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S1 Notation

We denote by β, g and V the true coefficient, link and variance func-

tions, respectively, and Ṽ (µ) = V (µ) + µ2. Denote ḟ(x) = df(x)/dx and

f̈(x) = d2f(x)/dx2 for any f(·). Let ζ(u) = (ζ1(u), ζ2(u), ..., ζd(u))′, γ(u) =

(γ1(u), γ2(u), ..., γd(u))′, δ(u) = (ζ ′(u),γ ′(u))′, g(z) = (g1(z), g2(z))′, V(ω) =

(V1(ω), V2(ω))′, where u,z,ω are defined in Section 2.3. Let Id be a d × d
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identity matrix and 0d be a d× d matrix with all entries being 0.

Define

Cd = {ζ(·) : ζ(·) is continuous on [−1, 1], satisfying ||ζ(−1)|| = 1, ζ1(−1) > 0},

C1 = {g1(·) : g1(·) is continuous on [−1, 1]},

C2 = {V1(·) : V1(·) > 0 and V1(·) is continuous on [−1, 1]}.

The following operators are used in Theorem 2:

Hg(q)(u) = E

(
Xiq

{
X′iβ(Ui)

}
× ġ
{
X′iβ(Ui)

}/
V
[
g {X′iβ(Ui)}

]∣∣∣Ui = u

)
f1(u), ∀ q ∈ C1;

Hβ(q)(u) = E

(
Xi

[
ġ
{
X′iβ(Ui)

}]2
X′iq(Ui)

/
V
[
g {X′iβ(Ui)}

]∣∣∣Ui = u

)
f1(u), ∀q ∈ Cd;

Hβg(q)(z) = E

(
X′iq(Ui)ġ

{
X′iβ(Ui)

}/
V
[
g {X′iβ(Ui)}

]∣∣X′iβ(Ui) = z

)
f2(z), ∀q ∈ Cd;

HβV (q)(ω) = E

(
˙̃V
[
g{X′β(Ui)}

]
[g{X′iβ(Ui)} − g{X′iβ(Ui) + X′iq(Ui)}]

∣∣∣g{X′iβ(Ui)} = ω

)
×f3(ω), ∀q ∈ Cd;

HgV (q)(ω) = E

(
q
{
X′iβ(Ui)

} ˙̃V
[
g
{
X′iβ(Ui)

}]∣∣∣g{X′iβ(Ui)} = ω

)
f3(ω), ∀ q ∈ C1;

where f1, f2 and f3 are the density function of random variable U , X′β(U)

and g(X′β(U)), respectively. Define an operator matrix Ψ such that

Ψ(q1, q2, q3)(u, z, ω) =


Hβ(q1)(u) Hg(q2)(u) 0

Hβg(q1)(z) f2(z)/V {g(z)} 0

HβV (q1)(ω) HgV (q3)(ω) f1(ω)

 .

Denote by µ2 =
∫ 1

0
x2K(x)dx, B(u, z, ω) := (B′d(u), B′d+1(z), B′d+2(ω))′
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whereBd(u) = 1
2
E

(
X′iβ̈(u)Xi

[
ġ
{
X′iβ(Ui)

}]2/
V
[
g{X′iβ(Ui)}

]
|Ui = u

)
f1(u)µ2,

Bd+1(z) = 1
2
µ2g̈(z)f2(z)E(V −1[g{X′iβ(Ui)}]

∣∣ X′iβ(Ui) = z) and Bd+2(ω) =

1
2
µ2{V̈ (ω) + 2}f3(ω).

Let ν =
∫ 1

−1K
2(x)dx. Then we can define M(u, z, ω) = (Mk,j(u, z, ω))

to be a semipositive definite matrix with the following elements

Md,d(u, z) = E
[
XiXi

ġ2
{
X′iβ(Ui)

}
V
[
g {X′iβ(Ui)}

]∣∣∣Ui = u
]
νf1(u),

Md,d+1(u, z) = E
[
Xi

ġ{X′iβ(Ui)}
V
[
g {X′iβ(Ui)}

]∣∣∣X′iβ(Ui) = z
]
f2(z)f1(u),

Md+1,d+1(u, z) =
νf2(z)

V {g(z)}
,

Md+2,d+2(ω) = E
[(
Y 2
i − V [g

{
X′iβ(Ui)

}
]− g2

{
X′iβ(Ui)

})2∣∣∣g{X′iβ(Ui)
}

= ω
]
νf3(ω),

Md,d+2(u, ω) = E

{(
Y 2
i − V

[
g {X′iβ(Ui)}

]
− g2 {X′iβ(Ui)}

)[
Yi − g

{
X′iβ(Ui)

}]
×

Xiġ
{
X′iβ(Ui)

}
V
[
g {X′iβ(Ui)}

]∣∣∣g{X′iβ(Ui)
}

= ω

}
f1(u)f3(ω),

Md+1,d+2(z, ω) = E
{(
Y 2
i − V [g

{
X′iβ(Ui)

}
]− g2

{
X′iβ(Ui)

})
×
[
Yi − g

{
X′iβ(Ui)

}]
V [g
{
X′iβ(Ui)

}
]

∣∣∣g{X′iβ(Ui)
}

= ω
}
f2(z)f3(ω).

The following notation is used in Theorem 3. We define a 2×2 operator

matrix Ψ1 such that Ψ1(q1, q2)(u, z) =

 Hβ(q1)(u) Hg(q2)(u)

Hβg(q1)(z) f2(z)/V {g(z)}

 .

For any vector of function ψ′(u, z, ω) = ({ψ(u)}dj=1, ψ(z))′, due to linear-

ity of Ψ1, the following functions are well-defined: ({φ(u)}dj=1, φ(z)) =
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ψ(u, z)Ψ−11 . Let σ2
v be

σ2
v = E

([
ġ {X′iβ(Ui)}

d∑
j=1

Xijφj(Ui) + φg

{
X′β(Ui)

}]2/
V
[
g
{
X′iβ(Ui)

}])
.

We first introduce two Lemmas, which are useful to prove Theorems.

Lemma 1 Under (A1)-(A4) and suppose that g(x, y, z) is a bounded and

continuous function, then

sup
x∈[−1,1]

|cn(x)− Ecn(x)| = Op((log n)1/2(nh)−1/2),

where cn(x) = 1
n

∑n
i=1 g(Xi, (Xi − x)/h, x)Kh(Xi − x).

This Lemma is similar to Lemma 4 of Chen et al. (2010) and follows from

Theorem 37 and Example 38 in Chapter 2 of Pollard (1984).

Note that Theorem 37 of Pollard (1984) requires bounded random func-

tions, which is no longer valid, for example, when Yi is unbounded. To solve

this problem, we need to introduce another concentration inequality for

unbounded random variables in a Hilbert space (Pinelis and Sakhanenko,

1985).

Lemma 2 Let ξi (i = 1, ..., n) be independent random variables with values

in a Hilbert space such that Eξi = 0. If for some constants M,V > 0, the

bound E‖ξi‖` ≤ 1
2
`!M `−2V holds for every 2 ≤ ` <∞, then

Prob

{∥∥ n∑
i=1

ξi
∥∥ ≥ ε

}
≤ 2 exp

{
− ε2

2(εM + V m)

}
∀ε > 0.
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S2 Proofs of Theorems 1-3

Proof of Theorem 1. For any vector functions δ(·), g(·) and V(·), set

Sβ(δ,g, V1;u) =
1

n

n∑
i=1

(
Yi − g1

[
X′i
{
ζ(u) + γ(u)(Ui − u)

}])/
V1
[
g1 {X′iζ(Ui)}

]
×Υi(u)g2

{
X′iζ(Ui)

}
Kh1(Ui − u),

Sg(ζ,g, V1; z) =
1

n

n∑
i=1

[
Yi − g1(z)− g2(z)

{
X′iζ(Ui)− z

}]/
V1
[
g1 {X′iζ(Ui)}

]
×Kh2

{
X′iζ(Ui)− z

}
Wi(ζ; z),

SV (ζ, g1,V;ω) =
1

n

n∑
i=1

(
Y 2
i − {V1(ω) + ω2} − V2(ω)

[
g1{X′iζ(Ui)} − ω

])
Ωi(ω; ζ, g1)

×Kh3

(
g1{X′iζ(Ui)} − ω

)
,

where Wi(ζ; z), Υi(u) and Ωi(ω; ζ, g) is defined in Section 2. Then the

deterministic terms of Sβ(δ,g, V1;u) , Sg(ζ,g, V1; z) and SV (ζ, g1,V;ω) are

given by sβ(ζ,g, V1;u) , sg(ζ, g1, V1; z) and sV (ζ, g1, V1;ω) which are defined

in Section 3, respectively.

Denote Sβ1(δ,g, V1;u) and Sβ2(δ,g, V1;u) be the first and last d component

of Sβ, respectively. Define

S(δ,g,V;u, z, ω) =


(Sβ1(δ,g, V1;u), Sβ2(δ,g, V1;u))

Sg(ζ,g, V1; z)′

SV (ζ, g1,V;ω)′

 ,
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Then, the proposed iterative algorithm, under model (1.1), leads to

S([β̂,
̂̇
β], ĝ, V̂;u, z, ω) = 0, and the model show that s(β, [g, ġ2], V ;u, z, ω) =

0 for any bounded function g2.

Define

Bd
n = {f : ‖f‖∞ ≤ C, ‖f(z1)− f(z2)‖ ≤ c‖z1 − z2‖+ b1n, z1, z2 ∈ [−1, 1]d},

Bd+1
n = {f : ‖f‖∞ ≤ C, ‖f(z1)− f(z2)‖ ≤ c‖z1− z2‖+ b2n, z1, z2 ∈ [−1, 1]},

Bd+2
n = {f : ‖f‖∞ ≤ C, ‖f(z1)− f(z2)‖ ≤ c‖z1− z2‖+ b3n, z1, z2 ∈ [−1, 1]},

for some constants C > 0 and c > 0, where b1n = {h1+(nh1)
−1/2(log n)1/2},

b2n = {h2 + (nh2)
−1/2(log n)1/2}, b3n = {h3 + (nh3)

−1/2(log n)1/2}.

To show the uniform consistency of β̂ , ĝ and V̂ , it suffices to prove the

following:

(i) For any continuous function vectors ζ, g1, V1 and bounded functions

γ, g2, V̇1,

sup
u,z,ω∈[−1,1]3

‖S(δ,g,V;u, z, ω)− s(ζ,g, V1;u, z, ω)(1, 0)‖ = op(1).

(ii) supu,z,ω∈[−1,1]3 ‖S(δ,g,V;u, z, ω) − s(ζ,g, V1;u, z, ω)(1, 0)‖ = op(1)

uniformly holds over ζ ∈ Bd
n, g1 ∈ B1

n, V1 ∈ B2
n and bounded γ, g2, V̇1.

(iii) P{β̂ ∈ Bd
n, ĝ ∈ Bd+1

n , V̂ ∈ Bd+2
n } → 1.

Once (i)-(iii) are established, applying the Arzela-Ascoli theorem in Bk
n (k =

d, d+ 1, d+ 2) for all the estimators, we can show that for any subsequence
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of {β̂, ĝ, V̂ }, there exists convergence subsequences {β̂, ĝ, V̂ }nk, such that

uniformly over u ∈ [−1, 1] , z ∈ [−1, 1] and ω ∈ [−1, 1], {β̂, ĝ, V̂ }nk →

{β∗, g∗, V ∗} in probability, and it follows that β∗ ∈ Cd and g∗ ∈ C1, V ∗ ∈ C2,

where C is the continuous function class. Note that

s(β∗, [g∗, ̂̇g], V ∗;u, z, ω)(1, 0) = s(β∗, [g∗, ̂̇g], V ∗;u, z, ω)(1, 0)− s({β̂, ĝ, V̂ }nk;u, z, ω)(1, 0)

+s({β̂, ĝ, V̂ }nk;u, z, ω)(1, 0)− S({[β̂, ̂̇β], ĝ, V̂ }nk;u, z, ω).

It also follows from (ii) and (iii) that s(β∗, [g∗, ̂̇g], V ∗;u, z, ω) = 0 over u ∈

[−1, 1] , z ∈ [−1, 1] and ω ∈ [−1, 1]. Since s(ζ, [g1, ̂̇g], V ;u, z, ω) = 0 has a

unique root at [β, g, V ], we have [β, g, V ] = [β∗, g∗, V ∗], which ensures the

uniform consistency of β̂ , ĝ and V̂ . This completes the proof of Theorem

1.

Proof of (i). We only give the proof of ‖Sβ(δ,g, V1;u)−(Id,0d)
′sβ(ζ,g, V1;u)‖.

Similar arguments result in the conclusions about Sg(ζ,g, V1; z) and SV (ζ, g1,V;ω).

To estimate Sβ(δ,g, V1;u)−(Id,0d)
′sβ(ζ,g, V1;u), we consider the following

decomposition:

Sβ(δ,g, V1;u)− (Id,0d)
′sβ(ζ,g, V1;u)

= {Sβ(δ,g, V1;u)− Sβ([ζ, 0],g, V1;u)}+ {Sβ([ζ, 0],g, V1;u)− s̃β(ζ,g, V1;u)}

+ [̃sβ(ζ,g, V1;u)− (Id,0d)
′sβ(ζ,g, V1;u)]

≡ I1 + I2 + I3,
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where s̃β is the mean of Sβ([ζ, 0],g, V1;u).

First we consider I1. Let wg1(h) be the modulus of continuity of g1. Ob-

serving that

‖I1‖ ≤
1

n

n∑
i=1

wg1

[
X′i
{
γ(u)(Ui − u)

}]
‖Υi(u)‖ × |g2

{
X′iζ(Ui)

}
| Kh1(Ui − u)

V1
[
g1 {X′iζ(Ui)}

] .
For any given i ∈ {1, 2, . . . , n} and any bounded function γ, note that

wg1

[
X′i
{
γ(u)(Ui − u)

}]
‖Υi(u)‖ × |g2

{
X′iζ(Ui)

}
| Kh1(Ui − u)

V1
[
g1 {X′iζ(Ui)}

]
≤ wg1

[
X′i
{
C(Ui − u)

}]
‖Υi(u)‖ × |g2

{
X′iζ(Ui)

}
| Kh1(Ui − u)

V1
[
g1 {X′iζ(Ui)}

] ,
where C is a constant vector. And it is easy to show that∫ 1

−1
wg1(Ui − u)Kh1(Ui − u)f1(Ui)dUi = Op

{
wg1(h1)

}
.

for u ∈ [−1, 1].

For any bounded functions ζ and g, it follows that

E(‖I1‖) ≤ Op

{
wg1(h1)

}
.

Hence, Lemma 1 implies that, for any given continuous functions ζ and g,

sup
u∈[−1,1]

‖I1‖ = Op(wg1(h1)) +Op((log n)1/2(nh1)
−1/2)→ 0 as n→∞.

(S2.1)

To estimate I2, it suffices to verify the conditions given in Lemma 2.

Condition (A1) means that Kh1 lies in a Sobolev space denoted by H2 with
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the property: ‖f‖∞ ≤ c‖f‖H2 , for any f ∈ H2. Then using Condition (A3),

we have

sup
u∈[−1,1]

‖I2‖ ≤ Op((log n)1/2(nh1)
−1/2). (S2.2)

Next consider I3. By replacing ζ(u) with ζ(Ui) in s̃β(ζ,g, V1;u), a difference

controlled by w(g1◦ζ) is caused for all u ∈ [−1, 1] we note that∫
[−1,1]

X′i

[
g
{
X′iβ(Ui)

}
− g1

{
X′iζ(Ui)

}]
×

g2
{
X′iζ(Ui)

}
V1
[
g1 {X′iζ(Ui)}

]Kh1(Ui − u)dF (Ui)

=

∫ 1

−1
H(uj)Kh1(uj − u)f1(uj)duj → sβ(ζ,g, V1;u) as h1 → 0,

where F is the joint distribution function of Ui,

H(uj) = E

(
X′i

[
g
{
X′iβ(Ui)

}
−g1

{
X′iζ(Ui)

}]
×
(
g2
{
X′iζ(Ui)

}/
V1
[
g1 {X′iζ(Ui)}

])∣∣∣Ui = uj

)
.

By Lemma 1, it can be shown that

sup
u∈[−1,1]

‖I3‖ = Op

{
w(g1oζ)(h1)

}
. (S2.3)

We complete the proof of (i) by combining (S2.1), (S2.2) with (S2.3).

Proof of (ii). Noting that u, z, ω are bounded, the arguments used to

prove (ii) is essentially the same as those in Chen et al. (2010).

Proof of (iii). We only give the proof for β̂ ∈ Bd
n.

Given any u1, u2 ∈ [−1, 1] with |u1−u2| ≤ h1. Since Sβ(β̂, ĝ, V̂ ;u1) = 0

and Sβ(β̂, ĝ, V̂ ;u2) = 0, by the Taylor expansion and Condition (A1) it
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follows that

Sβ(β̂, ĝ, V̂ ;u1)− Sβ(β̂, ĝ, V̂ ;u2)

=
1

n

n∑
i=1

X′i

(
Yi − ĝ1

[
X′i
{
β̂(u1) + ̂̇β(u1)(Ui − u1)

}]) ĝ2
{
X′iβ̂(Ui)

}
V̂
[
ĝ1
{
X′iβ̂(Ui)

}]
×[Kh1(Ui − u1)−Kh1(Ui − u2)] +

1

n

n∑
i=1

{
X′iĝ2

[
X′i

{
β̂(u1) + ̂̇β(u1)(Ui − u1)

}]

×
(

X′i

[
β̂(u2)− β̂(u1) + (̂̇β(u2)− ̂̇β(u1))(Ui − u1)− ̂̇β(u2)(u2 − u1)

])} ĝ2
{
X′iβ̂(Ui)

}
V̂
[
ĝ1
{
X′iβ̂(Ui)

}]
×
{
Kh1(Ui − u2)

}
+O

(
(u2 − u1)2 +

[
β̂(u2)− β̂(u1)

]2
+ b1n{β̂(u2)− β̂(u1)}+ b21n

)
,

By the similar discussion in Cai et al. (2000), we have

Sβ(β̂, ĝ, V̂ ;u1)− Sβ(β̂, ĝ, V̂ ;u2)

= Op

(
u2 − u1

)
+Op

(
X′i

{
β̂(u2)− β̂(u1)

}
+ ̂̇β(u2)(u2 − u1)

)
+Op

(
bn{̂̇β(u2)− ̂̇β(u1)}

)
+O

(
(u2 − u1)2 +

[
β̂(u2)− β̂(u1)

]2
+ b1n{β̂(u2)− β̂(u1)}+ b21n

)
.

Note that ̂̇β is bounded, (iii) is held immediately.

Proof of Theorem 2. For convenience of notation, denote
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an = max
1≤k≤3

{h2k + (nhk)−1/2(log n)1/2}, c1n = sup
u∈[−1,1]

‖β̂(u)− β(u)‖,

c2n = sup
u∈[−1,1]

‖h1 ̂̇β(u)− h1β̇(u)‖, d1n = sup
z∈[−1,1]

|ĝ(z)− g(z)|,

d2n = sup
z∈[−1,1]

|h2̂̇g(z)− h2ġ(z)|, e1n = sup
ω∈[−1,1]

|V̂ −1(ω)− V −1(ω)|,

d3n = sup
z∈[−1,1]

|̂̇g(z)− ġ(z)|, e2n = sup
ω∈[−1,1]

|h3 ̂̇V −1(ω)− h3V̇ −1(ω)|,

akn = h2k + (nhk)−1/2(log n)1/2, bkn = {hk + (nhk)−1/2(log n)1/2}, for k = 1, 2, 3;

µ2 =

∫ 1

0

x2K(x)dx, Q =

 1 0

0 µ2

 .

First, we claim that uniformly over u ∈ [−1, 1] and let Sβ1 be the first d

component of Sβ. We have

Sβ1([β̂,
ˆ̇β], [ĝ, ˆ̇g], V̂ ;u)− Sβ1([β, β̇], [g, ġ], V ;u)

= −
{

Hβ(β̂ − β)(u) + Hg(ĝ − g)(u)
}

+Op

[
(c1n + e1n + d1n)a1n + c1n(e1n + d1n + c1n)

+c2nb1n + d2nc1n + d1n(e1n + d1n + d2n) + d2nb1n

]
,

(S2.4)

where Hβ is an integral-type map from Cd to C1 and Hg is an integral

operator on C1, both of which are defined in 1 Notations.

To prove (S2.4), we write

Sβ1([β̂,
ˆ̇β], [ĝ, ˆ̇g], V̂ ;x)− Sβ1([β, β̇], [g, ġ], V ;u) ≡ J1 + J2 + J3



12 Huazhen Lin, Jiaxin Liu, Haoqi Li, Lixian Pan and Yi Li

where

J1 = Sβ1([β̂,
ˆ̇β], [ĝ, ˆ̇g], V̂ ;u)− Sβ1([β, β̇], [ĝ, ˆ̇g], V̂ ;u),

J2 = Sβ1([β, β̇], [ĝ, ˆ̇g], V̂ ;u)− Sβ1([β, β̇], [g, ġ], V̂ ;u),

J3 = Sβ1([β, β̇], [g, ġ], V̂ ;u)− Sβ1([β, β̇], [g, ġ], V ;u).

Similar to the proof of Theorem 1, we can show that ˆ̇β , ˆ̇g and ˆ̇V are both

bounded with probability going to 1, furthermore ‖ˆ̇β−β̇‖ → 0, ‖ˆ̇g− ġ‖ → 0

and ‖ ˆ̇V − V̇ ‖ → 0 . Thus, by the uniform law of large numbers and Taylor

expansion of g(·), we conclude that

J1 = −Hβ(β̂ − β)(u) +Op

[
(c1n + e1n + d1n)a1n + c1n(e1n + d1n + c1n) + c2nb1n + d2nc1n}

]
.

Similarly, we can obtain that

J2 = −Hg(ĝ − g)(u) +Op

[
(a1n + d1n)(e1n + d1n + d2n) + d2nb1n

]
,

and

J3 = O(ane1n).

Consequently, this, together with J1, J2, J3, yields the conclusion of (S2.4).

Next we consider Sg(β̂, [ĝ, ̂̇g], V̂ ; z) − Sg(β, [g, ġ], V ; z), which can be

decomposed as J4 + J5 + J6, where

J4 := Sg(β̂, [ĝ, ̂̇g], V̂ ; z)− Sg(β̂, [g, ġ], V̂ ; z),
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J5 := Sg(β̂, [g, ġ], V̂ ; z)− Sg(β, [g, ġ], V̂ ; z),

and

J6 := Sg(β, [g, ġ], V̂ ; z)− Sg(β, [g, ġ], V ; z).

By a simple calculation, we can easily obtain that

J4 = −Q
[
ĝ(z)− g(z), h22

{
ˆ̇g(z)− ġ(z)

}]′
f2(z)/V

{
g(z)

}
+

Op

[
d1nc1n + (d1n + e1n)a2n + d2nb2n + c1ne1n

]
Op

[
h2d2nc1n + h2d1nb2n + h2d2na2n

]
 .

Similarly, we can have that

J5 = −Hβg(β̂ − β)f2(z)(0, 1)′ +

 Op

{
(e1n + c1n)a2n + e1nc1n

}
Op

{
h2c1nb2n + c1na2n + c21nh2

}
 ,

and

J6 =

 Op(a2ne1n)

Op(h2e1nb2n)

 .

Hence, combining with J4, J5, J6 we have that

Sg(β̂, [ĝ, ̂̇g], V̂ ; z)− Sg(β, [g, ġ], V ; z)

= −Q
[
ĝ(z)− g(z), h22

{
ˆ̇g(z)− ġ(z)

}]′
f2(z)/V

{
g(z)

}
− Hβg(β̂ − β)(z)(1, 0)′

+


Op

[
d1nc1n + (d1n + c1n + e1n)a2n + d2nb2n + c1ne1n

]

Op

[
h2d2nc1n + h2d1nb2n + (h2d2n + h2nc1n)a2n + c21nh2

]

 .

(S2.5)
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Similarly, we can get

SV (β̂, ĝ, [V̂ ,
̂̃̇
V ];ω)− SV (β, g, [V, ˙̃V ];ω)

= −Q
[
V̂ (ω)− V (ω), h23

{ ̂̃̇
V (ω)− ˙̃V (ω)

}]′
f3(ω)−HβV (β̂ − β)(1, 0)′ −HgV (ĝ − g)(1, 0)′

+

 Op

{
c1n(b3n + d1n) + (c1n + d1n + e1n)a3n + (c1n + d2n)e1n + e2nb3n

}
Op

[
c1nh3b3n + h3c

2
1n + d1nh3b3n + (c1n + d2n)e2nh3 + h3e2na3n + h3e1nb3n

]
 .

(S2.6)

On the other hand, using Condition (A1), Lemma 1 implies that

sup
(u,z,ω)∈[−1,1]3

‖S([β, β̇], [g, ġ], [V, V̇ ];u, z, ω)‖ = Op(an).

Note that S([β̂, ˆ̇β], [ĝ, ˆ̇g], [V̂ , ˆ̇V ];u, z, ω) = 0. From (S2.4), we can get c2n =

a1n + (d1n + c1n)b1n + c2na1n + e1nb1n. Following the second components in

(S2.5) and (S2.6), we can get d2n = a2n+d2nc1n+d1nb2n+(d2n+c1n)a2n+c21n

and e2n = a3n + c1nb3n + c21n + d1nb3n + (c1n + d2n)e2n + e2na3n + e1nb3n.

Let Sg1 be the first component of Sg. It follows from (S2.5) that

f2(z)/V
{
g(z)

}(
ĝ − g

)
(z) +

(
Hβg

)
(β̂ − β)(z) = Sg1(β, [g, ġ], V ; z)

+Op

[
d1nc1n + (d1n + c1n + e1n)a2n + d2nb2n + c1ne1n

]
. (S2.7)
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Let Sv1 be the first component of SV . It also follows from (S2.6) that

f3(ω)(V̂ − V )(ω) +
(
HgV

)
(ĝ − g)(ω) +

(
HβV

)
(β̂ − β)(ω) = Sv1(β, g, [V,

˙̃V ];ω)

+Op

{
c1n(b3n + d1n) + (c1n + d1n + e1n)a3n + (c1n + d2n)e1n + e2nb3n

}
. (S2.8)

This together with (S2.4) and (S2.7), implies that

[
Hβ − V

{
g(z)

}
/f2(z)Hg ◦ Hβg

]
(β̂ − β)(u)

= Sβ1([β, β̇], [g, ġ], V ;u)− V
{
g(z)

}
/f2(z)Hg

{
Sg1(β, [g, ġ], V ; z)

}
(u)

+Op

{
(c1n + e1n + d1n)a1n + c1n(e1n + d1n + c1n) + c2nb1n + d2nc1n

+d1n(e1n + d1n) + a2nb1n + (d1n + c1n + e1n)a2n + a2nb2n

}
,

(S2.9)

which holds because Hg is a bounded operator on C1.

Following Condition (A7),
[
Hβ − V

{
g(z)

}
/f2(z)Hg ◦Hβg

]−1
exists and

is bounded on Cd, and hence the supremum norm of the left-side hand of

(S2.9) is equivalent to c1n. Lemma 1 further implies that

∥∥Sβ1([β, β̇], [g, ġ], V ;u)−V
{
g(z)

}
/f2(z)Hg{Sg1(β, [g, ġ], V ; z)}

∥∥ = Op(a1n+a2n).

By (S2.9), we have c1n = Op(a1n + a2n) + Op

{
(e1n + d1n)a1n + (d1n +
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e1n)a2n + d2nc1n

}
. Consequently, we can get

c1n = Op(a1n + a2n) = Op(d1n)

e1n = Op(a1n + a2n + a3n) = Op(an). (S2.10)

By Condition (A7), we note that Ψ is linear and so Ψ−1 is linear and

bounded on Cd×C1×C2. Combining (S2.10) with (S2.4), (S2.7) and (S2.8),

we have

Ψ


β̂ − β

ĝ − g

V̂ − V

 (u, z, ω) =


Sβ1([β, β̇], [g, ġ], V ;u)

Sg1(β, [g, ġ], V ; z)

Sv1(β, g, [V,
˙̃V ];ω)

+


Op(a1nan + a1nb1n)

Op(a2nan + a2nb2n)

Op(a3nan + anb3n)

 .

(S2.11)

On the other hand, note that Sβ1([β, β̇], [g, ġ], V ;u) can be expressed as

Sβ1([β, β̇], [g, ġ], V ;u) = Vn,d(u) +Bn,d(u)

where

Vn,d(u) =
1

n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]
ġ
{
X′iβ(Ui)

} Kh1(Ui − u)

V
[
g
{
X′iβ(Ui)

}]Xi,

Bn,d(u) =
1

2n

n∑
i=1

[
ġ
{
X′iβ(Ui)

}]2
X′iβ̈(u)(Ui − u)2

Kh1(Ui − u)

V
[
g
{
X′iβ(Ui)

}]Xi + op(h
2
1).

We apply Lemma 1 to show that

Bn,d(u) =
1

2
E

(
X′iβ̈(u)Xi

[
ġ
{
X′iβ(Ui)

}]2/
V
[
g{X′iβ(Ui)}

]
|Ui = u

)
f1(u)µ2h

2
1

+Op(h
2
1(nh1)

−1/2(log n)1/2).
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Similarly, we can obtain

Sg1(β, [g, ġ]; z) =
1

n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]Kh2

{
X′iβ(Ui)− z

}
V
[
g
{
X′iβ(Ui)

}]
+Bd+1(z)h22 +Op(h

2
2(nh2)

−1/2(log n)1/2) + op(h
2
2),

Sv1(β, [g, ġ];ω) =
1

n

n∑
i=1

(
Y 2
i − V

[
g
{
X′iβ(Ui)

}]
− g2

{
X′iβ(Ui)

})
Kh3

[
g
{
X′iβ(Ui)

}
− ω

]
+Bd+2(ω)h23 +Op(h

2
3(nh3)

−1/2(log n)1/2) + op(h
2
3),

where Bd+1(·) and Bd+2(·) are defined in Supplementary materials A.

Define Vn,d+1(z) ,Vn,d+2(ω) by

Vn,d+1(z) =
1

n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]Kh2

{
X′iβ(Ui)− z

}
V
[
g
{
X′iβ(Ui)

}] ,

Vn,d+2(ω) =
1

n

n∑
i=1

(
Y 2
i − V

[
g
{
X′iβ(Ui)

}]
− g2

{
X′iβ(Ui)

})
Kh3

[
g
{
X′iβ(Ui)

}
− ω

]
.

We write An(u, z, w) = (Vn,d(u), Vn,d+1(z), Vn,d+2(ω))′ and B(u, z, ω) = (Bd(u), Bd+1(u), Bd+2(u))′.

Then it follows from (S2.11) that

Ψ


β̂ − β

ĝ − g

V̂ − V

 (u, z, ω) = An(u, z, ω)+H2B(u, z, ω)+op(h
2
1+h

2
2+h

2
3)+


Op(a1nan + a1nb1n)

Op(a2nan + a2nb2n)

Op(a3nan + anb3n)

 ,

where H = diag(h1, · · · , h1︸ ︷︷ ︸
d

, h2, h3) and B(u, z, ω) is defined in Supplemen-

tary materials A. The Central Limit Theorem implies that (nH)1/2An(u, z, ω)

is asymptotically normal with mean 0 and variance-covariance matrix M

where M is defined in Supplementary materials. Thus the proof of Theorem

2 is completed.
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Proof of Theorem 3.

First, we derive the asymptotic variance of
∑d

j=1

∫ 1

−1 β̂j(u)ψj(u)du +∫ 1

−1 ĝ(z)ψg(z)dz. Conditioned on h1 and h2, from (S2.11), we have

d∑
j=1

∫ 1

−1

{
β̂j(u)− βj(u)

}
ψj(u)du+

∫ 1

−1
(ĝ − g)(z)ψg(z)dz

=
1

n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]
V
[
g
{
X′iβ(Ui)

}] ġ {X′iβ(Ui)}
d∑

j=1

Xijφj(Ui) +
1

n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]
V
[
g
{
X′iβ(Ui)

}] φg

{
X′β(Ui)

}
+Op(a1nan + a1nb1n + a2nan + a2nb2n).

By Central Limit Theorem, we get

1√
n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]
V
[
g
{
X′iβ(Ui)

}] [ġ {X′iβ(Ui)}
d∑

j=1

Xijφj(Ui) + φg

{
X′β(Ui)

}]
d→ N(0, σ2

v),

where σ2
v is

σ2
v = E

([
ġ {X′iβ(Ui)}

d∑
j=1

Xijφj(Ui) + φg

{
X′β(Ui)

}]2/
V
[
g
{
X′iβ(Ui)

}])
.

Therefore, we can get

√
n

d∑
j=1

∫ 1

−1

{
β̂j(u)− βj(u)

}
ψj(u)du+

√
n

∫ 1

−1
(ĝ − g)(z)ψg(z)dz → N(0, σ̄2).

(S2.12)

To show the asymptotic efficiency of
∑d

j=1

∫ 1

−1 β̂j(u)ψj(u)du+
∫ 1

−1 ĝ(z)ψg(z)dz,

we consider the following parametric submodel with unknown parametric
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γ, {
β′(u, z, γ), g(z, γ)

}
=
{
β′(u), g(z)

}
+ γ
{

Φβ(u, z),Φg(z)
}
.

where

Φ′β(u, z) =
{

Φ1(u, z), . . . ,Φd(u, z)
}′
, Φg(z) = φ2

g(z)/[V {g(z)}ψg(z)],

Φk(u, z) =
[{ d∑

j=1

φj(u)EXij

}2
ġ2(z)+2

d∑
j=1

EXijφj(u)φg(z)ġ(z)
]
/[dV {g(z)}ψk(z)].

Obviously, γ0 = 0 is the true value of γ. Based on the definition of the

quasi-likelihood (2.2), the score of this parametric submodel at γ0 is

1

n

n∑
i=1

[
Yi − g

{
X′iβ(Ui)

}]
V
[
g
{
X′iβ(Ui)

}] [ġ {X′iβ(Ui)}
d∑

j=1

Xijφj(Ui) + φg

{
X′β(Ui)

}]
,

whose variance is σ2
v . Thus, the maximum likelihood estimator of γ, denoted

by γ̃, satisfies

√
n(γ̃ − γ0)→ N(0, (σ2

v)−1).

For any vector functions ψ′(u, z) = ({ψ(u)}dj=1, ψ(z))′, we observe that

∫
[u,z]∈[−1,1]2

[{
β′(u, z, γ̃), g(z, γ̃)

}
−
{
β′(u, z, γ0), g(z, γ0)

}]
ψ′(u, z)dudz

= (γ̃ − γ0)
∫
[u,z]∈[−1,1]2

{
Φβ(u, z),Φg(z)

}
ψ′(u, z)dudz. (S2.13)

Moreover, we observe that

∫
[u,z]∈[−1,1]2

{
Φβ(u, z),Φg(z)

}
ψ′(u, z)dudz = σ2

v .
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Then it follows from (S2.13) that

√
n

∫
[u,z]∈[−1,1]2

[{
β′(u, z, γ̃), g(z, γ̃)

}
−
{
β′(u, z, γ0), g(z, γ0)

}]
ψ′(u, z)dudz

d→ N(0, σ2
v).

This, together with (S2.12), shows that the asymptotic variance of
∑d

j=1

∫ 1

−1 β̂j(u)ψj(u)du+∫ 1

−1 ĝ(z)ψg(z)dz is the same as that of
∫
[u,z]∈[−1,1]2(β

′(u, z, γ̃), g(z, γ̃))ψ′(u, z)dudz.

As explained in Bickel et al. (1998) ,
∑d

j=1

∫ 1

−1 β̂j(u)ψj(u)du+
∫ 1

−1 ĝ(z)ψg(z)dz

is asymptotically efficient for the estimation of
∑d

j=1

∫ 1

−1 βjψj(u)du+
∫ 1

−1 g(z)ψg(z)dz.

Thus we complete the proof of Theorem 3.
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