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S1 Proof of (2.5)

We assume the same conditions in the proof of Theorem 1, given in Section B3. From (2.4), we

have

B(Ry) = —B{(Xur - Xn)'(B, - B1.)} = ~tr {Cov (Xur.3,) |

,iCov (%HTJ,BJ') = O(p/n),

where the expectation is taken with respect to the sampling distribution. Also, we can show
that V(R.) = O(p/n®) . Therefore, using Chebychev inequality, we have R, = O,(p/n) and

result (2.5) follows.



S2 Posterior computation

We provide the algorithm for generating the approximate posterior distribution of 3, given
in (4.20) with two shrinkage priors, Laplace and horseshoe (4.18) priors. Using the mixture

representation of both priors, we get the following Gibbs sampling algorithm.

Laplace prior

We consider the mixture representation of Laplace distribution: Bg|rs ~ N(0,77) and 77 ~
Exp(\?/2), independently, for k = 1,...,p. For A%, we consider the conjugate prior Ga(a,b),
where Ga(a,b) is a gamma distribution with shape parameter a and rate parameter b. The
full conditional distribution of 3, is multivariate normal with mean A_lf/';lll ,[31 and variance-
covariance matrix A~ where A = V;lll +D™! with D = diag(rZ, . .. ,Tg). The full conditional
distribution of A\? is Ga(a + p,b + >r 12/2), and 7%,.. ., 7'5 are conditionally independent,
with 1 /7'32 conditionally inverse-Gaussian with parameters y = \/W in the parametrization

of the inverse-Gaussian density given by

2
f(z) =4/ %373/2 exp {*7)\(;;5) } , x>0.

Horseshoe prior

The prior for B, can be expressed as a hierarchy: Bi|ur ~ N (0, \>uz) and uy, ~ HC(0,1) inde-
pendently for k =1,...,p, where HC(0, 1) is the standard half-Cauchy distribution. Using the
hierarchical expression of the half-Cauchy distribution, we obtain the following Gibbs sampling
steps. Let A = V;lll + B!, where B = A\diag(u3, . .. 7u,%). The full conditional distribution

. . . . _15,-—1 2 . . . _
of B, is multivariate normal with mean A 1V@11 B, and variance-covariance matrix A~!. The



S3. A SKETCHED PROOF OF THEOREM 1

full conditional distribution of u? and A? are, respectively, give by

1 B} p+1 1 167
IG<1,£k+2)\2) and IG( 'y+2 w2 )

where 1G(a, b) denotes an inverse-Gamma distribution with shape parameter a and rate param-
eter b. Here & and 7 are additional latent variables, and their full conditional distributions are

given by IG(1,1 + 1/u2) and IG(1,1 4+ 1/A?), respectively.

S3 A sketched proof of Theorem 1

To discuss the asymptotic properties of the approximate Bayesian method, we first assume a
sequence of finite populations and samples with finite fourth moments as in [saki_and Fuller
(9%2). The finite population is a random sample from an unknown superpopulation model.
Let Y. and 3;, be the probability limit of ?HT and ,31, respectively. Let B, = (Ya —rpn, Y 4+75)

712 for 0 < 7 < 1/2. Furthermore, let

and C, be a ball with centre 3,, and radius 7, ~ n
©4 and Oy be the supports of the prior distributions of 3, and Y|3,. We make the following

regularity assumptions:

(C1) Assume that the sufficient conditions for the asymptotic normality of ?}Cg for Y € B,

hold for the sequence of finite populations and samples.

(C2) For fixed B, € O, assume that the conditional prior distribution 7(Y|3,) is positive
and satisfies a Lipschitz condition over its support Oy, that is, there exists C1(8;) < co

such that |7(01|8,) — 7(62]8,)| < C1(B,)|01 — 02] for 61,62 € Oy and 3, € Op.

(C3) Assume that Vi1 = Vi {1+op(1)} and (8,-8,)'V 511 (8, -8,) = (B1=B1)'V 514 (B, —

B){1+op(1)} for any 8, € C,, and n — oo.



(C4) Assume that 7(8,) is positive and finite over its support ©g.
Sufficient conditions for (C1) are discussed within various asymptotic structures (e.g.

common priors such as (multivariate) normal distribution . Condition (C3) essentially requires

that the design variance estimators be consistent and meet a certain continuity condition.

Proof. Let g(V,B8) = ¢(Veeg(81); V', Ve(8))dp(By3 By, V 511)m(8,)7(YB,). Then, the approxi-

mated posterior distribution is given by

Lo [g(V,8,)d8,
p(YD/reg(lal)7ﬂ1) - ffg(?,,@l)dﬂld?

Note that

/ o(V,B,)dB, = / o(¥,8,)dB, + / oV, B,)dB, (83.1)

n RP\C»,

By the same argument in the proof of Theorem 1 in Wang et al] (20IR), we have

plim ()ZSP(Bl;/BlaVBll)dﬁl =1,

n—oo JCy,

so the second term in (83) is 0p(1). On the other hand, under condition (C3), ¢,(B; 8, Vs11) =

ép(By; By, Vs11){1 +op(1)} as n — oo, for any B, € C,, thereby under condition (C4),

/C o(¥,8,)dB, = /C (Vee(B1); ¥, Vo (B1))bp (B B, Vs )m(By)dn(V]8,) 8,

= ¢(Yiex(B1.): Y, Ve (B1)) (B )7 (Y [B1.){L + op(1)}
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as n — oo since V. — 0 and 3, — B3,, as n — oo. Hence, we have

p(}_/nﬁ/reg(,@l)“él) _ 7T(51*)¢(Z7reg(ﬁ1*)§ }77 Y;(ﬁl*))ﬁ(?ml*){} + OP(l)}
7(81.) [ 6(Veeg(B1.); V', Ve(B))m(YB,.)dY {1 + op (1)}
~ w(V1BL) s oY .
= g Fes(Br) Y VB {1 + 0r (1)}
= (Vieg(B1,); Y, Ve (Br){1 + 0p (1)} (S3.2)
= ¢(YVees(B1): V, Ve (BL) {1 + 0p (1)}, (53.3)

for any Y € B, as n — oo, where (832) follows from (C2), and (E33) follows from the
properties Ve(B,) = Ve(B,.){1 + 0r(1)} and Yies(B,) = Vees(B1.){1 + 0p(1)} under (C1).
Let R, = {Y € Oy : Ve(Bl)_l(ieg(Bl) —Y)? < x3(q)}, where x%(q) is the upper 100¢%-
quantile of the chi-squared distribution with k degree of freedom. Then, plim,, .. P(R») = q.

Since ﬁreg(ﬁl) — Y. = Op(n~?) and r, = n"~/2 which is slower than n~'/2, it holds that

limp o0 P(Rn C Br) = 1. Then,

lim p( i ¢(Vieg(B1); V', Ve(B,))dY > ¢(ﬁeg(ﬁl);?,m<51>w) -1,

n— 00

which means that

i P ([ 6TaB) ¥ 0 BAY 2 ) <1
for any g € (0, 1), implying
plim [ ¢(Veex(B1); ¥, Ve(B,))dY = 1. (53.4)

Then,

+sup [PV Viee(B), B1) — 6(¥3 Vees(B1), Ve(B))

YeOy\B,

which are both op(1) from (833) and (834). This completes the proof. O



S4 A sketched proof of Theorem 2

The condition (C4) given in the proof of Theorem 1 may not be satisfied for shrinkage priors.
For example, the horseshoe prior diverge at the origin 8 = 0. In what follows, let 3 = (8o, 3})
and define ,@1 and ,@im in the same way. We use the following alternative condition for the
shrinkage prior mx(83;):

(C5) The regularized estimator ,CA'IER) under penalty —logma(8;) is asymptotically normal,

2 (R)

that is, vn(8; — B;.) — N(0,C), where C is a positive definite matrix and X is

appropriately chosen.

. ~(R) . . .
Under the Laplace prior, ,Bi ) is equivalent to the Lasso estimator, and the above property
holds if A = o(y/n) (Knight and Fu, 2000; McConville et all, 2017). For general prior 75 (8;),
this condition holds if the assumption regarding the penalty term Px(83;) given in [Fan_and Li

(2001) is satisfied.

Proof. 1t is noted that

¢>p(B1§ B, Vﬁll)ﬂ’/\(ﬂl)

o<exp{f

= oxp {1 max 3™ = (yi — o — 2l,)* + logmwl)} {1+0p(1)}
eA K2

2130z

~ o —1

(B, — B VL (B, - By) HOgm(ﬂl)}

N =

—exp {28, - B)'CT (B B } {1+ or ()},

Define
9(17, B1) = ‘Zs(ﬁcg(ﬁl); ?a V6(51))¢(B17 B, Vﬁll)ﬁk(ﬁﬁﬁ(}?mﬂ-

Then, it holds that

/S 9V 8)dB, = d(Veeg (B1.): V', Va(B1.))ma (81 )7 (V181 ) {1+ 0p (1)}
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as n — 0o, where S, is a ball with center 8,, and radius O(n”~'/?) for 0 < 7 < 1/2. Hence, the
statement can be proved in the same way as the proof of Theorem 1 since ¢( ireg (8..):Y,Ve(B.)

~(R)

¢(ifreg (/61

~(R)

)Y, Ve(By DAL+ op(1)}. -

S5 Additional simulation results

We here provide additional simulation results. We first considered the same scenarios in the
main document with larger sample size, namely, n = 400. The results are reported in Tables
S1-S4. We can see the almost the same tendency confirmed in Tables 2-5 in the main document.

We next adopted two additional scenarios for the data generating processes. For simplicity,
we here consider only linear regression with n = 300. In the first scenario, we generate x; =
(xi1,...,Tipx) from a p*-dimensional multivariate normal distribution with vector (1,...,1)*
and variance-covariance matrix 2R(0.5), so the correlations among the covariates are stronger
than those in the main document. We set 3o = 1 (non-zero intercept) and set the other settings
to the same ones in the main document. In the second scenario, we investigate potential effects
of unobserved covariates. To this end, we first generated (w;,z!) from a (p* + 1)-dimensional
multivariate normal distribution with vector (1,...,1)! and variance-covariance matrix 2R(0.5).

Then, the response variables Y; are generated from the following linear regression model:
Y = Bo + 0w + fixin + - - + Bpr®ipx + €4, i=1,...,N,

where ¢; ~ N(0,2). We set § = 1, (Bo, 1, B4, B7,P10) = (1,1,-0.5,1,—0.5) and the other
Bi’s are set to zero. Although the covariate w; is included in the data generating process, we
estimate the population mean by using only x;. Therefore, w; is the unobserved covariate and
the working model used in the model-assisted methods is misspecified. Under the two scenarios,

we applied the same methods adopted in the main document and evaluated their performance



in terms of MSE, Bias, CP and AL, where the results are shown in Tables S5-S8. We can again

see the almost the same tendency confirmed in Tables 2-5 in the main document.
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Table S1: Square root of Mean squared errors (RMSE) and bias of point
estimators under p € {20, 30, 40,50} and n = 400 in scenarios (A) and (B)

with linear regression. All values are multiplied by 100.

(A) ()
Method 20 30 40 50 20 30 40 50
GREG 10.3 10.4 10.6 10.9 9.9 10.1 10.3 10.5
GREG-L 10.2 10.2 10.2 10.3 9.6 9.6 9.6 9.6
GREG-R 10.3 10.5 10.7 10.9 9.8 10.0 10.2 10.3
GREG-V 10.2 10.4 10.5 10.7 9.8 9.9 10.1 10.2
RMSE GREG-M 10.3 10.4 10.6 10.9 9.9 10.1 10.3 10.5
AB 10.3 10.5 10.7 11.0 10.0 10.2 10.5 10.6
ABL 10.3 10.4 10.6 10.8 9.9 10.0 10.2 10.3
ABH 10.2 10.2 10.3 10.3 9.7 9.7 9.8 9.8
HT 14.8 14.8 14.8 14.8 12.6 12.6 12.6 12.6
GREG -0.15 -0.13 -0.18 -0.22 0.43 0.93 1.39 1.86
GREG-L -0.22 -0.22 -0.25 -0.24 0.12 0.18 0.25 0.34
GREG-R -0.18 -0.18 -0.22 -0.26 0.44 0.94 1.39 1.87
GREG-V -0.21 -0.22 -0.24 -0.23 0.27  0.62 0.95 1.30

Bias GREG-M -0.15 -0.13 -0.18 -0.22 043 093 139 1.86

AB -0.17 -0.16 -0.20 -0.24 043 093 137 185
ABL -0.19 -0.18 -0.22 -0.25 0.38 0.80 1.17 1.56
ABH -0.20 -0.20 -0.21 -0.25 0.14 0.30 0.46 0.63

HT -0.29 -0.29 -0.29 -0.29 -0.39 -0.39 -0.39 -0.39




Table S2: Coverage probabilities (CP) and average lengths (AL) of 95%
confidence/credible intervals under p € {20,30,40,50} and n = 400 in
scenarios (A) and (B) with linear regression. All values are multiplied by

100.

Method 20 30 40 50 20 30 40 50

GREG 93.8 924 91.1 89.4 94.0 926 915 914

GREG-L 942 94.0 941 939 949 944 948 945

GREG-R 93.3 922 91.8 90.1 944 93.0 91.7 91.7

GREG-V 94.1 933 92.8 90.9 945 940 92.8 924

CP GREG-M 94.0 93.0 928 91.6 94.9 93.7 935 93.5

AB 942 942 945 944 95.6 955 943 94.7
ABL 942 943 949 949 95.6 95.0 945 94.6
ABH 94.6 948 94.6 944 95.2 953 955 95.5
HT 94.2 942 942 94.2 94.8 948 94.8 948
GREG 374 369 364 359 376 371 36.6 36.1

GREG-L 379 378 377 317 3717 376 375 374

GREG-R 375 370 36.6 36.2 374 369 364 359

GREG-V 376 372 36.8 36.4 37.8 375 372 36.8

AL GREG-M 381 381 382 382 38.4 385 386 38.7

AB 39.2 395 399 402 39.6 40.2 40.8 41.3
ABL 39.0 39.2 395 39.6 39.4 398 40.2 405
ABH 38.8 388 388 389 39.0 39.2 393 39.3

HT 57.5 575 B7.5 575 51.1 51.1 51.1 511
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Table S3: Square root of Mean squared errors (RMSE) and bias of point
estimators under p € {20, 30, 40,50} and n = 400 in scenarios (A) and (B)

with logistic regression. All values are multiplied by 100.

(A) (B)

Method 20 30 40 50 20 30 40 50
GREG 1.90 191 193 1.97 1.94 198 2.00 2.06
GREG-L 1.86 1.87 187 1.87 190 191 191 1.92
GREG-R 1.88 1.89 191 1.93 1.93 197 198 2.02
RMSE AB 1.89 1.89 191 1.93 1.93 196 198 2.01
ABL 1.88 1.88 1.89 1.90 191 191 1.89 1.88
ABH 1.87 187 1.88 1.89 1.88 187 186 1.87
HT 236 236 236 2.36 239 239 239 239
GREG -0.03 -0.03 -0.03 -0.05 -0.05 0.01 0.08 0.19
GREG-L -0.02 -0.01 -0.01 -0.02 -0.12 -0.11 -0.10 -0.09

GREG-R -0.03 -0.02 -0.02 -0.04 -0.07 -0.02 0.02 0.09

Bias AB -0.04 -0.03 -0.03 -0.06 -0.06 0.00 0.06 0.15
ABL -0.03 -0.02 -0.01 0.00 -0.07 -0.02 0.02 0.08
ABH -0.02 -0.02 -0.02 -0.02 -0.11 -0.11 -0.11 -0.11

HT 0.01 0.01 0.01 0.01 -0.12 -0.12 -0.12 -0.12




Table S4: Coverage probabilities (CP) and average lengths (AL) of 95%
credible/confidence intervals under p € {20,30,40,50} and n = 400 in

scenarios (A) and (B) with logistic regression. All values are multiplied by

100.

(A) (B)

Method 20 30 40 50 20 30 40 50

GREG 92.8 91.2 90.6 89.5 929 918 915 89.6

GREG-L 93.0 929 929 93.0 94.3 943 945 94.0

GREG-R 93.2 919 91.0 91.0 93.3 926 91.7 919

CP AB 944 946 946 95.0 95.2 955 95.8 96.0
ABL 945 944 953 953 95.2 958 96.7 974

ABH 949 946 94.7 959 96.0 964 96.7 97.3

HT 95.9 959 959 959 95.5 955 955 955

GREG 701 687 6.73 6.58 727 712 6.96 6.79

GREG-L 712 7.09 7.07 7.05 740 737 735 7.32

GREG-R 709 698 6.88 6.81 736 724 714 7.05

AL AB 747 7.57 7.67 7.78 780 7.92 8.06 824
ABL 749 T7.60 7.72 7.86 780 7.93 8.06 8.22
ABH 745 754 7.65 T7.78 775 7.83 794 8.06

HT 9.60 9.60 9.60 9.60 9.53 9.53 9.53 9.53
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Table S5: RMSE and bias of point estimators under p € {20, 30,40, 50} and
n = 300 in scenarios (A) and (B), where the simulated data is generated
from linear regression with non-zero intercept and higher correlations among

covariates. All values are multiplied by 100.

(A) (B)
Method 20 30 40 50 20 30 40 50
GREG 11.9 120 121 124 11.7 11.7 119 12.2
GREG-L 11.5 115 115 115 115 115 114 115
GREG-R 11.7 117 118 121 11.7 119 121 123
GREG-V 11.9 119 12.0 122 116 116 11.7 118
RMSE GREG-M 119 120 121 124 11.7 11.7 119 12.2
AB 11.7  11.8 12.0 124 112 114 11.8 123
ABL 11.6 116 11.8 12.1 11.0 112 113 11.6
ABH 115 115 116 11.7 10.8 109 109 10.9
Hr 16.2 162 16.2 16.2 136 13,6 13.6 13.6
GREG -1.08 -1.23 -1.26 -1.35 -0.53 033 1.07 1.96
GREG-L 0.02 0.02 0.03 0.06 -0.02 0.18 0.33 0.46
GREG-R 0.11 0.0 0.10 0.13 0.76 1.75 254 3.31
GREG-V -0.56 -0.71 -0.73 -0.66 -0.27  0.46 097 1.60
GREG-M -1.08 -1.23 -1.26 -1.35 -0.53 0.33 1.07 1.96
Bias AB 0.16 0.12 0.22 0.21 1.07 217 3.11 4.08
ABL 0.13 0.09 0.15 0.15 086 1.74 245 3.09
ABH 0.10 0.04 0.056 0.07 028 0.62 090 1.17

HT -0.08 -0.08 -0.08 -0.08 -1.61 -1.61 -1.61 -1.61




Table S6: CP and AL of 95% credible/confidence intervals under p €
{20,30,40,50} and n = 300 in scenarios (A) and (B), where the simu-
lated data is generated from linear regression with non-zero intercept and

higher correlations among covariates. All values are multiplied by 100.

(A) (B)

Method 20 30 40 50 20 30 40 50

GREG 943 932 92.2 90.9 942 933 92,6 90.7

GREG-L 943 945 939 93.8 95.6 955 953 953

GREG-R 944 939 93.5 923 942 936 92.0 90.9

GREG-V 942 943 93.8 934 94.7 942 939 934

CP GREG-M 94.7 947 942 93.6 95.3 953 944 929

AB 95.1 951 951 943 954 951 951 944
ABL 95.1 95.1 95.0 94.7 95.6 952 95.7 954
ABH 954 949 94.8 947 95.9 95.7 95.6 959
HT 95.5 955 955 955 95.4 954 954 954
GREG 44.0 43.0 42.1 41.2 44.5 43.6 42.6 41.7

GREG-L 43.8 43.6 43.6 43.5 444 442 441 439

GREG-R 43.2 426 42.1 415 43.8 431 425 419

GREG-V 445 43.8 431 424 45.0 444 438 43.2

AL GREG-M 45.0 44.8 44.7 447 454 454 454 455

AB 45.8 46.3 46.8 47.3 44.6 456 46.6 47.5
ABL 45.5 458 46.0 46.2 44.1 446 452 456
ABH 45.1 451 45.1 45.1 43.5 43.6 43.7 43.8

HT 644 644 644 644 54.0 54.0 54.0 54.0
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Table S7: RMSE and bias of point estimators under p € {20, 30,40, 50} and
n = 300 in scenarios (A) and (B), where the simulated data is generated
from linear regression with non-zero intercept and an unobserved covariate.

All values are multiplied by 100.

(A) (B)

Method 20 30 40 50 20 30 40 50

GREG 124 125 128 13.0 11.7 119 122 126
GREG-L 121 122 122 123 115 116 11.7 11.7
GREG-R 122 125 127 129 11.8 122 127 13.1
GREG-V 124 125 126 127 11.6 11.8 120 12.2

RMSE GREG-M 124 125 128 13.0 11.7 119 122 126
AB 122 125 127 13.0 11.0 115 122 127

ABL 121 124 125 127 109 112 116 119

ABH 121 121 122 123 10.7 10.8 10.8 109

HT v 1r7 177 177 141 141 141 141

GREG -1.67 -1.79 -1.88 -2.01 -0.19 0.72 149 243

GREG-L -0.13 -0.12 -0.14 -0.09 0.74 1.06 117 1.35
GREG-R -0.16 -0.04 0.00 -0.03 1.50 254 342 433
GREG-V -0.97 -1.05 -1.11 -1.20 0.22 0.87 159 221

Bias GREG-M -1.67 -1.79 -1.88 -2.01 -0.19 0.72 149 243
AB -0.21 -0.10 -0.07 -0.12 1.61 272 3.65 4.67

ABL -0.22 -0.09 -0.08 -0.13 143 232 3.03 3.76

ABH -0.21 -0.16 -0.15 -0.14 085 121 149 181

HT 0.66 0.66 0.66 0.66 -0.75 -0.75 -0.75 -0.75




Table S8: CP and AL of 95% credible/confidence intervals under p €
{20,30,40,50} and n = 300 in scenarios (A) and (B), where the simu-
lated data is generated from linear regression with non-zero intercept and

an unobserved covariate. All values are multiplied by 100.

(A) (B)

Method 20 30 40 50 20 30 40 50

GREG 929 919 909 885 95.0 939 919 91.0

GREG-L 93.0 924 924 925 95.8 94.7 94.6 94.6

GREG-R 922 91.8 91.0 89.0 94.3 925 90.5 894

GREG-V 93.7 927 91.8 914 95.2 948 935 928

CP GREG-M 93.6 931 929 0914 95.0 95.2 938 93.7

AB 93.8 93.6 93.2 93.5 95.6 952 945 928
ABL 93.5 931 93.6 929 96.1 954 945 94.1
ABH 94.0 93.7 93.2 93.0 96.2 964 95.5 95.8
HT 94.3 943 943 943 95.2 952 952 95.2
GREG 45.0 44.0 43.1 421 45.7 44.6 43.7 426

GREG-L 44.6 445 443 443 454 452 451 449

GREG-R 44.0 434 428 423 44.8 441 434 427

GREG-V 45.6 448 441 434 46.3 45.6 449 442

AL GREG-M 46.0 458 45.7 45.6 46.6 46.5 46.5 46.5

AB 46.6 472 4777 482 45.1 46.0 47.1 48.0
ABL 46.4 46.7 46.9 47.0 446 452 457 46.1
ABH 46.0 46.0 46.0 46.0 439 441 443 443

HT 67.1 671 67.1 67.1 55.3 553 553 553
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