K∑
k=1

p−1
k E[I(Y1 = Y2 = yk)ang(X1−X3,X2−X3)] :=

K∑
k=1

p−1
k S2,k,

where

S2n,k =
1

n3

n∑
i,j,r=1

I(Yi = yk, Yj = yk)ang(Xi −Xr,Xj −Xr)

and

S2,k = E[I(Y1 = yk, Y2 = yk)ang(X1−X3,X2−X3)].

Similar to the argument of S1n, we can represent S2n,k as a U -statistics

as follows

S2n,k =
1

n3

∑
i 6=r,i6=l,
r 6=l

ang(Xi−Xr,Xl−Xr)I(Yi = Yl = yk) :=
(n− 1)(n− 2)

n2
T2n,k,

where T2n,k is a U-statistics, given by

T2n,k =

n
3


−1 ∑

i<r<l

1

3
[ang(Xi−Xr,Xl−Xr)I(Yi=Yl=yk)

+ang(Xr−Xi,Xl−Xi)I(Yr=Yl=yk)+ang(Xi −Xl,Xr −Xl)I(Yi=Yr=yk)]

:=

n
3


−1∑
i<r<l

k2,k(Xi,Xr,Xl).
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By the same argument of S1n, we have

pr
{
|S2n,k − S2,k| ≥ t

}
≤ pr

{
|T2n,k − S2,k| ≥

t

2

}
+ pr

{
|3n− 2

n2
S2,k| ≥

t

2

}
≤ 2 exp

{
− nt2

24π2

}
, (S1.10)

for n large enough. By Hoeffding’s inequality, we have

pr
{
|p̂k − pk| ≥ t

}
≤ 2 exp

{
− 2nt2

}
. (S1.11)

Note that

pr
{
|p̂−1
k S2n,k − p−1

k S2,k| ≥ t
}

= pr
{
|p̂−1
k [S2n,k−S2,k] + S2,k[p̂

−1
k −p

−1
k ]| ≥ t

}
≤ pr

{
|S2n,k−S2,k

p̂k
| ≥ t

2

}
+ pr

{
S2,k|p̂−1

k −p
−1
k | ≥

t

2

}
.

Combining (S1.10), (S1.11) with the condition c1/K ≤ min1≤k≤K pk ≤

max1≤k≤K pk ≤ c2/K, we have

pr
{
p̂−1
k |S2n,k−S2,k| ≥ t

}
≤ pr

{
|S2n,k−S2,k

p̂k
| ≥ t, p̂k ≥

c1

2K

}
+ pr

{
p̂k <

c1

2K

}
≤ pr

{
|S2n,k−S2,k| ≥

c1t

2K

}
+ pr

{
|p̂k − pk| ≥

c1t

2K

}
≤ 2 exp

{
− n c2

1t
2

48K2

}
+ 2 exp

{
− 2n

c2
1t

2

4K2

}
≤ 4 exp

{
− c0

nt2

K2

}
,
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for some positive constant c0, and

pr
{
S2,k|p̂−1

k −p
−1
k | ≥ t

}
≤ pr

{
| p̂k − pk
p̂kpk

| ≥ t

π
, p̂k ≥

c1

2K

}
+ pr

{
p̂k <

c1

2K

}
≤ pr

{
|p̂k − pk| ≥

c2
1t

2K2

}
+ pr

{
|p̂k − pk| ≥

c1t

2K

}
≤ 2 exp

{
− 2n

c4
1t

2

4K4

}
+ 2 exp

{
− 2n

c2
1t

2

4K2

}
≤ 4 exp

{
− c0

nt2

K4

}
.

These, together with union bound, yield that

pr
{
|S2n − S2| ≥ t

}
≤

K∑
k=1

pr
{
|p̂−1
k S2n,k − p−1

k S2,k| ≥
t

K

}
≤ 4K

[
exp

{
− c0

nt2

K4

}
+ exp

{
− c0

nt2

K6

}]
≤ 8K exp

{
− c0

nt2

K6

}
. (S1.12)

Combining (S1.3), (S1.9) with (S1.12), we obtain that

pr
{
|P̂MVn(X|Y )− PMV(X|Y )| ≥ t

}
≤ pr

{
|S1n − S1| ≥

t

2

}
+ pr

{
|S2n − S2| ≥

t

2

}
≤ 2 exp

{
− nt2

24π2

}
+ 8K exp

{
− c0

nt2

K6

}
≤ 9K exp

{
− c0

nt2

K6

}
,

for n large enough. Thus, when t ≥ c0
K3
√
n

log(K/α), we have

pr
{
|P̂MVn(X|Y )− PMV(X|Y )| ≤ c0

√
K6

n
log(K/α)

}
≥ 1− α,

provided that n is sufficiently large.
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Proof of Theorem 4. By the properties of conditional expectation, we

have

[pr{X ≤ x|Y = yk} − pr{X ≤ x}]2

=
[
E[I(X ≤ x)|Y = yk]− E[I(X ≤ x)]

][
E[I(X ≤ x)|Y = yk]− E[I(X ≤ x)]

]
= E[I(X1 ≤ x)I(X2 ≤ x)|Y1 = yk, Y2 = yk]− 2E[I(X1 ≤ x)I(X2 ≤ x)|Y1 = yk]

+E[I(X1 ≤ x)I(X2 ≤ x)]

= E[I(X1 ≤ x)I(X2 ≤ x)|Y1 = yk, Y2 = yk] + E[I(X1 ≤ x)I(X2 ≤ x)]

−2p−1
k E[I(X1 ≤ x)I(X2 ≤ x)I(Y1 = yk)],

where (Y1, X1) and (Y2, X2) are independent and identically distributed.

This leads to

∫ ∞
−∞

[Fk(x)− F (x)]2dF (x) = E[I(X1 ≤ X3)I(X2 ≤ X3)|Y1 = yk, Y2 = yk]

−2p−1
k E[I(X1 ≤ X3)I(X2 ≤ X3)I(Y1 = yk)]

+E[I(X1 ≤ X3)I(X2 ≤ X3)]. (S1.13)
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By the result in (2.2), we obtain that

MV(X|Y )

=
K∑
k=1

pkE[I(X1 ≤ X3)I(X2 ≤ X3)|Y1 = yk, Y2 = yk]− E[I(X1 ≤ X3)I(X2 ≤ X3)]

=
K∑
k=1

pkE{[1− I(X1 > X3)]I(X2 ≤ X3)|Y1 = yk, Y2 = yk]

−E[{1− I(X1 > X3)}I(X2 ≤ X3)]

= E[I(X1 > X3)I(X2 ≤ X3)} − E[I(X2 ≤ X3)] +
K∑
k=1

pkE[I(X2 ≤ X3)|Y2 = yk]

−
K∑
k=1

pkE[I(X1 > X3)I(X2 ≤ X3)|Y1 = yk, Y2 = yk]

= E[I(X1 > X3)I(X2 ≤ X3)]−
K∑
k=1

pkE[I(X1 > X3)I(X2 ≤ X3)|Y1 = Y2 = yk]

= E[I(X1 > X3)I(X2 ≤ X3)]−
K∑
k=1

p−1
k E[I(X1 > X3)I(X2 ≤ X3)I(Y1 = Y2 = yk)].

To prove this theorem, we next need to prove

SW(X|Y ) =
K∑
k=1

p−1
k E[I(X1 > X3)I(X2 ≤ X3)I(Y1 = Y2 = yk)].

Note that

{E[I(X1≤x)|Y1 =yk]− I(X1≤x)}2

= E[I(X1≤x)I(X2≤x)|Y1 =Y2 =yk] + I(X1≤x)− 2E[I(X1≤x)|Y1 = yk]I(X1≤x).
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Then, we have that

SW(X|Y )

=
K∑
k=1

pk

∫ ∞
−∞

E[{E[I(X1≤x)|Y1 =yk]− I(X1≤x)}2|Y1 =Y2 =yk]dF (x)

=
K∑
k=1

pk

∫ ∞
−∞
{E[I(X1≤x)I(X2≤x)|Y1 =Y2 =yk] + E[I(X1≤x)|Y1 =Y2 =yk]

−2E[I(X1≤x)I(X2≤x)|Y1 =Y2 =yk]dF (x)

=
K∑
k=1

pk

∫ ∞
−∞

E[{I(X1≤x)− I(X1≤x)I(X2≤x)}|Y1 =Y2 =yk]dF (x)

=
K∑
k=1

pkE[I(X2≤X3)− I(X1≤X3)I(X2≤X3)|Y1 =Y2 =yk]

=
K∑
k=1

p−1
k E[I(Y1 =Y2 =yk)I(X1>X3)I(X2≤X3)].

This completes the proof of 4.

Proof of Theorem 5. By the definition of P̂MVn(X|Y ), we have

P̂MVn(X|Y ) =
1

ncp

K∑
k=1

p̂k

n∑
i=1

∫
Sp−1

{
gnU,Y (βTXi; yk)− gnU(βTXi)

}2

dβ

=
1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

p̂−1
k

{
gnU,Y (u; yk)p̂k − gnU(u)p̂k

}2

dF̂U(u)dβ

=
1

cp

1

n

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Wn,k(β, u)2dF̂U(u)dβ, (S1.14)

where F̂U(u) = gnU(u) = n−1
∑n

i=1 I(Ui ≤ u) and

Wn,k(β, u) := n1/2
[
gnU,Y (u; yk)p̂k − gnU(u)p̂k

]
/
√
p̂k,
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for u ∈ R and β ∈ Sp−1.

By simple calculation, we have that

Wn,k(β, u) = n1/2
[ 1

n

n∑
i=1

I(Ui ≤ u, Yi = yk)−
1

n

n∑
i=1

I(Ui ≤ u)
1

n

n∑
i=1

I(Yi = yk)
]
/
√
p̂k.

Let Wn(β, u) := (Wn,1(β, u), · · · ,Wn,K(β, u))T . To study the consistency

of Wn(β, u), we consider the following K-dimensional empirical process

Rn(β, u) := (Rn,1(β, u), · · · , Rn,K(β, u))T ,

where

Rn,k(β, u) = n−1/2

n∑
i=1

1
√
pk
{I(Ui ≤ u)− FβTX(u)}{I(Yi = yk)− pk}

:= n−1/2

n∑
i=1

φk(Xi, Yi; β, u)

and φk(Xi, Yi; β, u) = {I(Ui ≤ u)− FβTX(u)}{I(Yi = yk)− pk}/
√
pk.

By (S1.14), we can obtain that

nP̂MVn(X|Y ) =
1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Wn,k(β, u)2dF̂U(u)dβ

=
1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

[Wn,k(β, u)−Rn,k(β, u)]2dF̂U(u)dβ

+
1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Rn,k(β, u)2dF̂U(u)dβ

+
2

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

[Wn,k(β, u)−Rn,k(β, u)]Rn,k(β, u)dF̂U(u)dβ.
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By simple algebraic manipulation, we have

Rn,k(β, u)−Wn,k(β, u) = n−1

n∑
i=1

{I(Yi = yk)− pk}n−1/2

n∑
i=1

{I(βTXi ≤ u)− FβTX(u)}.

By the law of large numbers, we have n−1
∑n

i=1{I(Yi = yk) − pk} = op(1).

Using Theorem 2.5.2 in van der Vaart and Wellner (1996), we can show

that

n−1/2

n∑
i=1

{
I(βTXi ≤ u)− FβTX(u)

}
,

converges to a Gaussian process with zero mean and covariance function

P{βTX ≤ u}(1− P{βTX ≤ u}). This yields that,

Rn,k(β, u)−Wn,k(β, u) = op(1), (S1.15)

holds uniformly for (u, β) ∈ Sp−1 × R. By Proposition 7.27 in Kosorok

(2008), we have

1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

[Wn,k(β, u)−Rn,k(β, u)]2dF̂U(u)dβ = op(1)

and

1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

[Wn,k(β, u)−Rn,k(β, u)]Rn,k(β, u)dF̂U(u)dβ = op(1).

These lead to

nP̂MVn(X|Y ) = c−1
p

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Rn,k(β, u)2dFU(u)dβ + op(1). (S1.16)
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Thus, we only need to establish the convergence of

1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Rn,k(β, u)2dFU(u)dβ.

By the theory of empirical process (van der Vaart and Wellner, 1996),

we have

{
Rn(β, u) : (β, u) ∈ Sp−1 ×R

}
 
{
R(β, u) = (R1(β, u), R2(β, u), · · · , RK(β, u))T : (β, u) ∈ Sp−1 ×R

}
,

where  denotes the convergence in distribution and {R(β, u) : (β, u) ∈

Sp−1 ×R} is a K-dimensional Gaussian process. If H0 : F1(x) = F2(x) =

· · · = FK(x), for all x ∈ Rp holds, it is equivalent to that the distributions

of X given Y = yk are the same and thus X |= Y . Let

Cov(Rn(β1, u1),Rn(β2, u2)) = Σ = (σk1,k2)K×K

be a K ×K matrix with each element σk1,k2 defined by

σk1,k2 = E[φk1(X, Y ; β1, u1)φk2(X, Y ; β2, u2)].

Since φk(X, Y ; β, u) = {I(βTX ≤ u) − FβTX(u)}{I(Y = yk) − pk}/
√
pk
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under H0, we obtain that

E[Rn,k1(β1, u1)Rn,k2(β2, u2)]

= E[φk1(X, Y ; β1, u1)φk2(X, Y ; β2, u2)]

=
1

√
pk1pk2

E[{I(βT1 X ≤ u1)− FβT
1 X(u1)}{I(Y = yk1)− pk1}{I(βT2 X ≤ u2)− FβT

2 X(u2)}

×{I(Y = yk2)− pk2}]

=
1

√
pk1pk2

E[{I(βT1 X ≤ u1)− FβT
1 X(u1)]}{I(βT2 X ≤ u2)− FβT

2 X(u2)}]

×E[{I(Y = yk1)− pk1}{I(Y = yk2)− pk2}].

Note that

E[{I(βT1 X ≤ u1)− FβT
1 X(u1)]}{I(βT2 X ≤ u2)− FβT

2 X(u2)}]

= pr(βT1 X ≤ u1, β
T
2 X ≤ u2)− FβT

1 X(u1)FβT
2 X(u2).

If k1 = k2, we have

E[{I(Y = yk1)− pk1}{I(Y = yk2)− pk2}] = pk1 [1− pk1 ].

If k1 6= k2, we have

E[{I(Y = yk1)− pk1}{I(Y = yk2)− pk2}] = −pk1pk2 .

Thus, we can obtain that

Σ = [pr(βT1 X ≤ u1, β
T
2 X ≤ u2)− FβT

1 X(u1)FβT
2 X(u2)]

[
IK − bK bTK

]
,

where IK denotes theK×K identity matrix and bK = (
√
p1,
√
p2, · · · ,

√
pK)T .
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Let Γ = (b1,b2, · · · ,bK)T , where b1,b2, . . . ,bK−1 ∈ RK are K−1 unit

and orthogonal vectors such that Γ is a K×K orthogonal matrix. Consider

the transformed K-dimensional Gaussian process

ΓRn(β, u)  RΓ(β, u) := ΓR(β, u), for (β, u) ∈ Sp−1 ×R.

Then, we have

Cov(ΓRn(β1, u1),ΓRn(β2, u2))

= ΓΣΓT

= [pr(βT1 X ≤ u1, β
T
2 X ≤ u2)− FβT

1 X(u1)FβT
2 X(u2)]Γ

[
IK − bK bTK

]
ΓT

= [pr(βT1 X ≤ u1, β
T
2 X ≤ u2)− FβT

1 X(u1)FβT
2 X(u2)] [IK − diag(0, · · · , 0, 1)]

= [pr(βT1 X ≤ u1, β
T
2 X ≤ u2)− FβT

1 X(u1)FβT
2 X(u2)]diag{1, · · · , 1, 0}K×K .

It implies that each component of ΓRn(β, u) (or RΓ(β, u)) is independent.

By applying the continuous mapping theorem, we have

K∑
k=1

Rn,k(β, u)2 =
∥∥∥Rn(β, u)

∥∥∥2

=
∥∥∥ΓRn(β, u)

∥∥∥2

 
∥∥∥RΓ(β, u)

∥∥∥2

, for (β, u) ∈ Sp−1×R.

Therefore, we have

1

cp

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Rn,k(β, u)2dFU(u)dβ =
1

cp

∫
Sp−1

∫ ∞
−∞

∥∥∥Rn(β, u)
∥∥∥2

dFU(u)dβ

d−→ 1

cp

∫
Sp−1

∫ ∞
−∞

∥∥∥RΓ(β, u)
∥∥∥2

dFU(u)dβ

=
1

cp

K−1∑
k=1

∫
Sp−1

∫ ∞
−∞

RΓ,k(β, u)2dFU(u)dβ.
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According to Kuo (1975, Chapter 1, Section 2), we derive that

1

cp

K−1∑
k=1

∫
Sp−1

∫ ∞
−∞

RΓ,k(β, u)2dFU(u)dβ (S1.17)

follows the same distribution as
∑∞

k=1 λkη
2
k, where the λk depend on the

distribution of (X, Y ) and the ηk are independent standard normal random

variables. Thus, together with (S1.18), we have

nP̂MVn(X|Y ) = c−1
p

∫
Sp−1

∫ ∞
−∞

K∑
k=1

Rn,k(β, u)2dFU(u)dβ + op(1)

d−→
∞∑
k=1

λkη
2
k, n→∞. (S1.18)

It is easy to obtain that SST = E[ang(X1 −X3,X2 −X3)] + op(1). By

Theorem 3, we obtain SSW = SST −SSB = PSW(X|Y )+op(1). By Sultsky’s

Theorem, we have

Fn =
(n−K)P̂MVn(X|Y )

(K − 1)SSW

d−→
∞∑
k=1

λk
(K − 1)PSW(X|Y )

η2
k, n→∞.
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Proof of Theorem 6. By the proof of Theorem 3, we have

P̂MVn(X|Y )− PMV(X|Y )

= [S1n − S2n]− [S1 − S2]

=
[(n− 1)(n− 2)

n2
T1n −

(n− 1)(n− 2)

n2

K∑
k=1

p̂−1
k T2n,k

]
− [S1 −

K∑
k=1

p−1
k S2,k]

=
(n− 1)(n− 2)

n2
[T1n − S1]− 3n− 2

n2
S1 −

(n− 1)(n− 2)

n2

K∑
k=1

p̂−1
k [T2n,k − S2,k]

−(n− 1)(n− 2)

n2

K∑
k=1

[p̂−1
k − p

−1
k ]S2,k +

3n− 2

n2

K∑
k=1

p−1
k S2,k

= [T1n − S1]−
K∑
k=1

p−1
k [T2n,k − S2,k] +

K∑
k=1

(
p̂k − pk

)
p−2
k S2,k + op(n

−1/2),(S1.19)

where

T1n=

n
3


−1∑
i<r<l

1

3
[ang(Xi−Xr,Xl−Xr)+ang(Xr−Xi,Xl−Xi)+ang(Xi−Xl,Xr−Xl)]

:=

n
3


−1 ∑

i<r<l

k1(Xi,Xr,Xl)

and

T2n,k =

n
3


−1 ∑

i<r<l

1

3
[ang(Xi−Xr,Xl−Xr)I(Yi=Yl=yk)

+ang(Xr−Xi,Xl−Xi)I(Yr=Yl=yk)+ang(Xi −Xl,Xr −Xl)I(Yi=Yr=yk)]

:=

n
3


−1∑
i<r<l

k2,k(Xi, Yi;Xr, Yr;Xl, Yl).
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To obtain the asymptotic normality, we approximate the U-statistics with

their projections (Serfling, 1980)

T1n − S1 =
3

n

n∑
i=1

{E[k1(Xi,Xr,Xl)|Xi]− S1}+ op(n
−1)

=:
3

n

n∑
i=1

h̃1(Xi) + op(n
−1),

T2n,k − S2,k =
3

n

n∑
i=1

{E[k2,k(Xi, Yi;Xr, Yr;Xl, Yl)|Xi, Yi]− S2,k}+ op(n
−1)

=:
3

n

n∑
i=1

h̃2,k(Xi, Yi) + op(n
−1),

where

h̃1(x) = E[k1(X1,X2,X3)|X1 = x]− S1

and

h̃2,k(x, y) = E[k2,k(X1, Y1;X2, Y2;X3, Y3)|X1 = x, Y1 = y]− S2,k.

This, together with (S1.19), yields that

√
n(P̂MVn(X|Y )− PMV(X|Y )) = n−1/2

n∑
i=1

Φ(Xi, Yi) + op(1),

where

Φ(Xi, Yi) = 3h̃1(Xi) + 3
K∑
k=1

p−1
k h̃2,k(Xi, Yi) +

K∑
k=1

p−2
k S2,k[I(Yi = yk)− pk].

(S1.20)

Then by the limit central theorem, we have

√
n(P̂MVn(X|Y )− PMV(X|Y ))

d−→ N
(
0, σ2

)
, (S1.21)
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where σ2 = Var [Φ(Xi, Yi)] .

Proof of Corollary 2. For an arbitrary positive constant c, we have

pr
{
Fn > c

}
= pr

{(n−K)P̂MVn(X|Y )

(K − 1)SSW
> c
}

= pr
{√

nσ−1[P̂MVn(X|Y )− PMV(X|Y )] >
c(K − 1)SSW − (n−K)PMV(X|Y )

(n−K)σ/
√
n

}
→ 1− Φ

(c(K − 1)SSW − (n−K)PMV(X|Y )

(n−K)σ/
√
n

)
,

where Φ(·) is the CDF of the standard normal distribution.

Under the alternative hypothesis, we have PMV(X|Y ) > 0. This indi-

cates that

c(K − 1)SSW − (n−K)PMV(X|Y )

(n−K)σ/
√
n

→ −∞, n→∞.

Thus, we can prove that limn→∞ pr{Fn > c} = 1.

Proof of Theorem 7. For notation convenience, let F (u; β) = pr{βTX ≤

u}, Fa·(u; β) = pr{βTX ≤ u|A = a}, F·b(u; β) = pr{βTX ≤ u|B = b}

and Fab(u; β) = pr{βTX ≤ u|A = a,B = b}. Define pab = 1/(KAKB),

pa· = 1/KA and p·b = 1/KB.

(i) By similar arguments of (3.5), we consider the following decompo-
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sition

I(βTX ≤ u)− F (u; β) = [Fa·(u; β)− F (u; β)] + [F·b(u; β)− F (u; β)]

+[I(βTX ≤ u)− Fa·(u; β)− F·b(u; β) + F (u; β)].

Let Ea,b[·] be conditional expectation E[·|A = a,B = b]. Then, for any

β ∈ Sp−1 and u ∈ R, we have

var(I(βTX ≤ u))

=

KA∑
a=1

KB∑
b=1

pabE[{I(βTX ≤ u)− F (u; β)}2|A = a,B = b]

=

KA∑
a=1

pa·{Fa·(u; β)− F (u; β)}2 +

KB∑
b=1

p·b{F·b(u; β)− F (u; β)}2

+

KA∑
a=1

KB∑
b=1

pabEa,b[{I(βTX ≤ u)− Fa·(u; β)− F·b(u; β) + F (u; β)}2]. (S1.22)

Note that, (S1.22) is obtained by the fact that all of the crossproduct terms

in above equation are orthogonal. That is,

KA∑
a=1

KB∑
b=1

pab {Fa·(u; β)− F (u; β)} {F.b(u; β)− F (u; β)} = 0, (S1.23)

KA∑
a=1

KB∑
b=1

pab{Fa·(u; β)−F (u; β)}Ea,b[I(βTX ≤ u)−Fa·(u; β)−F·b(u; β)+F (u; β)] = 0

(S1.24)
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and

KA∑
a=1

KB∑
b=1

pab{F·b(u; β)−F (u; β)}Ea,b[I(βTX ≤ u)−Fa·(u; β)−F·b(u; β)+F (u; β)] = 0.

(S1.25)

We here only check (S1.24). The results in (S1.23) and (S1.25) can be

proved similarly. By the properties of conditional expectation, we obtain

that

KA∑
a=1

KB∑
b=1

pab{Fa·(u; β)−F (u; β)}Ea,b[I(βTX ≤ u)− Fa·(u; β)− F·b(u; β) + F (u; β)]

=

KA∑
a=1

{Fa·(u; β)−F (u; β)}
KB∑
b=1

pa,b[Ea,b[I(βTX ≤ u)]−Fa·(u; β)−F·b(u; β)+F (u; β)]

=

KA∑
a=1

{Fa·(u; β)−F (u; β)}[E[I(βTX ≤ u)I(A = a)]−Fa·(u; β)pa·−F (u; β)pa·+F (u; β)pa·]

= 0.

By (S1.22) and the definition of PMV(·|·), we have that

c−1
p

∫
Sp−1

∫ ∞
−∞

var(I(βTX ≤ u))dF (u; β)dβ

=

KA∑
a=1

pa·c
−1
p

∫
Sp−1

∫ ∞
−∞
{Fa·(u; β)− F (u; β)}2dF (u; β)dβ

+

KB∑
b=1

p·bc
−1
p

∫
Sp−1

∫ ∞
−∞
{F·b(u; β)− F (u; β)}2dF (u; β)dβ

+

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{I(βTX ≤ u)− Fa·(u; β)− F·b(u; β) + F (u; β)}2]dF (u; β)dβ

= PMV(X|A) + PMV(X|B) + σ2
E,1,
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where

σ2
E,1 =

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{I(βTX ≤ u)− Fa·(u; β)− F·b(u; β)

+F (u; β)}2]dF (u; β)dβ. (S1.26)

(ii) For model X ∼ A+B + A ∗B, we consider the decomposition

I(βTX ≤ u)− F (u; β) = [Fa·(u; β)− F (u; β)] + [F·b(u; β)− F (u; β)]

+[Fa,b(u; β)− Fa·(u; β)− F·b(u; β) + F (u; β)]

+[I(βTX ≤ u)− Fa,b(u; β)].

Then, we have

var(I(βTX ≤ u)) =

KA∑
a=1

KB∑
b=1

pabE[{I(βTX ≤ u)− F (u; β)}2|A = a,B = b]

=

KA∑
a=1

pa·{Fa·(u; β)− F (u; β)}2 +

KB∑
b=1

p·b{F·b(u; β)− F (u; β)}2

+

KA∑
a=1

KB∑
b=1

pabEa,b[{Fab(u; β)− Fa·(u; β)− F·b(u; β) + F (u; β)}2]

+

KA∑
a=1

KB∑
b=1

pabEa,b[{I(βTX ≤ u)− Fab(u; β)}2]. (S1.27)

Here, we can prove that all of the crossproduct terms in above equation are
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orthogonal using the similar arguments of (S1.24). Then, we have that

c−1
p

∫
Sp−1

∫ ∞
−∞

var(I(βTX ≤ u))dF (u; β)dβ

=

KA∑
a=1

pa·c
−1
p

∫
Sp−1

∫ ∞
−∞
{Fa·(u; β)− F (u; β)}2dF (u; β)dβ

+

KB∑
b=1

p·bc
−1
p

∫
Sp−1

∫ ∞
−∞
{F·b(u; β)− F (u; β)}2dF (u; β)dβ

+

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{Fab(u; β)− Fa·(u; β)− F·b(u; β) + F (u; β)}2]dF (u; β)dβ

+

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{I(βTX ≤ u)− Fab(u; β)}2]dF (u; β)dβ

= PMV(X|A) + PMV(X|B) + PMV(X|A ∗B) + σ2
E,2,

where

σ2
E,2 =

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{I(βTX ≤ u)− Fab(u; β)}2]dF (u; β)dβ (S1.28)

and

PMV(X|A ∗B) =

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{Fab(u; β)− Fa·(u; β)

−F·b(u; β) + F (u; β)}2]dF (u; β)dβ. (S1.29)

(iii) Note that

Ea,b[{Fab(u; β)− Fa·(u; β)− F·b(u; β) + F (u; β)}2]

= Ea,b[{[Fab(u; β)− F (u; β)]− [Fa·(u; β)− F (u; β)]− [F·b(u; β)− F (u; β)]}2].
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By the similar arguments of (S1.24), we have

PMV(X|A ∗B)

=

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{Fab(u; β)− F (u; β)}2]dF (u; β)dβ

+

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{Fa·(u; β)− F (u; β)}2]dF (u; β)dβ

+

KA∑
a=1

KB∑
b=1

pabc
−1
p

∫
Sp−1

∫ ∞
−∞

Ea,b[{F·b(u; β)− F (u; β)}2]dF (u; β)dβ

= PMV(X|A : B)− PMV(X|A)− PMV(X|B).
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