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In this document, we present the detailed proofs of Theorems 1–5, and additional simula-

tion studies.

S1 Proofs of Theorems 1–5

S1.1 Proof of Theorem 1

Theorem 1 can be proved in a similar way to prove Theorem 2. We omit

the details. �

We list a lemma needed for proving Theorem 2.

Lemma 1. Assuming that Conditions (C1)–(C5) hold, under local alter-
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native (4.3), we have

√
n(β̂n − β) =

1√
n

Σ−1
n∑

i=1

εiX̃i + Σ−1E{X̃D̃(X,T )}+ op(1).

Proof . By the definition of Sj(t, h), j = 0, 1, 2, the law of large numbers

and Conditions (C4)–(C5), we can show that S0(t, h) = ft(t)+op(1), S1(t, h) =

h2nf
′
t(t)

∫
z2K(z)dz + op(h

2
n), and S2(t, h) = h2nft(t)

∫
z2K(z)dz + op(h

2
n).

Further we can prove that

ĝ1n(t) = 1/n
n∑

j=1

XjKh(t− Tj)/ft(t) + op(1) = E(X|T = t) + op(1) (S1.1)

and

ĝ2n(t) = 1/n
n∑

j=1

YjKh(t− Tj)/ft(t) + op(1) = E(Y |T = t) + op(1). (S1.2)

Thus it is easy to derive that

1/n
n∑

i=1

{Xi − ĝ1n(Ti)}{Xi − ĝ1n(Ti)}> = Σ + op(1).

This, together with the definition of β̂n, yields

√
n(β̂n − β) = Σ−1An + op(1), (S1.3)

where An = 1/
√
n
∑n

i=1

{
Xi − ĝ1n(Ti)

}[
Yi − ĝ2n(Ti) − {Xi − ĝ1n(Ti)}>β

]
.

For An, we can decompose it into three parts:

An =
1√
n

n∑
i=1

X̃i

[
{Yi − g2(Ti)} − {Xi − g1(Ti)}>β

]
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+
1√
n

n∑
i=1

X̃i

[
g2(Ti)− ĝ2n(Ti) + {ĝ1n(Ti)− g1(Ti)}>β

]
+

1√
n

n∑
i=1

{
g1(Ti)− ĝ1n(Ti)

}[
{Yi − ĝ2n(Ti)} − {Xi − ĝ1n(Ti)}>β

]
=: An1 + An2 + An3. (S1.4)

Note that under H1n as shown in (4.3), we have {Yi − g2(Ti)} − X̃>i β =

εi+1/
√
nD̃(Xi, Ti), for i = 1, . . . , n. It follows from the law of large numbers

that

An1 =
1√
n

n∑
i=1

εiX̃i + E{X̃D̃(X,T )}+ op(1).

For An2, recalling that

ĝ1n(t) =
1

n

n∑
j=1

XjKh(t− Tj)/ft(t) + op(1),

ĝ2n(t) =
1

n

n∑
j=1

YjKh(t− Tj)/ft(t) + op(1),

we have the following decomposition:

An2 = n−3/2
n∑

i=1

X̃i

n∑
j=1

[
g2(Tj)− Yj + {Xj − g2(Tj)}>β

]
Kh(Ti − Tj)/ft(Ti)

+n−3/2
n∑

i=1

X̃i

n∑
j=1

{
g1(Tj)− g1(Ti)

}>
βKh(Ti − Tj)/ft(Ti)

+n−3/2
n∑

i=1

X̃i

n∑
j=1

{
g2(Ti)− g2(Tj)

}
Kh(Ti − Tj)/ft(Ti) + op(1)

=: A
[1]
n2 + A

[2]
n2 + A

[3]
n2 + op(1).

We can prove A
[j]
n12 = op(1), j = 1, 2, 3, by proving their second moments
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converging to zero. So we have

An2 = op(1). (S1.5)

Furthermore, using the similar method in Wang and Sun (2007), we can

prove that

An3 = op(1). (S1.6)

From (S1.3)–(S1.6), we can obtain

√
n(β̂n − β) =

Σ−1√
n

n∑
i=1

εiX̃i + Σ−1E
{
X̃D̃(X,T )

}
+ op(1). (S1.7)

Then Lemma 1 is proved. �

S1.2 Proof of Theorem 2

For any measurable function Υ(X,U,W, u), let E{Υ(X,U,w, u)} = E{Υ(X,U,W, u)|W =

w} for w ∈ Sp+1. By the definition of Mn,pro(u,W ), for any given nuisance

parameter W = w ∈ Sp+1, we have

Mn,pro(u,w) =
1√
n

n∑
i=1

[
Yi − {X>i β̂n + ĝn(Ti)}

]
I(U>i w ≤ u)

=
1√
n

n∑
i=1

{
Yi −X>i β − g(Ti)

}
I(U>i w ≤ u)

+
1√
n

n∑
i=1

X>i (β − β̂n)I(U>i w ≤ u)

+
1√
n

n∑
i=1

{
g(Ti)− ĝn(Ti)

}
I(U>i w ≤ u)

=: Bn1(u,w) +Bn2(u,w) +Bn3(u,w).
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For model (4.3), it is easy to prove that

Bn1(u,w) =
1√
n

n∑
i=1

εiI(U>i w ≤ u) + E
{
D(X,T )I(U>w ≤ u)

}
+ op(1)

and

Bn2(u,w) = − 1√
n

E{X>I(U>w ≤ u)}Σ−1
n∑

i=1

εiX̃i

−E{X>I(U>w ≤ u)}Σ−1E{X̃D̃(X,T )}+ op(1).

For Bn3(u,w), we can divide it into

Bn3(u,w) =
1√
n

n∑
i=1

[
g(Ti)− {ĝ2n(Ti)− ĝ1n(Ti)

>β̂n}
]
I(U>i w ≤ u)

=
1√
n

n∑
i=1

[
g(Ti)− {ĝ2n(Ti)− ĝ1n(Ti)

>β}
]
I(U>i w ≤ u)

+
1√
n

n∑
i=1

{
ĝ1n(Ti)− g1(Ti)

}>
(β̂n − β)I(U>i w ≤ u)

+
1√
n

n∑
i=1

g1(Ti)
>(β̂n − β)I(U>i w ≤ u)

=: Bn3,1(u,w) +Bn3,2(u,w) +Bn3,3(u,w). (S1.8)

For Bn3,1(u,w), it follows from (S1.1)– (S1.2) that

Bn3,1(u,w) = n−3/2
n∑

i=1

n∑
j=1

{
g(Ti)− Yj +X>j β

}
Kh(Ti − Tj)I(U>i w ≤ u)/ft(Ti) + op(1)

= n−3/2
n∑

i=1

n∑
j=1

{
g(Tj)− Yj +X>j β

}
Kh(Ti − Tj)I(U>i w ≤ u)/ft(Ti)

+n−3/2
n∑

i=1

n∑
j=1

{g(Ti)− g(Tj)}Kh(Ti − Tj)I(U>i w ≤ u)/ft(Ti) + op(1)

=: B
[1]
n3,1(u,w) +B

[2]
n3,1(u,w) + op(1).
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For the first term B
[1]
n3,1(u,w), we have

B
[1]
n3,1(u,w) = −n−3/2

n∑
i=1

n∑
j=1

εjKh(Ti − Tj)I(U>i w ≤ u)/ft(Ti)

−n−2
n∑

i=1

n∑
j=1

D(Xi, Ti)Kh(Ti − Tj)I(U>i w ≤ u)/ft(Ti)

=: B
[1,1]
n3,1(u,w)−B[1,2]

n3,1(u,w).

For the first term, it can be proved that

B
[1,1]
n3,1(u,w) = −n−3/2

n∑
j=1

εj

n∑
i=1

Kh(Ti − Tj)I(U>i w ≤ u)/ft(Ti)

= − 1√
n

n∑
i=1

εiE{I(U>w ≤ u)|Ti}+ op(1).

For the second term, we can validate that

B
[1,2]
n3,1(u,w) =

1

n

n∑
i=1

I(U>i w ≤ u)/ft(Ti)
{

1/(nhn)
n∑

j=1

D(Xi, Ti)K((Ti − Tj)/hn)
}

=
1

n

n∑
i=1

I(U>i w ≤ u)E{D(X,T )|Ti}+ op(1)

= E
[
I(U>w ≤ u)E{D(X,T )|T}

]
+ op(1).

Therefore we have

B
[1]
n3,1(u,w) = − 1√

n

n∑
i=1

εiE
{
I(U>w ≤ u)|Ti

}
−E

[
I(U>w ≤ u)E{D(X,T )|T}

]
+op(1).

For B
[2]
n3,1(u,w), we have

B
[2]
n3,1(u,w) = n−3/2

n∑
i=1

I(U>i w ≤ u)/ft(Ti)
n∑

j=1

{g(Ti)− g(Tj)}Kh(Ti − Tj)

= n−3/2
n∑

i=1

I(U>i w ≤ u)/ft(Ti)
n∑

j=1

(Ti − Tj)g′(Tj)Kh(Ti − Tj) + op(1)
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=
1√
n

n∑
i=1

I(U>i w ≤ u)/ft(Ti)E
{

(Ti − T )g′(T )Kh(Ti − T )|Ti
}

+ op(1).

By some tedious proof, we can validate that B
[2]
n3,1(u,w) = Op(

√
nh2n) =

op(1) by Condition (C5). Thus, it yields

Bn3,1(u,w) = − 1√
n

n∑
i=1

εiE
{
I(U>w ≤ u)|Ti

}
−E

[
I(U>w ≤ u)E{D(X,T )|T}

]
+ op(1). (S1.9)

In the following, we consider Bn3,2(u,w) and Bn3,3(u,w). Following the

result of Theorem 6 in Masry (1996), we have that supt |ĝ1n(t) − g1(t)| =

OP ((nhn)−1/2) + OP (h2n). Further note that even under H1n as shown in

(4.3),
√
n(β̂n−β) = OP (1). Then by the law of large numbers and Condition

(C5), it is easy to prove that

Bn3,2(u,w) =
1

n

n∑
i=1

{ĝ1n(Ti)− g1(Ti)}>I(U>i w ≤ u)
√
n(β̂n − β)

= op(1), (S1.10)

and

Bn3,3(u,w) = E{g1(T )>I(U>w ≤ u)}
√
n(β̂n − β) + op(1)

=
1√
n

E{g1(T )>I(U>w ≤ u)}Σ−1
n∑

i=1

εiX̃i

+E{g1(T )>I(U>w ≤ u)}Σ−1E{X̃D̃(X,T )}

+op(1). (S1.11)
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Therefore by (S1.8)– (S1.11), we have

Bn3(u,w) =
1√
n

E{g1(T )>I(U>w ≤ u)}Σ−1
n∑

i=1

εiX̃i

− 1√
n

n∑
i=1

εiE{I(U>w ≤ u)|Ti}

+E{g1(T )>I(U>w ≤ u)}Σ−1E{X̃D̃(X,T )}

−E
{
I(U>w ≤ u)E{D(X,T )|T}

}
+ op(1).

So we have the following expression for Mn,pro(u,w),

Mn,pro(u,w) =
1√
n

n∑
i=1

εi[I(U>i w ≤ u)− E{I(U>w ≤ u)|Ti}]

− 1√
n

Γ(u,w)Σ−1
n∑

i=1

εiX̃i − Γ(u,w)Σ−1E{X̃D̃(X,T )}

+E{D̃(X,T )I(U>w ≤ u)}+ op(1).

Let M
[1]
u (ũ, w) = I(ũ>w ≤ u). It is easy to see that M

[1]
u (ũ, w) is mono-

tone with respect to u. By Lemma 9.10 of Kosorok (2008), the function

class {M [1]
u (ũ, w) : u ∈ R1} is a VC-class. Let M

[2]
u (ũ, w) = E{I(U>w ≤

u)|T,W = w}. Then similarly the function classes {M [2]
u (ũ, w) : u ∈ R1}

and {Γ(u,w) : u ∈ R1} are both VC-classes. By Lemma 2.6.8 of van der

Vaart and Wellner (1996), the function classes {εM [1]
u (ũ, w) : u ∈ R1},

{εM [2]
u (ũ, w) : u ∈ R1}, and the class {Γ(u,w)Σ−1εX̃ : u ∈ R1} are al-

l VC-class. Then by Lemma 9.17 of Kosorok (2008), the function class

{Ψu(ũ, ỹ, ε, w) : u ∈ R1} is a VC-class. We can take the envelop function as

|ε|+ E(‖ X̃> ‖)|ε|Σ−1|X̃|. By Theorem 2.6.7 and Theorem 2.5.2 of van der
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Vaart and Wellner (1996), we can prove that for given W = w, the estimat-

ed empirical process Mn,pro(u,w) converges weakly to Mpro(u,w) + Ω(u,w)

in the Skorohod space S[−∞,∞]. It can further be obtained the result

that Mn,pro(u,w) converges weakly to Mpro(u,w)+Ω(u,w) in the Skorohod

space S[Π] by the fact that W is independent of (X, Y, T, ε) and follows the

uniform distribution on the unit ball in Rp+1. By the continuous mapping

theorem, we can prove the result for Tn,pro. �

S1.3 Proof of Theorem 3

Under the local alternative (4.4), we have

√
n(β̂n − β) =

1√
n

Σ−1
n∑

i=1

εiX̃i +
√
nΣ−1E{X̃D̃(X,T )}+ op(1).

By a similar method to prove the results of Theorem 2, we can validate

that for any given W = w,

Mn,pro(u,w) =
1√
n

n∑
i=1

Ψu(Ui, Yi, εi, w) +
√
nΩ(u,w) + op(1).

As n → ∞,
√
nΩ(u,w) → ∞ for any u ∈ R1. Thus Mn,pro(u,w) → ∞ as

n→∞. The result of Theorem 3 follows. �

S1.4 Proof of Theorem 4

The proof of Theorem 4 is similar to that of Theorem 3. We omit the

details. �
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S1.5 Proof of Theorem 5

We only prove the result under alternative hypothesis (4.4). By assuming

the deviation function D(X,T ) = 0, the result under the null hypothesis

(1.1) can be proved similarly and the details are omitted.

Let β̂∗n = [
∑n

i=1{Xi−ĝ1n(Ti)}{Xi−ĝ1n(Ti)}>]−1
∑n

i=1{Xi−ĝ1n(Ti)}{Y ∗i −

ĝ∗2n(Ti)}, where Y ∗i = X>i β̂n + ĝn(Ti) + [Yi − {X>i β̂n + ĝn(Ti)}]Vi and

ĝ∗2n(t) =
1

n

n∑
i=1

{S2(t, h)− S1(t, h)(Ti − t)}Kh(t− Ti)Y ∗i
S0(t, h)S2(t, h)− S2

1(t, h)
.

We first prove that

√
n(β̂∗n − β̂n) =

Σ−1√
n

n∑
i=1

X̃∗i Vi[Yi − {X>i β̂n + ĝn(Ti)}] + op(1) (S1.12)

with X̃∗i = Xi − ĝ1n(Ti), i = 1, . . . , n. It is easy to see that 1/n
∑n

i=1{Xi −

ĝ1n(Ti)}{Xi − ĝ1n(Ti)}> = Σ + op(1). Then we have

√
n(β̂∗n − β̂n) = Σ−1A∗n + op(1), (S1.13)

where A∗n = 1/
√
n
∑n

i=1{Xi − ĝ1n(Ti)}[Y ∗i − ĝ∗2n(Ti) − {Xi − ĝ1n(Ti)}>β̂n].

For ĝ∗2n(t), we have

ĝ∗2n(t) =
1

n

n∑
j=1

{S2(t, h)− S1(t, h)(Tj − t)}Kh(t− Tj)
S0(t, h)S2(t, h)− S2

1(t, h)(
X>j β̂n + ĝn(Tj) + [Yj − {X>j β̂n + ĝn(Tj)}]Vj

)
.

Note that the i.i.d. random variable sequence {Vj, j = 1, . . . , n} with mean

zero and variance 1. Further, Vj is independent of (Yj, Xj, Tj). Then it can
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be validated that

ĝ∗2n(t) = ĝ1n(t)>β̂n + ĝn(t) + op(h
2
n). (S1.14)

Thus Y ∗i −ĝ∗2n(Ti) = X>i β̂n+ĝn(Ti)+
[
Yi−{X>i β̂n+ĝn(Ti)}

]
Vi−{ĝ1n(Ti)

>β̂n+

ĝn(Ti)}+ op(h
2
n)= {Xi − ĝ1n(Ti)}>β̂n + [Yi − {X>i β̂n + ĝn(Ti)}]Vi + op(h

2
n).

Then Y ∗i − ĝ∗2n(Ti)−{Xi− ĝ1n(Ti)}>β̂n = [Yi−{X>i β̂n + ĝn(Ti)}]Vi +op(h
2
n).

For A∗n, we have

A∗n = 1/
√
n

n∑
i=1

X̃∗i Vi[Yi − {X>i β̂n + ĝn(Ti)}] + op(1). (S1.15)

Then from (S1.13) and (S1.15), we can prove (S1.12).

Let M∗
n,pro(u,w) = 1/

√
n
∑n

i=1[Y
∗
i −{X>i β̂∗n + ĝ∗n(Ti)}]I(U>i w ≤ u), u ∈

R1, where ĝ∗n(t) = ĝ∗2n(t)− ĝ1n(t)>β̂∗n. In the following, we aim for proving

that

M∗
n,pro(u,w) =

1√
n

n∑
i=1

Vi[Yi − {Xi
>β̂n + ĝn(Ti)}][I(U>i w ≤ u)

−E{I(U>w ≤ u)|Ti}]−
1√
n

Γ(u,w)Σ−1
n∑

i=1

Vi

×[Yi − {X>i β̂n + ĝn(Ti)}]X̃∗i + op(1).

Note that Y ∗i −{X>i β̂∗n+ĝ∗n(Ti)} = X>i β̂n+ĝn(Ti)+[Yi−{X>i β̂n+ĝn(Ti)}]Vi−

{X>i β̂∗n+ĝ∗n(Ti)}= [Yi−{X>i β̂n+ĝn(Ti)}]Vi−X>i (β̂∗n−β̂n)−{ĝ∗n(Ti)−ĝn(Ti)}].

Then we have

M∗
n,pro(u,w) =

1√
n

n∑
i=1

(
[Yi − {X>i β̂n + ĝn(Ti)}]Vi −X>i (β̂∗n − β̂n)
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−{ĝ∗n(Ti)− ĝn(Ti)}
)
I(U>i w ≤ u)

=
1√
n

n∑
i=1

[Yi − {X>i β̂n + ĝn(Ti)}]ViI(U>i w ≤ u)

− 1√
n

n∑
i=1

X>i (β̂∗n − β̂n)I(U>i w ≤ u)

+
1√
n

n∑
i=1

{ĝn(Ti)− ĝ∗n(Ti)}I(U>i w ≤ u)

=: M∗
n1,pro(u,w)−M∗

n2,pro(u,w) +M∗
n3,pro(u,w). (S1.16)

It follows from (S1.13) that

M∗
n2,pro(u,w) =

1√
n

n∑
i=1

X>i (β̂∗n − β̂n)I(U>i w ≤ u)

=
1√
n

E{X>I(U>w ≤ u)}Σ−1
n∑

i=1

X̃∗i Vi

×[Yi − {X>i β̂n + ĝn(Ti)}] + op(1). (S1.17)

In the same way, we have

M∗
n3,pro(u,w) =

1√
n

n∑
i=1

[ĝn(Ti)− {ĝ∗2n(Ti)− ĝ1n(Ti)
>β̂∗n}]I(U>i w ≤ u)

=
1√
n

n∑
i=1

[ĝn(Ti)− {ĝ∗2n(Ti)− ĝ1n(Ti)
>β̂n}]I(U>i w ≤ u)

+
1√
n

n∑
i=1

ĝ1n(Ti)
>(β̂∗n − β̂n)}I(U>i w ≤ u)

=: M∗
n3,1,pro(u,w) +

1√
n

Γ(u,w)Σ−1
n∑

i=1

Vi

×[Yi − {X>i β̂n + ĝn(Ti)}]ĝn(Ti) + op(1).
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From (S1.14), we have

M∗
n3,1,pro(u,w) =

1√
n

n∑
i=1

[
ĝn(Ti) + ĝ1n(Ti)

>β̂n

− 1

n

n∑
j=1

{S2(t, h)− S1(t, h)(Tj − t)}Kh(t− Tj)Y ∗j
S0(t, h)S2(t, h)− S2

1(t, h)

]
× I(U>i w ≤ u).

By the definition of Y ∗j , it can be proved that

M∗
n3,1,pro(u,w) =

1√
n

n∑
i=1

n∑
j=1

Kh(Ti − Tj)
nft(Ti)

[Yj − {X>j β̂n + ĝn(Tj)}]VjI(U>i w ≤ u)

=
1√
n

n∑
i=1

Vi[Yi − {Xi
>β̂n + ĝn(Ti)}]E{I(U>w ≤ u)|Ti}+ op(1).

Therefore, it follows that

M∗
n3pro(u,w) =

1√
n

n∑
i=1

Vi[Yi − {Xi
>β̂n + ĝn(Ti)}]E{I(U>w ≤ u)|Ti} −

1√
n

Γ(u,w)×

Σ−1
n∑

i=1

Vi[Yi − {X>i β̂n + ĝn(Ti)}]ĝn(Ti) + op(1). (S1.18)

From (S1.16)–(S1.18), and by the facts that the i.i.d. random variable

sequence {Vj, j = 1, . . . , n} with mean zero and variance 1 and that Vj is

independent from (Yj, Xj, Tj), we can further prove that

M∗
n,pro(u,w) =

1√
n

n∑
i=1

Vi[Yi − {Xi
>β + g(Ti)}]{I(U>i w ≤ u)

−E{I(U>w ≤ u)|Ti} −
1√
n

Γ(u,w)Σ−1
n∑

i=1

Vi

×[Yi − {X>i β + g(Ti)}]X̃i + op(1)

=
1√
n

n∑
i=1

ViΨu(Ui, Yi, εi, w) + op(1).
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In the above process of proof, we should note that the terms such as

E{V D̃(X,T )I(U>w ≤ u)} are all zero due to the fact that mean-zero vari-

able Vj is independent of (Yj, Xj, Tj) for j = 1, . . . , n. Moreover, it is easy

to prove that for given w, the function class {VΨu(ũ, ỹ, ε, w) : u ∈ R1} is

a VC-class. By the similar argument to the proof of Theorem 2, we can

prove that the conditional distribution of T ∗n,pro converges in distribution to

the limiting null distribution of Tn,pro. �

S2 Additional simulation studies

In this section, we report additional simulation results to evaluate the finite

sample performance of the proposed method. The settings are the similar

to those in the main text of the article but with 5− and 10− dimensional

linear covariates. Two examples are considered:

Example 1. The candidate models have 5–dimensional linear covariates

and possible interaction between the linear and nonparametric components:

Y = X>β + g(T ) + C
∑
r

XrT/2 + ε, (S2.1)

where X = (X1, . . . , X5)
>, g(T ) = sin(T 2) + 2T , T ∼ N (0, 1), ε ∼ N (0, 1),

and β = (−2,−1, 2, 1, 3)>. Let X follow multivariate normal distribution

N5(0,Σ) with Σ = (σjj′) and σjj = 1, j = 1, . . . , 5;σjj′ = σj′j = 0.3, j′ =
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j + 1, j = 1, 2, 3, 4. C was chosen to be 0, 0.2, 0.4, 0.6, 0.8, 1.0.

Example 2. The candidate models have 10–dimensional linear covariates

and possible high effects between the covariates in linear parts:

Y = X>β + g(T ) + C
∑
r

X2
r /10 + ε, (S2.2)

where X = (X1, . . . , X10)
>, g(T ) = T 3, T ∼ N (1, 1), ε ∼ N (0, 0.5), and

β = (0.3, 0.8, 0.4,−1.3,−1, 0.2, 0.5,−0.2,−0.4, 1.2)>. The linear covariates

X follow a multivariate normal distribution N10(0,Σ) with Σ = (σjj′) and

σjj′ = 0.1|j−j
′|, j, j′ = 1, . . . , 10. To consider different data generating pro-

cesses, we chose C = 0, 0.5, 1, 2, 3, 4.

In Example 1, the empirical sizes of T s
n and Tn,Pro are close to the

nominal levels, while the empirical sizes of T u
n and TXia

n are lower than the

nominal levels. Observed the power curves, Tn,Pro stands out remarkably

as the best method, followed by T s
n, TXia

n and T u
n in a consistent order for

all different configurations.

In Example 2, the performance of the four tests still show a ranking

similar to the one in Example 1, except that TXia
n is slightly superior to T s

n

in some configurations. However, the performance of Tn,Pro is much better

than that of the other three tests. T u
n always has very small empirical size

and power no matter how large or small the sample size. T s
n also yields low



ZHIHUA SUN, FEIFEI CHEN, HUA LIANG AND DAVID RUPPERT

Table 1: Failure times among the 1000 replicates for the four tests in models (S2.1) and

(S2.2) with different sample sizes and different C values.

n=60 n=100 n=200

C Fu F s Fu F s Fu F s FXia FPro

model (S2.1)

0.0 156 0 136 0 78 0 0 0

0.2 151 0 116 0 79 0 0 0

0.4 142 0 109 0 70 0 0 0

0.6 154 0 111 0 80 0 0 0

0.8 151 0 99 0 76 0 0 0

1.0 166 0 105 0 73 0 0 0

model (S2.2)

0.0 998 173 999 12 1000 0 0 0

0.1 997 170 1000 14 1000 0 0 0

0.2 994 163 1000 9 1000 0 0 0

0.3 991 160 998 15 998 0 0 0

0.4 998 171 997 8 999 0 0 0

0.5 995 164 999 18 1000 0 0 0

Fu, F s, FXia and FPro: corresponding to the tests by Fan and Li (1996), Zhu and Ng

(2003), Xia (2009) and this paper.

empirical size and power, whereas TXia
n cannot control the type I error.

We report failure times of the tests T u
n , T s

n, TXia
n and Tn,Pro under Ex-

amples 1 and 2 in Table 1. In Example 1, T s
n did not degenerate, but

T u
n degenerated at least 150 times among the 1000 replicates for sample

size n = 60, and at least 70 times for sample size n = 200. This situa-

tion becomes much worse when the dimension of X increases to 10. Both
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Figure 1: Simulation results for model (S2.1) in Example 1. Rejection proportions of

four methods against C with different sample sizes and test levels 0.05, 0.1. Tn,Pro: the

proposed test (solid line with filled diamond); T s
n: the test of Zhu and Ng (2003) (dotted

line with filled circle); Tu
n : the test of Fan and Li (1996) (dashed line with filled square);

and TXia
n : the test of Xia (2009) (dot-dash line with filled triangle). The thin horizontal

line indicates the nominal level 0.05 or 0.1.
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Figure 2: Simulation results for model (S2.2) in example 2. The legend is the same as

in Figure 1.

T u
n and T s

n almost always degenerated in all configurations. This may ex-

plain why the power curves of these two tests in Figures 1 and 2 are so

flat. This deficiency for T u
n is not surprising given the fact that T u

n is

based on the local smoothing estimation for E(ε|X,T ). For T s
n, recall that
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T s
n =

∫ {
1/
√
n
∑n

i=1 ε̂(Ui, β̂n, ĝn(Ti)) I(Xi ≤ x)I(Ti ≤ t)
}2
Fnd(x, t). The

indicator weighting function I(Xi ≤ x)I(Ti ≤ t) can easily be null, and

cause T s
n to degenerate. Such a degeneration implicitly indicates that T s

n

still suffers from curse of dimensionality.
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