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Figure S1: Solution paths of Lasso, REMI-R, and REMI-C for HDL, LDL, TG, CRP

TC, BMI, SysBP, DiaBP, Insulin and Glucose using the NFBC1966 data sets.
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Figure S2: Manhattan plots of |β̂
r
| from REMI-R for HDL, LDL, TC, TG, CKD-overall,

T2D, CARDI, AD and RA.
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Table S1: GWAS data sets in our experiment
ID YEAR Traits Sample Size SNPs Link

AD 2013 Alzheimer Disorder 54162 1149751 http://www.pasteur-lille.fr/en/recherche/u744/igap/igap_download.php

CARDI 2015 Coronary Artery Disease 817857 1197724 http://www.cardiogramplusc4d.org/data-downloads/

CKD-overall 2015 eGFRcrea in overall population 133715 984086 https://www.nhlbi.nih.gov/research/intramural/researchers/ckdgen

HDL 2013 High-Density-Lipid cholesterol 94272 992986 http://csg.sph.umich.edu//abecasis/public/lipids2013/

Ht 2014 Height 252778 827344 http://portals.broadinstitute.org/collaboration/giant/index.php/GIANT_consortium_data_files

LDL 2013 Low-Density-Lipid cholesterol 89851 990583 http://csg.sph.umich.edu//abecasis/public/lipids2013/

TC 2013 Total Cholesterol 94556 992889 http://csg.sph.umich.edu//abecasis/public/lipids2013/

TG 2013 Triglycerides 90974 990915 http://csg.sph.umich.edu//abecasis/public/lipids2013/

RA 2010 Rheumatoid Arthritis 25708 989551 http://www.broadinstitute.org/ftp/pub/rheumatoid_arthritis/Stahl_etal_2010NG/

T2D 2008 Type 2 Diabetes 63390 1061515 http://diagram-consortium.org/downloads.html
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S2 Technical details

Lemma 1. ( Lemma 2.7.7 of Vershynin (2018) and Remark 5.18 of Ver-

shynin (2010).) Let ξ1, ξ2 be sub-Gaussian random variables with noise

level ‖ξ1‖ψ2 ≤ σ
ξ1

and ‖ξ2‖ψ2 ≤ σ
ξ2

, respectively. Then both ξ1ξ2 and

ξ1ξ2 − E[ξ1ξ2] are sub-exponential random variables, and there exist an ab-

solute constant C > 0 such that ‖ξ1ξ2 − E[ξ1ξ2]‖ψ1 ≤ Cσ
ξ1
σ
ξ2
. Here, for a

random variable z we define, ‖z‖ψi = inf {t > 0 : E[exp (|z|i/ti)] ≤ 2} , i ∈

{1, 2}.

Lemma 2. (Corollary 5.17 of Vershynin (2010)) Let ξ1, ..., ξm be indepen-

dent centered sub-exponential random variables. Then for every t > 0 one

has

P[|
m∑
i=1

ξi|/m ≥ t] ≤ 2 exp(−C min{ t
2

K2
,
t

K
}m),

where, C is a absolute constant and K = maxi=1,..m{‖ξi‖ψ1}.

Lemma 3. Suppose the rows of X and Xr are i.i.d sub-Gaussian samples

drawn from population with mean 0 and covariance matrix Σ. Then, with

probability at least 1− 1/p2, we have

‖Σ̂−Σ‖∞ ≤
2C1√
C

√
log p

n
,

and

‖Σ̂r −Σ‖∞ ≤
2C1√
C

√
log p

nr

,
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as long as n > 4
C

log p and nr >
4
C

log p.

Proof of Lemma 3. Since the proof of these two results are similar, we

give one of them. Let xi be the i−th row of X, i = 1, ...n, and (xi)j denote

the j−th entry of xi. Define Gi
j,k := (xi)j(xi)k − E[(xi)j(xi)k] ∈ R1, i =

1, ..., n, j = 1, ..., p, k = 1, .., p, which is sub-exponential with ‖Gi
j,k‖ψ1 ≤ C1

by Lemma 1. Therefore,

P[‖Σ̂−Σ‖∞ ≥ t] = P[‖
n∑
i=1

(xTi xi − E[xTi xi])/n‖∞ ≥ t]

= P[

p,p⋃
j=1,k=1

|
n∑
i=1

Gi
j,k/n| ≥ t]

≤
p,p∑

j=1,k=1

P[|
n∑
i=1

Gi
j,k|/n ≥ t]

≤ p2 exp(−C min{ t
2

C2
1

,
t

C1

}n) (S2.1)

≤ p2 exp(−C t2

C2
1

n)

where the first inequality is due to union bound, and the second one follows

from Lemma 2 and the last inequality is because of restricting t ≤ C1.

Then Lemma 3 follows from setting t = 2C1√
C

√
log p
n

and the assumption that

n > 4
C

log p. �

Lemma 4. Under the same assumption as Lemma 3, we have

‖(Σ̂− Σ̂r)β
∗
A‖∞ ≤

2C1C3√
C

(

√
log p

n
+

√
log p

nr

),

holds with probability at least 1− 2/p2.
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Proof of Lemma 4.

‖(Σ̂− Σ̂r)β
∗
A‖∞ ≤ ‖(Σ̂−Σ)β∗A‖∞ + ‖(Σ− Σ̂r)β

∗
A‖∞

≤ ‖Σ̂−Σ‖∞‖β∗A‖1 + ‖Σ− Σ̂r‖∞‖β∗A‖1

≤ 2C1C3√
C

√
log p

n
+

2C1C3√
C

√
log p

nr

,

where the first inequality is due to triangle inequality, and the second in-

equality follows from Cauchy-Schwartz inequality, and the last one holds

with probability larger than 1 − 2/p2 due to Lemma 3. This finishes the

proof of Lemma 4. �

Lemma 5. Suppose the rows of X are i.i.d sub-Gaussian samples drawn

from population with mean 0 and covariance matrix Σ, and the entries of

noise ε are i.i.d centered sub-Gaussian with noise level σε. With probability

at least 1− 1/p3, we have

‖ε̃‖∞ < 2σε
C1√
C

√
log p

n
,

provided that n ≥ 4 log p
C

.
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Proof of Lemma 5. We have,

P[‖ε̃‖∞ < t] = P[‖XTε/n‖∞ < t]

= 1− P[‖XTε/n‖∞ ≥ t]

= 1− P[

p⋃
j=1

|XT
j ε/n| ≥ t]

≥ 1−
p∑
j=1

P[|
n∑
i=1

(Xj)iεi|/n ≥ t]

≥ 1− p exp(−C min{ t2

C2
1σ

2
ε

,
t

C1σ
}n)

≥ 1− p exp(−C t2

C2
1σ

2
ε

n)

≥ 1− 1/p3, (S2.2)

the first inequality is due to union bound, and the second one follows from

Lemma 1 and Lemma 2, where we use ‖(Xj)iεi − E[(Xj)iεi]‖ψ1 ≤ CσεC1,

and the last two inequality follows from by setting t = 2σεC1

√
log p
Cn

and the

assumption that n > 4
C

log p, i.e., with probability at least 1−1/p3, we have

‖ε̃‖∞ ≤ 2σεC1

√
log p

Cn
.

�

Lemma 6. Under the same assumption as Lemma 5, we have,

‖Σ̂β∗I‖∞ ≤
2C1C4√

C

√
log p

n
+ 2C2σε

√
log p

n
.

with probability larger than 1− 1/p2.
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Proof of Lemma 6.

‖Σ̂β∗I‖∞ ≤ ‖Σβ∗I‖∞ + ‖(Σ̂−Σ)β∗I‖∞

≤ max
j=1,...p

{‖Σj‖1}‖β∗I‖∞ + ‖Σ̂−Σ‖∞‖β∗I‖1

≤ 2C2σε

√
log p

n
+

2C1C4√
C

√
log p

n
,

where first inequality is due to triangle inequality, and the second one follows

from Cauchy-Schwartz inequality, the third inequality holds with probabil-

ity larger than 1 − 1/p2 by using (4.7) and Lemma 3. This completes the

proof of Lemma 6. �

Now we are ready to prove Theorem 1.

Proof of Theorem 1. (i). Let ∆ = β̂
c
− β∗A. Define the event

E = {2‖(Σ̂− Σ̂r)β
∗
A + Σ̂β∗I + ε̃‖∞ ≤ λ0}.
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The optimality of β̂
c

implies that

〈β̂
c
, Σ̂rβ̂

c
〉 − 2〈ỹ, β̂

c
〉+ λ‖β̂

c
‖1 ≤ 〈β∗A, β̂

c
β∗A〉 − 2〈ỹ,β∗A〉+ λ‖β∗A‖1,

⇓ (eq1)

〈β̂
c
− β∗A, Σ̂r(β̂

c
− β∗A)〉+ 2〈β∗A, Σ̂r(β̂

c
− β∗A)〉+ λ(‖β̂

c

A‖1 + ‖β̂
c

I‖1) ≤ 2〈ỹ, β̂
c
− β∗A〉+ λ‖β∗A‖,

⇓ (eq2)

〈∆, Σ̂r∆〉+ λ‖∆I‖1 ≤ 2〈ỹ,∆〉 − 2〈Σ̂rβ
∗
A,∆〉+ λ‖β∗A‖ − λ‖β̂

c

A‖1,

⇓ (eq3)

〈∆, Σ̂r∆〉+ λ‖∆I‖1 ≤ 2〈(Σ̂− Σ̂r)β
∗
A + Σ̂β∗I + ε̃,∆〉+ λ‖∆A‖,

⇓ (eq4)

〈∆, Σ̂r∆〉+ λ‖∆I‖1 ≤ 2‖(Σ̂− Σ̂r)β
∗
A + Σ̂β∗I + ε̃‖∞‖∆‖1 + λ‖∆A‖,

⇓ (eq5)

〈∆, Σ̂r∆〉+ λ‖∆I‖1 ≤
λ

2
(‖∆A‖1 + ‖∆I‖1) + λ‖∆A‖,

⇓ (eq6)

〈∆, Σ̂r∆〉+
λ

2
‖∆I‖1 ≤

3

2
λ‖∆A‖1, (S2.3)

where, (eq1) and (eq2) and (eq6) are due to some algebra, and (eq3) follows

from (4.8), and (eq4) uses Cauchy-Schwartz inequality, and (eq5) holds by

conditioning E and the assumption λ0 ≤ λ/2. It follow from (S2.3) that

∆ ∈ CA,3. (S2.4)
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Then, by the restricted eigenvalue condition on Σ̂r and (S2.3) we deduce,

φ0‖∆‖22 ≤ 〈∆, Σ̂r∆〉 ≤
3

2
λ‖∆A‖1 ≤

3

2

√
sλ‖∆‖2,

i.e.,

‖∆‖2 ≤
3

2φ0

√
sλ ≤ 6

φ0

(
C1(C3 + C4)√

C

√
s log p

n
+
C1 +

√
CC2√
C

σε

√
s log p

n
+
C1C3√
C

√
s log p

nr

).

The above induction is conditioning on E . We need give a lower bound on

P[E ]. Indeed,

2‖(Σ̂− Σ̂r)β
∗
A + Σ̂β∗I + ε̃‖∞ ≤ 2‖(Σ̂− Σ̂r)β

∗
A‖∞ + 2‖Σ̂β∗I‖∞ + 2‖ε̃‖∞

Then, it follows Lemma 4 and Lemma 5 and Lemma 6 that P[E ] ≥ 1 −

3/p2 − 1/p3. This completes the proof of (i) of Theorem 1.

(ii). Let Σ̂new = XT
newXnew/nnew. Then,

‖Xnew(β̂
c
− β∗A)‖22/nnew = 〈Σ̂new(β̂

c
− β∗A), β̂

c
− β∗A〉

= 〈∆, Σ̂r∆〉+ 〈∆, (Σ̂new − Σ̂r)∆〉

≤ 3

2
λ‖∆A‖1 + ‖∆‖21‖Σ̂new − Σ̂r‖∞

≤ 3

2
λ‖∆A‖1 + ‖∆‖21

2C1√
C

(

√
log p

nr

+

√
log p

nnew

)

≤ O(σε

√
s log p

n
+

√
s log p

nr

)‖∆A‖2 +O(

√
log p

nr

+

√
log p

nnew

)s2‖∆A‖22

≤ O((σε

√
s log p

n
+

√
s log p

nr

)2)(1 + s2(

√
log p

nr

+

√
log p

nnew

))
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where, the first inequality uses (S2.3) and Cauchy-Schwartz inequality, and

the second one is due to Lemma 3, and the third inequality follow from

(S2.4) and Cauchy-Schwartz inequality, the fourth inequality uses Theorem

1. �
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