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S1 Proofs of the Minimax Lower Bounds

S1.1 Proof of Theorem 1

By the definition of the rate function ψ(s, n), it suffices to show the following

two statements.

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈D∞(s,Ln)

E(T̂ − T (θ, µ))2 & L2
ns

2 ·min

{
log

(
1 +

n

s2

)
, L2

n

}
,

(S1.1)

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈D∞(s,Ln)

E(T̂ − T (θ, µ))2 &
L2
ns

2

log2 s
·min{log s, L2

n}. (S1.2)

Proof of (S1.1). Let l(s, n) be the class of all subsets of {1, . . . , n} of s

elements. For I ∈ l(s, n), we denote θI = {θ ∈ Rn : θi = 0,∀i /∈ I, and θi =

ρ, ∀i ∈ I}. Suppose that µ is fixed with µ = µ∗ where µ∗i = Ln for all

1 ≤ i ≤ n. Denote

gI(x1, . . . , xn, y1, . . . , yn) = Πn
i=1ψθI,i(xi)Π

n
i=1ψµ∗i (yi),

where ψθi denotes the density function of N(θi, 1) and θI,i is the i-th compo-

nent of θI . In this way, we are considering the class of probability measures

for {xi, yi}1≤i≤n where the mean vector for {xi} is the s-sparse vector θI

whereas the mean vector for {yi} is µ∗. By averaging over all the possible

I ∈ l(s, n), we have the mixture probability measure

g =
1(
n
s

) ∑
I∈l(s,n)

gI .
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On the other hand, we consider the probability measure

f = Πn
i=1φ(xi)Π

n
i=1ψµ∗i (yi)

where φ is the normal density of N(0, 1). From the above construction, we

consider Dθ
s(ρ) = {(θ, µ,Σ1,Σ2) : θ = θI , I ∈ l(s, n), µ = µ∗,Σ1 = Σ2 =

I} ∪ {(θ, µ,Σ1,Σ2) : θ = 0, µ = µ∗,Σ1 = Σ2 = I}. Apparently, for ρ ≤ Ln,

Dθ
s(ρ) ⊂ D∞(s, Ln). In the following, we will consider the χ2-divergence

between g and f and obtain the minimax lower bound over Ds(ρ) using the

constrained risk inequality obtained by Brown and Low (1996). Note that∫
g2

f
=

1(
n
s

)2 ∑
I∈l(s,n)

∑
I′∈l(s,n)

∫
gIgI′

f

and for any I and I ′,∫
gIgI′

f
=

1

(2π)n/2

∫
exp

{
−
∑

i(xi − θI,i)2 +
∑

i(xi − θI′,i)2 −
∑

i x
2
i

2

}
× 1

(2π)n/2

∫
exp

{
−
∑

i(yi − µ∗i )2

2

}
=

1

(2π)n/2

∫
exp

{
−
∑

i(xi − θI,i − θI′,i)2 − 2
∑n

i=1 θI,iθI′,i
2

}
= exp(ρ2j)

where j is the number of points in the set I ∩ I ′. It follows that∫
g2

f
=

1(
n
s

)2 s∑
j=1

(
n

s

)(
s

j

)(
n− s
s− j

)
exp(2ρ2j)

= E exp(2ρ2J)
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where J has a hypergeometric distribution

P(J = j) =

(
s
j

)(
n−s
s−j

)(
n
s

) .

As shown in p.173 of (Aldous, 1985), J has the same distribution as the

random variable E(Z|Bn) where Z is a binomial random variable of param-

eters (s, s/n) and Bn some suitable σ-algebra. Thus, by Jensen’s inequality

we have

E exp(2Jρ2) ≤
(

1− s

n
+
s

n
e2ρ

2

)s
. (S1.3)

The rest of the proof will be separated into two parts, corresponding to

Ln ≥
√

log
(
1 + n

s2

)
and Ln <

√
log
(
1 + n

s2

)
, respectively.

Case I. Ln ≥
√

log
(
1 + n

s2

)
. By taking ρ =

√
log
(
1 + n

s2

)
≤ Ln, we

have ∫
g2

f
= E exp(Jρ2) ≤ e. (S1.4)

Then if some estimator δ satisfies

Ef (δ − 0)2 ≤ Cs2‖µ∗‖2∞ log

(
1 +

n

s2

)
(S1.5)

then by the constrained risk inequality (Theorem 1 of Brown and Low

(1996)),

Eg
(
δ − sρ‖µ∗‖∞

)2

≥ s2ρ2‖µ∗‖2∞ − 2ρs‖µ∗‖∞C1/2s‖µ∗‖∞ log1/2

(
1 +

n

s2

)
= s2‖µ∗‖2∞ log

(
1 +

n

s2

)
−
√

2Cs2‖µ∗‖2∞ log

(
1 +

n

s2

)
,
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for any such estimator δ. Recall that ‖µ∗‖∞ = Ln. By choosing C suffi-

ciently small, we conclude that there exists some I ∈ l(s, n) such that

EgI
(
δ − sρ‖µ∗‖∞

)2

≥ Cs2L2
n log

(
1 +

n

s2

)
(S1.6)

for all δ. Therefore we have

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈Dθs(ρ)

E(T̂ − T (θ, µ))2 ≥ Cs2L2
n log

(
1 +

n

s2

)
. (S1.7)

The lower bound (S1.1) then follows from the fact that Ln &
√

log n.

Case II. Ln <
√

log
(
1 + n

s2

)
. By taking ρ = Ln <

√
log
(
1 + n

s2

)
, again

we have ∫
g2

f
= E exp(Jρ2) ≤ e. (S1.8)

Then if some estimator δ satisfies

Ef (δ − 0)2 ≤ Cs2‖µ∗‖2∞L2
n (S1.9)

then by the constrained risk inequality (Theorem 1 of Brown and Low

(1996)),

Eg
(
δ − sρ‖µ∗‖∞

)2

≥ s2ρ2‖µ∗‖2∞ − 2ρs‖µ∗‖∞C1/2s‖µ∗‖∞Ln

= s2‖µ∗‖2∞L2
n −
√

2Cs2‖µ∗‖2∞L2
n,

for any such estimator δ. Recall that ‖µ∗‖∞ = Ln. By choosing C suffi-

ciently small, we conclude that there exists some I ∈ l(s, n) such that

EgI
(
δ − sρ‖µ∗‖∞

)2

≥ Cs2L4
n (S1.10)
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for all δ. Therefore we have

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈Dθs(ρ)

E(T̂ − T (θ, µ))2 ≥ Cs2L4
n. (S1.11)

This proves the other part of (S1.1).

Proof of (S1.2). Now we prove the second part of the theorem. It follows by

Lemma 1 in Cai and Low (2011) that there exist measures νi on [−Mn,Mn]

for i = 0, 1, such that:

1. ν0 and ν1 are symmetric around 0;

2.
∫
tlν1(dt) =

∫
tlν0(dt), for l = 0, 1, . . . , kn;

3.
∫
|t|ν1(dt)−

∫
|t|ν0(dt) = 2Mnδkn .

4.
∫
|t|ν0(dt) > 0.

where δkn is the distance in the uniform norm on [−1, 1] from the absolute

value function f(x) = |x| to the space of polynomials of no more than

degree kn. In addition, δkn = β∗k
−1
n (1 + o(1)) as kn →∞. Now we consider

product priors on the n-vector θ, which are supported on the first s ≤ n

components. Let

νni1 = Π⊗sνi · Π⊗n−s1{0}, νni2 = Π⊗n1{µ∗}

for i = 0 and 1. In other words, we put independent priors νi for the first s
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components of the vector θ, while keeping the other coordinates as 0, and

we fix µ = µ∗.

Following the above construction, we have

Eνn11
1

n

n∑
i=1

|θi| − Eνn01
1

n

n∑
i=1

|θi| =
s

n

[
Eν11|θi| − Eν01|θi|

]
= 2sMnδkn/n,

and

Eνn12
1

n

n∑
i=1

|µi| − Eνn02
1

n

n∑
i=1

|µi| = 0

Then we have

Eνn11νn12
1

n
T (θ, µ)− Eνn01νn02

1

n
T (θ, µ) (S1.12)

=
s

n

(
Eν11|θi|Eν12|µi| − Eν01|θi|Eν02|µi|

)
=
s

n
(Eν11|θi|Eν12|µi| − Eν01|θi|Eν12|µi|)

+
s

n
(Eν01 |θi|Eν12|µi| − Eν01|θi|Eν02|µi|)

= Eν12|µi|
s

n
(Eν11|θi| − Eν01|θi|) + Eν01|θi|

s

n
(Eν12|µi| − Eν02|µi|)

=
2sMnδkn

n
Eν12|µi|

=
2sMnLnδ

2
kn

n
(S1.13)

We further have

V 2
0 ≡

1

n2
Eνn01νn02(T (θ, µ)− Eνn01νn02T (θ, µ))2 ≤ sM2

nL
2
n

n2
(S1.14)

Set f0,Mn(y) =
∫
φ(y − t)ν0(dt) and f1,Mn(y) =

∫
φ(y − t)ν1(dt). Note that
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since g(x) = exp(−x) is a convex function of x, and ν0 is symmetric,

f0,Mn(y) ≥ 1√
2π

exp

(
−
∫

(y − t)2

2
ν0(dt)

)
= φ(y) exp

(
− 1

2
M2

n

∫
t2v′0(dt)

)
≥ φ(y) exp

(
− 1

2
M2

n

)
.

Let Hr be the Hermite polynomial defined by

dr

dyr
φ(y) = (−1)rHr(y)φ(y) (S1.15)

which satisfiy

∫
H2
r (y)φ(y)dy = r! and

∫
Hr(y)Hl(y)φ(y)dy = 0 (S1.16)

when r 6= l. Then

φ(y − t) =
∞∑
k=0

Hk(y)φ(y)
tk

k!
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and it follows that∫
(f1,Mn(y)− f0,Mn(y))2

f0,Mn(y)
dy

≤
∫

(f1,Mn(y)− f0,Mn(y))2eM
2
n/2/φ(y)dy

= eM
2
n/2

∫ { ∞∑
k=0

Hk(y)
φ(y)

k!

[ ∫
tkν1(dt)−

∫
tkν0(dt)

]}2/
φ(y)dy

= eM
2
n/2

∫ ∞∑
k=kn+1

H2
k(y)φ(y)

M2k
n

(k!)2

[ ∫
tkν1(dt)−

∫
tkν0(dt)

]2
dy

= eM
2
n/2

∞∑
k=kn+1

M2k
n

k!

[ ∫
tkν1(dt)−

∫
tkν0(dt)

]2
≤ eM

2
n/2

∞∑
k=kn+1

M2k
n

k!
.

It then follows

I2n =
s∏
i=1

∫
(f1,Mn(xi))

2

f0,Mn(xi)
dxi − 1

≤
(

1 + eM
2
n/2

∞∑
k=kn+1

1

k!
M2k

n

)s
− 1

≤
(

1 + eM
2
n/2D

1

kn!
M2kn

n

)s
− 1,

for some D > 0. Since k! > (k/e)k, we also have

I2n ≤
(

1 + eM
2
n/2D

(
eM2

n

kn

)kn)s
− 1 (S1.17)

The rest of the proof is separated into two parts.

Case I. Ln ≥
√

log s. Now let Mn =
√

log s ≤ Ln and kn � log s. It

then can be checked that In < c for some sufficiently small constant c > 0.
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Therefore, Corollary 1 in Cai and Low (2011) along with the fact that

Ln ≥
√

log s yields

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈D∞(s,Ln)

1

n2
E(T̂ − T (θ, µ))2 ≥ (2sMnδknLn/n− (s1/2MnLn/n)In)2

(In + 2)2

≥ Cs2L2
n

n2 log s
. (S1.18)

Case II. Ln <
√

log s. In this case, we set Mn = Ln <
√

log s and

kn � log s. Then again In < c for some sufficiently small constant c > 0.

Therefore, Corollary 1 in Cai and Low (2011) along with the fact that

Mn ≤ Ln yields

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈D∞(s,Ln)

1

n2
E(T̂ − T (θ, µ))2 ≥ (2sMnδknLn/n− (s1/2MnLn/n)In)2

(In + 2)2

≥ Cs2L4
n

n2 log2 s
. (S1.19)

S2 Proofs of the Risk Upper Bounds

S2.1 Proof of Theorem 2

For the hybrid estimators defined in Section 2.2 of the main paper, the key is

to study the bias and variance of a single component. Let x1, x2 ∼ N(θ, 1),

y1, y2 ∼ N(µ, 1). Denote δ(x) = min{SK(x), n2}. In the following, we

analyse the two hybrid estimators separately.
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Part I: Analysis of T̂S
K . Let

ξ = ξ(x1, x2, y1, y2)

= [δ(x1)I(
√

2 log n < |x2| ≤ 2
√

2 log n) + |x1|I(|x2| > 2
√

2 log n)]

× [δ(y1)I(
√

2 log n < |y2| ≤ 2
√

2 log n) + |y1|I(|y2| > 2
√

2 log n)]

(S2.1)

Note that

E(ξ) = [Eδ(x1)P (
√

2 log n < |x2| ≤ 2
√

2 log n) + E|x1|P (|x2| > 2
√

2 log n)]

× [Eδ(y1)P (
√

2 log n < |y2| ≤ 2
√

2 log n) + E|y1|P (|y2| > 2
√

2 log n)]

(S2.2)

We denote

σ̃2
x = Var(δ(x1)I(

√
2 log n < |x2| ≤ 2

√
2 log n) + |x1|I(|x2| > 2

√
2 log n)),

σ̃2
y = Var(δ(y1)I(

√
2 log n < |y2| ≤ 2

√
2 log n) + |y1|I(|y2| > 2

√
2 log n)),

and

θ̃x = Eδ(x1)P (
√

2 log n < |x2| ≤ 2
√

2 log n) + E|x1|P (|x2| > 2
√

2 log n),

µ̃y = Eδ(y1)P (
√

2 log n < |y2| ≤ 2
√

2 log n) + E|y1|P (|y2| > 2
√

2 log n).

Then we have

Var(ξ) = σ̃2
xσ̃

2
y + σ̃2

xµ̃
2
y + σ̃2

y θ̃
2
x

The following two propositions are key to our calculation of the estimation

risk.
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Proposition 1. For all θ, µ ∈ R, we have

|Bx| ≡ |θ̃x − |θ|| .
√

log n, |By| ≡ |µ̃y − |µ|| .
√

log n,

and

σ̃2
x . log n, σ̃2

y . log n.

In particular, when θ = 0, we have |Bx| ≤ n−2log n and σ̃2
x . n−1 log n,

whereas when µ = 0, we have |By| ≤ n−2log n, and σ̃2
y . n−1 log n.

Proposition 2. For all θ, µ ∈ R such that θ, µ ≤ Ln where Ln ≤ (
√

2 −

1)
√

log n, we have

|Bx| ≡ |θ̃x − |θ|| . Ln, |By| ≡ |µ̃y − |µ|| . Ln,

and

σ̃2
x .

log n√
n
, σ̃2

y .
log n√
n
.

Now the bias of the estimator ξ satisfies

B(ξ) = Eξ − |θ||µ| = θ̃xµ̃y − |θ||µ|

≤ |θ| · |µ̃y − |µ||+ |µ| · |µ̃x − |θ||+ |µ̃y − |µ|| · |µ̃x − |θ||

≤ |µ||By|+ |θ||Bx|+ |Bx||By|. (S2.3)

and the variance

Var(ξ) = σ̃2
xσ̃

2
y + σ̃2

xµ̃
2
y + σ̃2

y θ̃
2
x

. σ̃2
xσ̃

2
y + |µ|2σ̃2

x + |θ|2σ̃2
y +B2

xσ̃
2
y +B2

y σ̃
2
x. (S2.4)
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Now let (x1`, x2`, ..., xn`) ∼ N(θ, In) and (y1`, y2`, ..., yn`) ∼ N(µ, In) for

` = 1, 2, and let

T̂ SK =
n∑
i=1

ξ(xi1, xi2, yi1, yi2).

Case I. L &
√

log n. It follows from (S2.3) and Cauchy-Schwartz inequality

that the bias of T̂ SK is bounded by

|B(T̂ SK)| . (‖θ‖∞ + ‖µ‖∞)s
√

log n+ s log n

From (S2.4) we have the variance of ̂T S(θ, µ) is bounded by

Var(T̂ SK) ≤
n∑
i=1

Var(ξ(xi1, xi2, yi1, yi2))

. s log2 n+ (‖θ‖2∞ + ‖µ‖2∞)s log n (S2.5)

Therefore the mean squared error of T̂ SK satisfies

E(T̂ SK − T (θ, µ))2 ≤ B2(T̂ SK) + Var(T̂ SK)

. s2L2
n log n.

Case II. Ln .
√

log n. It follows that

|B(T̂ SK)| . (‖θ‖∞ + ‖µ‖∞)sLn + sL2
n

From (S2.4) we have the variance of ̂T S(θ, µ) is bounded by

Var(T̂ SK) ≤
n∑
i=1

Var(ξ(xi1, xi2, yi1, yi2))

. log2 n+
sL2

n log n√
n

+
log2 n√

n
+ L2

n log n+
log3 n

n3
. (S2.6)
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Therefore the mean squared error of T̂ SK satisfies

E(T̂ SK − T (θ, µ))2 ≤ B2(T̂ SK) + Var(T̂ SK)

. s2L4
n +

log2 n√
n

+ L2
n log n

Part II: Analysis of T̂K . With a slight abuse of notation, we denote

ξ = ξ(x1, x2, y1, y2) = [δ(x1)I(|x2| ≤ 2
√

2 log n) + |x1|I(|x2| > 2
√

2 log n)]

× [δ(y1)I(|y2| ≤ 2
√

2 log n) + |y1|I(|y2| > 2
√

2 log n)]

(S2.7)

Note that

E(ξ) = [Eδ(x1)P (|x2| ≤ 2
√

2 log n) + E|x1|P (|x2| > 2
√

2 log n)]

× [Eδ(y1)P (|y2| ≤ 2
√

2 log n) + E|y1|P (|y2| > 2
√

2 log n)] (S2.8)

We denote

σ̃2
x = Var(δ(x1)I(|x2| ≤ 2

√
2 log n) + |x1|I(|x2| > 2

√
2 log n)),

σ̃2
y = Var(δ(y1)I(|y2| ≤ 2

√
2 log n) + |y1|I(|y2| > 2

√
2 log n)),

and

θ̃x = Eδ(x1)P (|x2| ≤ 2
√

2 log n) + E|x1|P (|x2| > 2
√

2 log n),

µ̃y = Eδ(y1)P (|y2| ≤ 2
√

2 log n) + E|y1|P (|y2| > 2
√

2 log n).
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Proposition 3. Let Bx = θ̃x − |θ|, By = µ̃y − |µ|. For all θ, µ ∈ R and

K = r log n for some 0 < r < 1/3, we have

|Bx| .
1√

log n
, |By| .

1√
log n

,

and

σ̃2
x = O

(
n6r log3 n

)
, σ̃2

y = O
(
n6r log3 n

)
.

In particular, when θ = 0, we have |Bx| ≤ n6r−2 log3 n and σ̃2
x . n6r log3 n,

whereas when µ = 0, we have |By| ≤ n6r−2 log3 n, and σ̃2
y . n6r log3 n.

Again, let (x1`, x2`, ..., xn`) ∼ N(θ, In) and (y1`, y2`, ..., yn`) ∼ N(µ, In)

for ` = 1, 2, and let T̂K =
∑n

i=1 ξ(xi1, xi2, yi1, yi2). It follows that, when

0 < r < 1/4, the bias can be bounded by

|B(T̂K)| . ‖θ‖∞s√
log n

+
‖µ‖∞s√

log n
+

s

log n
.

On the other hand, the variance of T̂ (θ, µ) is bounded by

Var(T̂K) ≤
n∑
i=1

Var(ξ(xi1, xi2, yi1, yi2))

. n12r+1 log6 n+ n6r+1 log3 n · (‖θ‖2∞ + ‖µ‖2∞) (S2.9)

. |B(T̂K)|2, (S2.10)

as long as 0 < r < 2β−1
12

. In this case, we have

E(T̂K − T (θ, µ))2 .
s2

log2 n
+
s2‖θ‖2∞
log n

+
s2‖µ‖2∞

log n
.

The final result follows from the fact that max(‖θ‖∞, ‖µ‖∞) ≤ Ln.
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S2.2 Proof of Theorem 3

Let x1, x2 ∼ N(θ, 1) and y1, y2 ∼ N(µ, 1). Define

ξ = ξ(x1, x2, y1, y2) = [|x1|I(|x2| > 2
√

2 log n)]× [|y1|I(|y2| > 2
√

2 log n)].

(S2.11)

Note that

E(ξ) = E|x1|P (|x2| > 2
√

2 log n)× E|y1|P (|y2| > 2
√

2 log n) (S2.12)

Denote

σ̃2
x = Var(|x1|I(|x2| > 2

√
2 log n)), σ̃2

y = Var(|y1|I(|y2| > 2
√

2 log n)),

and

θ̃x = E|x1|P (|x2| > 2
√

2 log n), µ̃y = E|y1|P (|y2| > 2
√

2 log n).

Then we have

Var(ξ) = σ̃2
xσ̃

2
y + σ̃2

xµ̃
2
y + σ̃2

y θ̃
2
x

Proposition 4. Let Bx = θ̃x − |θ| and By = µ̃y − |µ|. For all θ, µ ∈ R, we

have

|Bx| .
√

log n, |By| .
√

log n,

and

σ̃2
x . log n, σ̃2

y . log n.
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In particular, when θ = 0 we have |Bx| . n−4 and σ̃2
x . n−4, whereas when

µ = 0 we have |By| . n−4 and σ̃2
y . n−4.

Proposition 5. For all θ, µ ∈ R such that µ, θ ≤ Ln where Ln ≤
√

2 log n,

we have

|Bx| . Ln, |By| . Ln,

and

σ̃2
x .

log n

n
, σ̃2

y .
log n

n
.

Now the bias of the estimator ξ is

B(ξ) = Eξ − |θ||µ| = θ̃xµ̃y − |θ||µ|

≤ |θ||By|+ |µ||Bx|+ |Bx||By|, (S2.13)

whereas the variance is bounded by

Var(ξ) = σ̃2
xσ̃

2
y + σ̃2

xµ̃
2
y + σ̃2

y θ̃
2
x . σ̃2

xσ̃
2
y + |µ|2σ̃2

x + |θ|2σ̃2
y + log n(σ̃2

y + σ̃2
x).

(S2.14)

Now let (x1`, x2`, ..., xn`) ∼ N(θ, In) and (y1`, y2`, ..., yn`) ∼ N(µ, In) for

` = 1, 2, and let

T̃ =
n∑
i=1

ξ(xi1, xi2, yi1, yi2).

Case I. Ln ≥
√

2 log n. It then follows that

|B(T̃ )| ≤ s log n+ (‖θ‖∞ + ‖µ‖∞)s
√

log n,
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and

Var(T̃ ) ≤ s log2 n+ (‖θ‖2∞ + ‖µ‖2∞)s log n. (S2.15)

Therefore the mean squared error of T̃ satisfies

E(T̃ − T (θ, µ))2 ≤ B2(T̃ ) + Var(T̃ )

. s2 log n(‖θ‖2∞ + ‖µ‖2∞ + log n).

The final result follows from the fact that max(‖θ‖∞, ‖µ‖∞) ≤ Ln.

Case II. Ln <
√

2 log n. It then follows that

|B(T̃ )| ≤ sL2
n + (‖θ‖∞ + ‖µ‖∞)sLn,

and

Var(T̃ ) ≤ log2 n

n
+ L2

n log n. (S2.16)

Therefore the mean squared error of T̃ satisfies

E(T̃ − T (θ, µ))2 ≤ B2(T̃ ) + Var(T̃ )

. s2L4
n +

log2 n

n
+ L2

n log n.

S2.3 Proof of Theorem 4

By our sample splitting argument, it suffices to obtain the mean squared risk

bound for the estimator T̃ =
∑n

i=1 Ûi(xi)Ûi(yi) of T (θ, µ) =
∑n

i=1 |θi||µi|
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where Ûi(xi) = |xi1|I(|xi2| > 2
√

2 log n), Ûi(yi) = |yi1|I(|yi2| > 2
√

2 log n)

and (x1`, x2`, ..., xn`) ∼ N(θ,Σ1) and (y1`, y2`, ..., yn`) ∼ N(µ,Σ2) for ` =

1, 2. By Proposition 3, the bias of the estimator ξi = Ûi(xi)Ûi(yi) satisfies

B(ξi) = Eξi − |θi||µi| ≤ |µi||Bix|+ |θi||Biy|+ |Bix||Biy|, (S2.17)

where Bix = Ûi(xi)− |θi| and Biy = Ûi(yi)− |µi|. The variance satisfies

Var(ξi) . σ̃2
ixσ̃

2
iy + |µi|2σ̃2

ix + |θi|2σ̃2
iy + log n(σ̃2

iy + σ̃2
ix), (S2.18)

where σ̃2
ix = Var(Ûi(xi)) and σ̃2

iy = Var(Ûi(yi)). The covariance between

two copies

Cov(ξi, ξj) = Eξiξj − EξiEξj

= EÛi(xi)Ûi(yi)Ûj(xj)Ûj(yj)− EÛi(xi)Ûi(yi)EÛj(xj)Ûj(yj)

= EÛi(xi)Ûj(xj)EÛi(yi)Ûj(yj)− EÛi(xi)EÛj(xj)EÛi(yi)EÛj(yj)

Thus, we have

|Cov(ξi, ξj)| ≤ |Cov(Ûi(xi), Ûj(xj))| · µ̃iµ̃j + |Cov(Ûi(yi), Ûj(yj))| · θ̃iθ̃j

+ |Cov(Ûi(xi), Ûj(xj))Cov(Ûi(yi), Ûj(yj))|,

where θ̃j = EÛj(xj) and µ̃j = EÛj(yj). Note that

|Cov(Ûi(xi), Ûj(xj))| ≤ |EÛi(xi)Ûj(xj)|+ |θ̃iθ̃j|
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where

EÛi(xi)Ûj(xj) = E|xi2||xj2|P (|xi2| > 2
√

2 log n, |xj2| > 2
√

2 log n).

Suppose one of θi and θj is 0, and the other bounded by Ln. Then by the

proof of Proposition 3, we have

EÛi(xi)Ûj(xj) = O(n−4L2
n)

and

|θ̃iθ̃j| = O(n−4Ln).

So

|Cov(Ûi(xi), Ûj(xj))| = O(n−4L2
n).

As a result, since µi, µj . Ln, we have

|Cov(ξi, ξj)| ≤ O(n−4L4
n).

Hence, summation over O(n2) terms will be bounded by O(n−2L4
n). On

the other hand, if neither θi or θj is zero, we have the trivial bound from

Proposition 3

|Cov(ξi, ξj)| ≤ log2 n,
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and the summation over O(s2) terms will be bounded by s2 log2 n. Thus,

as long as Ln .
√
n, we have

Var(T̃ ) ≤
n∑
i=1

Var(ξ(xi1, xi2, yi1, yi2)) +O(n−2L4
n) +O(s2 log2 n) . s2 log2 n.

(S2.19)

Now note that |B(T̃ )| . s log n+ (‖θ‖∞ + ‖µ‖∞)s
√

log n, it follows that

E(T̃ − T (θ, µ))2 . s2 log2 n+ L2
ns

2 log n.

S3 Proof of Propositions 1-5

S3.1 Proof of Proposition 1

In the following, we divide into four cases according to the value of |θ|.

When |θ| = 0, we show that we are actually estimating |θ| by 0. When

0 ≤ |θ| ≤
√

2 log n, we show that the estimator ξ′ behaves essentially like

δ, which is a good estimators when |θ| is small. When
√

2 log n < |θ| ≤

4
√

2 log n, we show that the hybrid estimator ξ uses either δ(x1) or |x1| and

in this case both are good estimators of |θ|. When |θ| is large, the hybrid

estimator is essentially the same as |x1|. We need the following lemmas to

facilitate our proof.

Lemma 1. Consider GK(x) defined in the main paper. The constant term
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of G̃K(x) =
∑K

l=0 g̃2lx
2l, with g̃2l = M−2l+1

n g2l, satisfies

g̃0 = Mng0 ≤
2Mn

π(2K + 1)
. (S3.1)

Lemma 2. Let X ∼ N(θ, 1) and SK(x) =
∑K

k=1 g2kM
−2k+1
n H2k(x). Then

for all |θ| ≤ 4
√

2 log n, we have

∣∣∣∣ESK(X)− |θ|
∣∣∣∣ ≤ 4Mn

π(2K + 1)
,

and for M2
n ≥ K, we have ES2

K(X) . 28KM2
nK

2.

Lemma 3. Suppose I(A) and I(B) are indicator random variables inde-

pendent of X and Y , with A ∩B = ∅ then

Var(XI(A) + Y I(B)) = Var(X)P (A) + Var(Y )P (B) + (EX)2P (A)P (Ac)

+ (EY )2P (B)P (Bc)− 2EXEY P (A)P (B).

(S3.2)

In particular, if Ac = B, then we have

Var(XI(A)+Y I(Ac)) = Var(X)P (A)+Var(Y )P (Ac)+(EX−EY )2P (A)P (Ac).

(S3.3)
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Applying Lemma 3, we have

σ̃2
x = Var(δ(x1))P (

√
2 log n < |x2| ≤ 2

√
2 log n) + Var(|x1|)P (|x2| > 2

√
2 log n)

+ (Eδ(x1))2P (
√

2 log n < |x2| ≤ 2
√

2 log n)(1− P (
√

2 log n < |x2| ≤ 2
√

2 log n))

+ (E|x1|)2P (|x2| > 2
√

2 log n)(1− P (|x2| > 2
√

2 log n))

− 2Eδ(x1)E|x1|P (
√

2 log n < |x2| ≤ 2
√

2 log n)P (|x2| > 2
√

2 log n).

σ̃2
y = Var(δ(y1))P (

√
2 log n < |x2| ≤ 2

√
2 log n) + Var(|y1|)P (|y2| > 2

√
2 log n)

+ (Eδ(y1))2P (
√

2 log n < |y2| ≤ 2
√

2 log n)(1− P (
√

2 log n < |y2| ≤ 2
√

2 log n))

+ (E|y1|)2P (|y2| > 2
√

2 log n)(1− P (|y2| > 2
√

2 log n))

− 2Eδ(y1)E|y1|P (
√

2 log n < |y2| ≤ 2
√

2 log n)P (|y2| > 2
√

2 log n).

Case 1. θ = 0. Note that δ(x1) can be written as

δ(x1) = SK(x1)− (SK(x1)− n2)I(SK(x1) ≥ n2).

Consequently,

|Bx| =
∣∣E(δ(x1))P (

√
2 log n < |x2| ≤ 2

√
2 log n) + E(|x1|)P (|x2| > 2

√
2 log n)

∣∣
≤ |ESK(x1)|+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}+ E|x1|P (|x2| > 2

√
2 log n)

≡ B1 +B2 +B3.

By definition of SK(x1) we have

B1 = 0. (S3.4)
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It follows from the standard bound for normal tail probability Φ(−z) ≤

z−1φ(z) for z > 0 that

P (|x2| > 2
√

2 log n) = 2Φ(−2
√

2 log n) ≤ 1

2
√
π log n

n−4. (S3.5)

And in this case

E|x1| = 2φ(0). (S3.6)

It then follows that

B3 ≤ 2φ(0) · 1

2
√
π log n

n−4 =
1

π
√

2 log n
n−4. (S3.7)

Now consider B2. Note that for any random variable X and any constant

λ > 0,

E(XI(X ≥ λ)) ≤ λ−1E(X2I(X ≥ λ) ≤ λ−1EX2.

This together with Lemma 2 yields that

B2 ≤ E{(SK(x1)I(SK(x1) ≥ n2)} ≤ n−2E(S2
K(x1)) . n−2 log n. (S3.8)

Combining the three pieces together, we have

|Bx| ≤ B1 +B2 +B3 .
log n

n2
.
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We now consider the variance. It follows that

σ̃2
x ≤ Var(SK(x1))P (

√
2 log n < |x2| ≤ 2

√
2 log n) + Var(|x1|)P (|x2| > 2

√
2 log n)

+ (Eδ(x1))2 + (E|x1|)2P (|x2| > 2
√

2 log n)− 2Eδ(x1)E|x1|P (|x2| > 2
√

2 log n)

≤ ES2
K(x1)n

−1 + (Eδ(x1))2 + [Ex21 + (E|x1|)2 − 2Eδ(x1)E|x1|] ·
1

2n4
√
π log n

. n−128KM2
nK

2 + n−4 log4 n+
1

n4
√

log n

. n−1 log n

where we use the fact that

P (
√

2 log n < |x2| ≤ 2
√

2 log n) ≤ P (
√

2 log n ≤ |x|) ≤ Φ(−
√

2 log n) ≤ n−1.

Case 2. 0 < |θ| ≤
√

2 log n. In this case

|Bx| = |E(δ(x1))P (
√

2 log n < |x2| ≤ 2
√

2 log n) + E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |ESK(x1)− |θ||+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}

+ (E|x1|)P (|x2| > 2
√

2 log n) + |θ|(1− P (
√

2 log n < |x2| ≤ 2
√

2 log n))

≡ B1 +B2 +B3 +B4

From Lemma 2 we have

B1 .
√

log n.

Again, the standard bound for normal tail probability yields

P (|x2| > 2
√

2 log n) ≤ 2Φ(−
√

2 log n) ≤ 1√
π log n

n−1
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Note that

E|x1| = |θ|+ 2φ(θ)− 2|θ|Φ(−|θ|) ≤ |θ|+ 1 ≤
√

2 log n+ 1.

Then we have

B3 ≤
(√

2 log n+ 1

)
· 1√

π log n
n−1 ≤ 3n−1,

and

B4 ≤ |θ| ≤
√

2 log n.

Note that B2 follows (S3.8), and we have

|Bx| ≤ B1 +B2 +B3 +B4 .
√

log n.

For the variance, note that

(Eδ(x1))2 ≤ Eδ2(x1)

= E(min{S2
K(x1), n

4})

= E
[
S2
K(x1)− (S2

K(x1)− n4)I(S2
K(x1) > n4)

]
≤ ES2

K(x1)

. log n,

and

Ex21 + (E|x1|)2 − 2Eδ(x1)E|x1| ≤ Var(x1) + (E|x1|)2 + (
√

2 log n)2 . log n
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Then we have

σ̃2
x ≤ Var(SK(x1)) + Var(|x1|)P (|x2| > 2

√
2 log n) + (Eδ(x1))2

+ (E|x1|)2P (|x2| > 2
√

2 log n) + 2|Eδ(x1)| · E|x1|P (|x2| > 2
√

2 log n)

≤ ES2
K(x1) + (Eδ(x1))2 + [Ex21 + (E|x1|)2 + 2|Eδ(x1)| · E|x1|] ·

1

n
√
π log n

≤ 2 log n+
5
√

log n√
πn

. log n.

Case 3
√

2 log n ≤ |θ| ≤ 4
√

2 log n. In this case,

|Bx| = |E(δ(x1))P (
√

2 log n < |x2| ≤ 2
√

2 log n) + E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |E(δ(x1))− |θ||+ |E|x1| − |θ||+ |θ|P (|x2| ≤ 2
√

2 log n)

≤ |ESK(x1)− |θ||+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}+ 2φ(θ) + 4
√

2 log n

.
√

log n+ n−2 log n+ n−1

.
√

log n.

For the variance, similarly since

Ex21 + (E|x1|)2 + 2|Eδ(x1)| · E|x1| ≤ Var(x1) + (E|x1|)2 + (4
√

2 log n)2

+

(
4
√

2 log n+
2Mn

πK

)
4
√

2 log n

≤ 1 + (32 + 32 + 32) log n+
64
√

2 log n

πK

. log n,
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and then

σ̃2
x ≤ Var(SK(x1)) + Var(|x1|) + (Eδ(x1))2 + (E|x1|)2 + 2|Eδ(x1)| · E|x1|

≤ ES2
K(x1) + (Eδ(x1))2 + [Ex21 + (E|x1|)2 + 2Eδ(x1)E|x1|]

. log n.

Case 4. |θ| > 4
√

2 log n. In this case, the standard bound for normal tail

probability yields that

P (|x2| ≤ 2
√

2 log n) ≤ 2Φ(−(|θ|/−2
√

2 log n)) ≤ 2Φ

(
−|θ|

2

)
≤ 4

|θ|
φ

(
|θ|
2

)
.

In particular,

P (|x2| ≤ 2
√

2 log n) ≤ 2Φ(−2
√

2 log n) ≤ 1

2
√
π log n

n−4.

Also note that

Eδ(x1) = Emin{SK(x1), n
2}

= E(SK(x1)1{SK(x1) ≤ n2}+ n21{SK(x1) > n2})

≤ n2
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Hence,

|Bx| ≤ |E(δ(x1))P (
√

2 log n < |x2| ≤ 2
√

2 log n) + E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |E(δ(x1))|P (
√

2 log n < |x2| ≤ 2
√

2 log n) + |E|x1| − |θ||

+ E|x1|P (|x2| ≤ 2
√

2 log n)

≤ |E|x1| − |θ||+ (|Eδ(x1)|+ E|x1|)P (|x2| ≤ 2
√

2 log n)

≤ 2φ(θ) + (n2 + |θ|+ 1)P (|x2| ≤ 2
√

2 log n)

≤ 2φ(θ) + 4φ

(
|θ|
2

)
+

1

2
n−2

≤ 6φ

(
θ

2

)
+

1

2n2

≤ 1

n2
.

For the variance, similarly we have

σ̃2
x ≤ Var(δ(x1))P (

√
2 log n < |x2| ≤ 2

√
2 log n) + Var(|x1|)

+ (E|x1|)2P (|x2| ≤ 2
√

2 log n) + (Eδ(x1))2P (
√

2 log n < |x2| ≤ 2
√

2 log n)

+ 2|Eδ(x1)| · E|x1|P (
√

2 log n < |x2| ≤ 2
√

2 log n)

≤ 1 + [Var(δ(x1)) + (Eδ(x1))2 + (E|x1|)2 + 2|Eδ(x1)| · E|x1|]P (|x2| ≤ 2
√

2 log n)

≤ 1 + [log n+ (n2 + |θ|+ 1)2]P (|x2| ≤ 2
√

2 log n)

= 1 + o(1).

Obviously, the same argument holds for y1, y2 and |µ|.
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S3.2 Proof of Proposition 2

When |θ| ≤ Ln ≤ (
√

2− 1)
√

log n, we have

|Bx| = |E(δ(x1))P (
√

2 log n < |x2| ≤ 2
√

2 log n) + E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |ESK(x1)− |θ||P (
√

2 log n < |x2| ≤ 2
√

2 log n)

+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}

+ (E|x1|)P (|x2| > 2
√

2 log n) + |θ|(1− P (
√

2 log n < |x2| ≤ 2
√

2 log n))

≡ B1 +B2 +B3 +B4

Note that

P (
√

2 log n < |x2| ≤ 2
√

2 log n) ≤ P (
√

2 log n < |x2|)

≤ P (
√

2 log n− Ln < |z|)

≤ 2Φ(−
√

2 log n+ Ln)

.
1

n1/2
.

From Lemma 2 we have

B1 .
√

log nP (
√

2 log n < |x2| ≤ 2
√

2 log n) ≤
√

log n

n
.

Again, the standard bound for normal tail probability yields

P (|x2| > 2
√

2 log n) ≤ 2Φ(−
√

2 log n) ≤ 1√
π log n

n−1
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Note that

E|x1| = |θ|+ 2φ(θ)− 2|θ|Φ(−|θ|) ≤ |θ|+ 1 ≤ Ln + 1.

Then we have

B3 ≤
(√

2 log n+ 1

)
· 1√

π log n
n−1 ≤ 3n−1,

and

B4 ≤ |θ| ≤ Ln.

Note that B2 follows (S3.8), and we have

|Bx| ≤ B1 +B2 +B3 +B4 . Ln.

For the variance, note that

(Eδ(x1))2 ≤ Eδ2(x1)

= E(min{S2
K(x1), n

4})

= E
[
S2
K(x1)− (S2

K(x1)− n4)I(S2
K(x1) > n4)

]
≤ ES2

K(x1)

. log n,

and

Ex21 + (E|x1|)2 − 2Eδ(x1)E|x1| ≤ Var(x1) + (E|x1|)2 + (
√

2 log n)2 . log n
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Then we have

σ̃2
x ≤ Var(SK(x1))P (

√
2 log n < |x2| ≤ 2

√
2 log n) + Var(|x1|)P (|x2| > 2

√
2 log n)

+ (Eδ(x1))2 + (E|x1|)2P (|x2| > 2
√

2 log n)− 2Eδ(x1)E|x1|P (|x2| > 2
√

2 log n)

≤ ES2
K(x1)n

−1 + (Eδ(x1))2 + [Ex21 + (E|x1|)2 − 2Eδ(x1)E|x1|] ·
1

n
√
π log n

. n−1/228KM2
nK

2

.
log n√
n

S3.3 Proof of Proposition 3

We only prove the proposition for θ. The argument for µ is the same. We

need the following lemma for the proof.

Lemma 4. Let X ∼ N(θ, 1) and SK(x) =
∑K

k=1 g2kM
−2k+1
n H2k(x) with

Mn = 8
√

log n and K = r log n for some r > 0. Then for all |θ| ≤

4
√

2 log n, ∣∣∣∣ESK(X)− |θ|
∣∣∣∣ ≤ 4Mn

π(2K + 1)
.

1√
log n

,

and ES2
K(X) . n6r log3 n.

Case 1. θ = 0. Note that δ(x1) can be written as

δ(x1) = SK(x1)− (SK(x1)− n2)I(SK(x1) ≥ n2).
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Consequently,

|Bx| ≤ |ESK(x1)|+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}

+ (|ESK(x1)|+ E|x1|)P(|x2| > 2
√

2 log n)

≡ B1 +B2 +B3.

By definition of SK(x1) we have

B1 = 0. (S3.9)

It follows from the standard bound for normal tail probability Φ(−z) ≤

z−1φ(z) for z > 0 that

P(|x2| > 2
√

2 log n) = 2Φ(−2
√

2 log n) ≤ 1

2
√
π log n

n−4. (S3.10)

And in this case

E|x1| = 2φ(0). (S3.11)

It then follows that

B3 ≤ 2φ(0) · 1

2
√
π log n

n−4 =
1

π
√

2 log n
n−4. (S3.12)

Now consider B2. Note that for any random variable X and any constant

λ > 0,

E(XI(X ≥ λ)) ≤ λ−1E(X2I(X ≥ λ) ≤ λ−1EX2.

This together with Lemma 4 yields that

B2 ≤ E{(SK(x1)I(SK(x1) ≥ n2)} ≤ n−2E(S2
K(x1)) . n6r−2 log3 n. (S3.13)
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Combining the three pieces together, we have

|Bx| ≤ B1 +B2 +B3 . n6r−2 log3 n.

We now consider the variance. It follows from Lemma 3 and Lemma 4 that

σ̃2
x ≤ Var(SK(x1))P (|x2| ≤ 2

√
2 log n) + Var(|x1|)P (|x2| > 2

√
2 log n)

+ [(Eδ(x1))2 + (E|x1|)2]P (|x2| > 2
√

2 log n)− 2Eδ(x1)E|x1|P (|x2| > 2
√

2 log n)

≤ ES2
K(x1) + [(Eδ(x1))2 + (E|x1|)2 − 2Eδ(x1)E|x1|] ·

1

2n4
√
π log n

. n6r log3 n

as long as r < 3/4.

Case 2. 0 < |θ| ≤
√

2 log n. In this case

|Bx| = |E(δ(x1))P (|x2| ≤ 2
√

2 log n) + E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |E(δ(x1))− |θ||+ |E|x1| − |θ||P (|x2| > 2
√

2 log n)

. |ESK(x1)− |θ||+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}+ n−4

. 1/
√

log n+ n6r−2 log3 n+ n−4

. 1/
√

log n

as long as r < 1/3. Similarly, note that

Eδ(x1) = ESK(x1) +B2
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then

(Eδ(x1)− E|x1|)2 ≤ 2(Eδ(x1))2 + 2(E|x1|)2

≤ 2(ESK(x1) +B2)
2 + 2(|θ|+ 1)2

. n6r log3 n.

Hence the variance can be bounded as follows.

σ̃2
x ≤ ES2

K(x1) + Ex21P(|x2| > 2
√

2 log n)

+ (Eδ(x1)− E|x1|)2P(|x2| > 2
√

2 log n)

. n6r log3 n.

Case 3.
√

2 log n < |θ| ≤ 4
√

2 log n. In this case

|Bx| = |E(δ(x1))P (|x2| ≤ 2
√

2 log n) + E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |E(δ(x1))− |θ||+ |E|x1| − |θ||

. |ESK(x1)− |θ||+ E{(SK(x1)− n2)I(SK(x1) ≥ n2)}+ 2φ(θ)

. 1/
√

log n+ n6r−2 log3 n+ n−1

. 1/
√

log n

as long as r < 1/3. The variance can be bounded similar to the Case 2.

Case 4. |θ| > 4
√

2 log n. In this case, same argument follows from the

proof of Case 4 in Proposition 1.
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Proof of Proposition 4. Similar to the proofs of previous propositions, we

only prove the statements about θ. The argument for µ is the same.

Case 1. θ = 0. Note that |Bx| = E(|x1|)P (|x2| > 2
√

2 log n). It follows

from the standard bound for normal tail probability Φ(−z) ≤ z−1φ(z) for

z > 0 that

P (|x2| > 2
√

2 log n) = 2Φ(−2
√

2 log n) ≤ 1

2
√
π log n

n−4. (S3.14)

And in this case E|x1| = 2φ(0). It then follows that

|Bx| ≤ 2φ(0) · 1

2
√
π log n

n−4 =
1

π
√

2 log n
n−4. (S3.15)

We now consider the variance. It follows that

σ̃2
x ≤ Var(|x1|)P (|x2| > 2

√
2 log n) ≤ Ex21 ·

1

2n4
√
π log n

.
1

n4
√

log n
.

Case 2. 0 < |θ| ≤
√

2 log n. In this case

|Bx| =
∣∣E|x1|P (|x2| > 2

√
2 log n)− θ

∣∣ ≤ E|x1|P (|x2| > 2
√

2 log n) + |θ|.

The standard bound for normal tail probability yields

P (|x2| > 2
√

2 log n) ≤ 2Φ(−
√

2 log n) ≤ 1√
π log n

n−1

Note that

E|x1| = |θ|+ 2φ(θ)− 2|θ|Φ(−|θ|) ≤ |θ|+ 1 ≤
√

2 log n+ 1.
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Then we have

|Bx| ≤
(√

2 log n+ 1

)
· 1√

π log n
n−1 + |θ| ≤ 3n−1 +

√
2 log n.

On the other hand, since

Ex21 ≤ Var(x1) + (E|x1|)2 ≤ 1 + 2 log n.

we have

σ̃2
x ≤ Var(|x1|)P (|x2| > 2

√
2 log n) ≤ Ex21 ·

1

n
√
π log n

.

√
log n

n
.

Case 3
√

2 log n ≤ |θ| ≤ 4
√

2 log n. In this case 2,

|Bx| = |E(|x1|)P (|x2| > 2
√

2 log n)− |θ||

≤ |E|x1| − |θ||+ |θ|P (|x2| ≤ 2
√

2 log n)

.
√

log n.

For the variance, similarly we have

σ̃2
x ≤ Ex21 . log n.

Case 4. |θ| > 4
√

2 log n. In this case, the standard bound for normal tail

probability yields that

P (|x2| ≤ 2
√

2 log n) ≤ 2Φ(−(|θ|−2
√

2 log n)) ≤ 2Φ

(
− |θ|

2

)
≤ 4

|θ|
φ

(
|θ|
2

)
.
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In particular,

P (|x2| ≤ 2
√

2 log n) ≤ 2Φ(−2
√

2 log n) ≤ 1

2
√
π log n

n−4.

Hence,

|Bx| ≤ |E(|x1|)P (|x2| > 2
√

2 log n)− |θ|| ≤ |E|x1| − |θ||+ E|x1|P (|x2| ≤ 2
√

2 log n)

≤ 2φ(θ) + (|θ|+ 1)P (|x2| ≤ 2
√

2 log n) ≤ 2φ(θ) + 4φ

(
|θ|
2

)
.

1

n2
.

For the variance, similarly we have

σ̃2
x ≤ Var(|x1|) + (E|x1|)2P (|x2| ≤ 2

√
2 log n)

= 1 + o(1).

Proof of Proposition 5. In this case

|Bx| =
∣∣E|x1|P (|x2| > 2

√
2 log n)− θ

∣∣ ≤ E|x1|P (|x2| > 2
√

2 log n) + |θ|.

The standard bound for normal tail probability yields

P (|x2| > 2
√

2 log n) ≤ 2Φ(−
√

2 log n) ≤ 1√
π log n

n−1

Note that

E|x1| = |θ|+ 2φ(θ)− 2|θ|Φ(−|θ|) ≤ |θ|+ 1 ≤ Ln + 1.

Then we have

|Bx| ≤
(
Ln + 1

)
· 1√

π log n
n−1 + |θ| . Ln.



S4. PROOFS OF TECHNICAL LEMMAS39

On the other hand, since

Ex21 ≤ Var(x1) + (E|x1|)2 ≤ 1 + (1 + Ln)2.

we have

σ̃2
x ≤ Var(|x1|)P (|x2| > 2

√
2 log n) ≤ Ex21 ·

1

n
√
π log n

.

√
log n

n
.

S4 Proofs of Technical Lemmas

Proof of Lemma 1. By Lemma 2 of Cai and Low (2011), for x ∈ [−1, 1],

we have

max
x∈[−1,1]

|GK(x)− |x|| ≤ 2

π(2K + 1)
.

Then for x′ ∈ [−Mn,Mn], we have x′ = Mnx, and thus

max
x′
|G̃K(x′)− |x′|| ≤ 2Mn

π(2K + 1)
. (S4.1)

Set x′ = 0, we obtain the statement.

Proof of Lemma 2. The first statement follows from Lemma 2 in Cai and

Low (2011) and that

∣∣ESK(X)− |θ|
∣∣ ≤ ∣∣∣∣ K∑

k=0

g2kM
−2k+1
n θ2k − |θ|

∣∣∣∣+
2Mn

π(2K + 1)
(S4.2)

≤ 4Mn

π(2K + 1)
. (S4.3)
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To bound ES2
K(X), it follows from Lemma 3 in Cai and Low (2011) and

that

ES2
K(X) ≤

( K∑
k=1

|g2k|M−2k+1
n (EH2

2k(X))1/2
)2

(S4.4)

≤ 26K

( K∑
k=1

M−2k+1
n (2M2

n)k
)2

(S4.5)

≤ 28KM2
nK

2 (S4.6)

Proof of Lemma 3. For equation (S3.2), since events A and B are inde-

pendent of random variables X and Y , we have

Var(XI(A) + Y I(B))

= E
[
X2I(A) + Y 2I(B) + 2XY I(A)I(B)

]
−
(
EXP (A) + EY P (B)

)2
= EX2P (A) + EY 2P (B)− (EX)2P 2(A)− (EY )2P 2(B)

− 2EXEY P (A)P (B)

= Var(X)P (A) + Var(Y )P (B) + (EX)2(P (A)− P 2(A))

+ (EY )2(P (B)− P 2(B))− 2EXEY P (A)P (B)

Equation (S3.3) follows directly from the above derivation.
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Proof of Lemma 4. It follows from Lemma 2 in Cai and Low (2011) that∣∣∣∣ESK(X)− |θ|
∣∣∣∣ =

∣∣∣∣ K∑
k=0

g2kM
−2k+1
n θ2k − |θ|

∣∣∣∣+
2Mn

π(2K + 1)
(S4.7)

≤ 4Mn

π(2K + 1)
. (S4.8)

To bound ES2
K(X), it follows that when K = r log n for some r > 0,

ES2
K(X) ≤

( K∑
k=1

|g2k|M−2k+1
n (EH2

2k(X))1/2
)2

(S4.9)

≤ 26K

( K∑
k=1

M−2k+1
n (2M2

n)k
)2

(S4.10)

≤ 28KM2
nK

2 (S4.11)

. n6r log3 n. (S4.12)

S5 Supplementary Theoretical Discussions

S5.1 Minimax Optimal Rate When β = 1/2

When β = 1/2, we consider the following estimator

T̃0 = 2
n∑
i=1

Ûi(xi)Ûi(yi),

where

Ûi(xi) = (|xi1| − α) · I(|xi2| >
√

2 log 2),
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and

α =
E[|ξ|I(ξ2 > 2 log 2)]

P (ξ2 > 2 log 2)
, for ξ ∼ N(0, 1).

Following the similar arguments as in the proof of Theorem 4 of Collier

et al. (2020) as well as the proof of Theorem 2 of the main paper, it can be

shown that

sup
(θ,µ,Σ1,Σ2)∈D∞(s,Ln)

R(T̃0) .
s2(L2

n + 1)

n2
. (S5.1)

Comparing the above risk upper bound to the minimax lower bound in

Theorem 1, we have, for β = 1/2 and Ln ≥
√

log(1 + n/s2) � 1,

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈D∞0 (s,Ln)

R(T̂ ) � s2L2
n

n2
. (S5.2)

S5.2 Complexities from the Covariances

In the main paper, most of our theoretical results are obtained under the

assumption Σ1 = Σ2 = I, whereas our Theorem 4 essentially take the worst

case over these covariances. In this section, we discuss the cases with known

and unknown covariances and the corresponding estimators.

Known covariances. On the one hand, if the diagonals of the covariance

matrices are all 1’s, while the off-diagonal entries are known and possibly

nonzero, then in principle our proposed estimators can still be applied, al-

though the rate of convergence might not remain the same, nor does the
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minimax optimality property. Nevertheless, the analysis of these estima-

tors can be technically challenging. For example, obtaining the risk upper

bound of T̂K (or T̂ SK) requires calculation of the covariances between the

hybrid components V̂i,K(xi) (or V̂ S
i,K(xi)) for correlated xi’s, which relies on

properties of Hermite polynomials. The final risk upper bounds will depend

on the specific covariance structure.

On the other hand, if the diagonals are not 1, then an extra rescaling

step is needed in our construction of the polynomial approximation based

estimators. Specifically, suppose Σ1 and Σ2 have diagonal entries {σ2
i }ni=1

and {τ 2i }ni=1, respectively, then we can define the adjusted version of T̂K as

T̂ ′K = 2
n∑
i=1

V̂ ′i,K(xi)V̂
′
i,K(yi),

where

V̂ ′i,K(xi) = δ′K(xi1)I(|xi2| ≤ 2σi
√

2 log n) + |xi1|I(|xi2| > 2σi
√

2 log n),

V̂ ′i,K(yi) = δ′K(yi1)I(|yi2| ≤ 2τi
√

2 log n) + |yi1|I(|yi2| > 2τi
√

2 log n),

and

δ′K(xi) = σi min{SK(xi/σi), n
2}, δ′K(yi) = τi min{SK(yi/τi), n

2}.

Similarly, one can define the adjusted version of T̂ SK that takes into account

the knowledge of the variances.
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Unknown variances. When the covariances are completely unknown, the

estimation problem will be extreme difficult since one may not be able to

distinguish the mean from the variance components based on the observed

data. Therefore, in the following, we only consider the cases where the

diagonals of Σ1 and Σ2 are unknown but identical, say, Σ1 = σ2
1I and

Σ2 = σ2
2I, respectively.

In this case, based on the previous discussions, especially the definitions

of the adjusted estimators T̂ ′K , it is important to estimate the variances σ2
1

and σ2
2. Toward this end, if in addition we assume that both θ and µ are

sparse vectors in themselves, we may take advantage of such sparsity and

estimate σ2
k by the smaller observations since they are likely to correspond

to mean zero Gaussian random variables. Following the ideas in Collier

et al. (2017, 2018), we may estimate σ1 and σ2 by

σ̂1 = 9

√
1

bn/2c
∑
j≤n/2

x2(j), σ̂2 = 9

√
1

bn/2c
∑
j≤n/2

y2(j), (S5.3)

where x(1) ≤ x(2) ≤ ... ≤ x(n) and y(1) ≤ y(2) ≤ ... ≤ y(n) are ordered

statistics associated to xn and yn. With the above variance estimators, we

can estimate the T-score using the above adjusted estimators by plugging-in

the variance estimators.

Moreover, when β ∈ (0, 1/2), there is an extra advantage of the simple

thresholding estimator T̃ . Specifically, if we defineD∞σ (s, Ln) =
{

(θ, µ,Σ1,Σ2) :
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(θ, µ) ∈ D(s),max(‖θ‖∞, ‖µ‖∞) ≤ Ln,Σ1 = Σ2 = σ2In
}

, then by the

proofs of Theorems 1 and 3, it can be shown that

inf
T̂

sup
(θ,µ,Σ1,Σ2)∈D∞σ (s,Ln)

R(T̂ ) &
s2L2

n

n2
·min{σ2 log n, L2

n}, (S5.4)

and

sup
(θ,µ,Σ1,Σ2)∈D∞σ (s,Ln)

R(T̃ ) .
σ2(L2

n + σ2 log n)s2 log n

n2
. (S5.5)

Again, if in addition Ln ≤ σ
√

2 log n, then

sup
(θ,µ,Σ1,Σ2)∈D∞σ (s,Ln)

R(T̃ ) .
s2L4

n

n2
+
σ4 log2 n

n3
+
σ2L2

n log n

n2
. (S5.6)

Therefore, whenever Ln & σ, T̃ is minimax optimal with the optimal rate

of convergence being L2
ns

2

n2 min{σ2 log n, L2
n}.

S6 Supplementary Figures and Tables from Numeri-

cal Studies

Supplementary simulation results. In our Section 3, to generate depen-

dent observations from a non-identity covariance matrix, we considered the

block-wise covariances where Σ is block diagonal where each block is either

a 10× 10 Toeplitz matrix or a 1000× 1000 exchangeable covariance matrix

whose off-diagonal elements are 0.5. In particular, the 10 × 10 Toeplitz
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matrix is given as follows

1 0.9 0.8 0.7 0.6 0.5 ... 0.1

0.9 1 0.9 0.8 0.7 0.6 ... 0.2

0.8 0.9 1 0.9 0.8 0.7 ... 0.3

...

0.1 0.2 0.3 0.4 0.5 0.6 ... 1


.

Tables S6.1 and S6.2 include the empirical rmse of the five estimators under

covariance structures Σ1 and Σ2, respectively.

Real data analysis. In our gene set enrichment analysis, 5,023 biological

processes from Gene Ontology (go) (Botstein et al. 2000) that contain at

least 10 genes were tested. Figure S6.1 presents the directed acyclic graphs

of the go biological processes that linked to the most significant go terms

from the simultaneous signal gsea analysis.
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Figure S6.1: Directed acyclic graph of go biological processes connected by some path

to the most significant processes from the gsea analysis. Yellow: least significant; Red:

most significant; Rectangles: top gsea results.
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Table S6.1: Empirical rmse under covariance Σ1.

n
104 s T̂S∗

K T̂S
K T̃ T̂K T T̂S∗

K T̂S
K T̃ T̂K T

Sparse Pattern I Sparse Pattern II

50 11.58 22.53 25.99 23.25 1909.3 7.89 26.97 36.25 31.72 1908.5

100 10.16 21.44 28.93 26.60 954.7 7.82 26.55 36.19 31.98 953.9

15 200 10.74 23.10 31.72 28.66 476.0 7.23 25.19 34.72 30.5 477.4

400 10.11 22.14 30.75 27.67 237.9 9.24 25.16 30.28 26.92 237.7

800 10.24 21.56 28.53 25.76 118.8 8.44 26.04 34.06 30.19 118.6

50 11.47 24.65 30.30 27.37 3821.8 10.53 28.01 37.42 32.88 3821.1

100 10.82 22.60 31.32 27.92 1910.8 8.87 26.51 35.32 30.96 1909.7

30 200 11.01 23.15 28.85 26.01 954.0 8.63 28.06 35.27 30.83 953.5

400 10.99 22.63 29.89 26.55 476.9 10.52 26.39 31.89 28.19 476.9

800 10.79 22.71 30.20 26.85 237.9 9.57 26.66 33.2 29.25 238.0

50 10.94 26.16 35.45 31.23 6364.9 9.19 30.27 39.04 34.17 6366.3

100 11.62 23.04 28.53 25.68 3182.8 11.36 26.92 31.66 27.97 3184.7

50 200 11.25 22.29 29.01 25.83 1590.6 10.84 27.39 31.60 27.90 1591.0

400 10.61 23.38 30.48 26.77 795.0 9.66 27.93 34.07 29.93 795.4

800 11.38 23.25 29.63 26.35 397.4 10.25 27.14 32.64 28.76 397.2

Brown, L. D. and M. G. Low (1996). A constrained risk inequality with

applications to nonparametric functional estimation. Ann. Stat. 24 (6),

2524–2535.

Cai, T. T. and M. G. Low (2011). Testing composite hypotheses, hermite
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Table S6.2: Empirical rmse under covariance Σ2.

n
104 s T̂S∗

K T̂S
K T̃ T̂K T T̂S∗

K T̂S
K T̃ T̂K T

Sparse Pattern I Sparse Pattern II
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