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This supplementary material provides additional simulations and tech-

nical proofs of the main results in the main text.

Appendix

S1.1 Simulation results for models (3.14) and (3.16) in Section 3.1

The simulation results for models (3.14) and (3.16) are presented in Table

1 of this Supplement.

S1.2 Ultrahigh dimensional covariates

Our algorithm is very efficient with cheap computation complexity and low

computer memory. In this section, we demonstrate the performance of

our proposal under ultrahigh dimension settings. In addition to the three
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Table 1: The averages (and standard deviations) of the support recovery

rate (“rate”), the Frobenius loss (“loss”), the model size (“size”) and the

exact support recovery rate (“exact”) for models (3.14) and (3.16).

p PIEy PIEr RAMPs RAMPw all-pairs-LASSO Oracle

model (3.14) where the strong heredity condition is satisfied

100 rate 99.00(5.71) 100.00(0.00) 89.67(29.47) 99.67(3.33) 100.00(0.00) 100.00(0.00)

size 5.21(3.17) 4.22(2.47) 2.90(0.92) 3.20(0.53) 10.80(6.32) 3.00(0.00)

loss 0.40(0.24) 0.26(0.14) 0.34(0.69) 0.11(0.11) 0.41(0.12) 0.09(0.04)

exact 0.36(0.48) 0.58(0.50) 0.88(0.33) 0.82(0.39) 0.06(0.24) 1.00(0.00)

200 rate 99.00(5.71) 99.33(4.69) 80.67(39.41) 97.67(11.85) 100.00(0.00) 100.00(0.00)

size 5.26(3.01) 4.01(2.48) 2.70(1.40) 3.38(1.41) 10.36(7.07) 3.00(0.00)

loss 0.42(0.24) 0.30(0.19) 0.52(0.89) 0.16(0.33) 0.46(0.12) 0.09(0.04)

exact 0.36(0.48) 0.60(0.49) 0.80(0.40) 0.78(0.42) 0.04(0.20) 1.00(0.00)

model (3.16) where the heredity condition is violated

100 rate 99.00(5.71) 99.67(3.33) 22.00(35.52) 51.00(29.00) 100.00(0.00) 100.00(0.00)

size 4.76(2.80) 3.82(1.86) 1.19(1.78) 4.46(4.98) 7.23(4.26) 3.00(0.00)

loss 0.34(0.23) 0.19(0.13) 1.92(0.63) 1.39(0.75) 0.41(0.10) 0.09(0.04)

exact 0.42(0.49) 0.64(0.48) 0.08(0.27) 0.20(0.40) 0.11(0.31) 1.00(0.00)

200 rate 99.67(3.33) 100.00(0.00) 22.33(33.18) 48.00(32.24) 100.00(0.00) 100.00(0.00)

size 4.40(2.48) 3.62(1.36) 1.21(1.82) 3.02(3.64) 7.35(5.05) 3.00(0.00)

loss 0.29(0.20) 0.18(0.11) 1.97(0.48) 1.42(0.79) 0.43(0.09) 0.09(0.04)

exact 0.54(0.50) 0.71(0.46) 0.01(0.10) 0.20(0.40) 0.17(0.38) 1.00(0.00)
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criteria considered in Section S1.1, we also compare the computation time

to illustrate the computational efficiency of our method. The parameter

settings are the same as those in Section 3.1 except that the data dimension

p is now set to be 500, 1000 or 2000, and the sample size n is set to be 400

or 800. To save space, we only report the results for model (3.15) where

the weak heredity condition holds.

Table 2 summaries the simulations results including the “rate”, “loss”,

“size” and the computation time in seconds (denoted as “time”). All meth-

ods are implemented with a PC with a 3.3 GHz Intel Core i7 CPU and

16GB memory. Overall, the patterns of the estimation accuracy are similar

to those in Table 1. Our proposals are much more efficient than other meth-

ods in terms of “time”. It seems that the computation time of our proposals

increases linearly in n and p2, which is consistent with the overall computa-

tion complexity O{min(n, p)p2} of our algorithms. The computation time

of RAMP is not very sensitive to the sample size or data dimension since

it used the structure information of heredity conditions. For the all-pairs-

LASSO, we tried to implement LARS (Efron et al., 2004). It turns out

to be very slow. Therefore, we implement instead the “glmnet” (Friedman

et al., 2010). In our view, “glmnet” (Friedman et al., 2010) is perhaps the

state of art algorithm for LASSO problems and the package was further
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accelerated by strong rules (Tibshirani et al., 2012). Table 2 indicates that

the computation time seems to be increasing linearly in n and quadratically

in p. However, the all-pairs-LASSO uses more memory since the number of

covariates is of order O(p2) and will break down when p = 2000 due to out

of memory in R. In summary, our proposal are more efficient than the all-

pairs-LASSO in both computation complexity and computation memory.

S1.3 Non-normal covariates

In this section we investigate the performance of our proposal when the

covariates are non-normal, and the factor model assumptions are violated.

Let x = Σ1/2z, Σ = (0.5|i−j)100×100 and z = (Z1, · · · , Zp)T. We draw

Zks independently from (i) uniform distribution on the interval [−
√

3,
√

3]

where ∆ = 1.8, (ii) Student’s t-distribution t(5)
√

3/5 where ∆ = 9 and

(iii) Laplace distribution Laplace(0, 1)/
√

2 where ∆ = 6. In all scenarios,

the Zk’s are symmetric and have unit variance.

Tables 3 and 4 report the support recovery rate (“rate”) and the number

of interactions that are estimated as nonzero (“size”) and the Frobenius loss

(“loss”) of Ω̂ where n = 400 and p = 100. Both tables indicate that that

PIEy and PIEr are very effective when the covariates are non-normal, and
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Table 2: Simulation results for model (3.15) in ultrahigh dimensions

p PIEy PIEr RAMPs RAMPw all-pairs-LASSO Oracle

n = 400

500 rate 100.00(0.00) 100.00(0.00) 38.00(13.42) 99.00(10.00) 100.00(0.00) 100.00(0.00)

loss 0.14(0.08) 0.11(0.07) 1.94(0.27) 0.09(0.24) 0.31(0.06) 0.06(0.02)

size 3.56(1.29) 3.15(0.58) 1.27(0.74) 3.24(1.91) 5.11(4.17) 3.00(0.00)

time 3.90(0.41) 3.75(0.33) 28.71(8.54) 26.37(5.39) 32.90(3.43) 0.02(0.00)

1000 rate 100.00(0.00) 100.00(0.00) 37.00(15.64) 95.33(20.66) 100.00(0.00) 100.00(0.00)

loss 0.13(0.08) 0.09(0.05) 1.93(0.33) 0.17(0.52) 0.34(0.06) 0.06(0.03)

size 3.60(1.62) 3.20(0.95) 1.38(1.20) 3.76(3.85) 4.02(2.09) 3.00(0.00)

time 12.70(0.49) 12.56(0.55) 48.26(8.88) 50.84(10.54) 126.66(0.55) 0.04(0.01)

2000 rate 100.00(0.00) 100.00(0.00) 31.67(11.96) 88.00(32.66) - 100.00(0.00)

loss 0.15(0.10) 0.13(0.09) 2.02(0.14) 0.34(0.78) - 0.06(0.02)

size 3.83(2.00) 3.29(0.82) 1.19(0.92) 4.67(6.38) - 3.00(0.00)

time 58.46(6.15) 59.33(6.21) 34.61(4.62) 92.41(21.77) - 0.19(0.03)

n = 800

500 rate 100.00(0.00) 100.00(0.00) 38.67(13.99) 100.00(0.00) 100.00(0.00) 100.00(0.00)

loss 0.09(0.04) 0.06(0.04) 1.92(0.33) 0.04(0.02) 0.22(0.04) 0.04(0.02)

size 3.20(0.64) 3.05(0.26) 1.98(3.08) 3.04(0.20) 3.50(1.45) 3.00(0.00)

time 4.24(0.55) 4.13(0.58) 102.20(15.51) 132.41(15.95) 62.85(0.72) 0.02(0.00)

1000 rate 100.00(0.00) 100.00(0.00) 38.33(11.96) 100.00(0.00) 100.00(0.00) 100.00(0.00)

loss 0.09(0.05) 0.06(0.03) 1.94(0.21) 0.04(0.02) 0.23(0.03) 0.04(0.01)

size 3.28(0.98) 3.06(0.37) 1.77(2.24) 3.01(0.10) 3.41(0.78) 3.00(0.00)

time 25.95(2.65) 25.64(2.42) 116.46(23.30) 131.51(25.39) 261.54(9.76) 0.06(0.01)

2000 rate 100.00(0.00) 100.00(0.00) 37.00(12.44) 100.00(0.00) - 100.00(0.00)

loss 0.09(0.06) 0.06(0.04) 1.94(0.31) 0.04(0.02) - 0.04(0.02)

size 3.52(1.73) 3.08(0.37) 1.37(1.32) 3.01(0.10) - 3.00(0.00)

time 90.72(6.72) 96.52(7.18) 243.33(72.01) 249.13(46.48) - 0.24(0.02)

− out of memory in R
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the performance comparing with other methods are similar to those we

have observed under normal assumptions, indicating that our proposal is

practically robust to the violation of the theoretical assumptions. This is

not very surprising because we use PIE to find the model and the coefficients

are estimated by a further lease square estimation on the support of Ω̂.

S1.4 Example 3 of Hao et al. (2018)

We conduct simulations using Example 3 of Hao et al. (2018). The under-

lying true model is of the form

Y = xTβ + xTΩx + ε,

where β1 = · · · = β5 = 3, β6 = · · · = β10 = 2 and

Ω1,2 = Ω1,13 = Ω2,3 = Ω2,15 = Ω3,4 = 2

Ω6,10 = Ω6,18 = Ω7,9 = Ω7,18 = Ω10,19 = 1.

All other entries in β and Ω are identically zero. The covariates x are

generated from N
(
0p×1,Σ

)
, where Σ = (0.5|k−l|)p×p, and ε is drawn from

N (0, 22). The simulation results based on 100 replicates are reported in

Table 5. In this example, the weak heredity assumption is satisfied and the

signals of main effects are pretty strong. We further conduct simulations

where the main effects are weakened to β/5 from β. The simulation re-
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Table 3: Simulation results for models (3.14) and (3.15) with non-normal

covariates.

PIEy PIEr RAMPs RAMPw all-pairs-LASSO Oracle

model (3.14) where the strong heredity condition is satisfied

Unif rate 99.33(4.69) 99.67(3.33) 100.00(0.00) 100.00(0.00) 100.00(0.00) 100.00(0.00)

size 3.86(1.73) 3.19(0.72) 3.00(0.00) 3.03(0.17) 5.96(3.94) 3.00(0.00)

loss 0.22(0.18) 0.13(0.12) 0.06(0.02) 0.06(0.03) 0.26(0.05) 0.06(0.02)

t(5) rate 93.33(17.08) 95.33(14.23) 93.00(25.64) 99.00(5.71) 100.00(0.00) 100.00(0.00)

size 6.12(3.35) 5.99(5.80) 3.40(2.27) 3.59(1.93) 7.61(4.96) 3.00(0.00)

loss 0.47(0.55) 0.33(0.50) 0.22(0.62) 0.11(0.27) 0.25(0.06) 0.06(0.03)

Lap rate 100.00(0.00) 100.00(0.00) 90.67(28.85) 98.67(6.56) 100.00(0.00) 100.00(0.00)

size 5.87(4.12) 4.90(3.61) 2.93(1.27) 3.75(3.15) 7.10(5.27) 3.00(0.00)

loss 0.25(0.12) 0.15(0.06) 0.27(0.66) 0.11(0.24) 0.23(0.06) 0.06(0.03)

model (3.15) where the weak heredity condition is satisfied

Unif rate 99.67(3.33) 99.67(3.33) 46.67(20.65) 100.00(0.00) 100.00(0.00) 100.00(0.00)

size 3.19(0.61) 3.14(0.62) 2.17(2.28) 3.01(0.10) 4.30(2.53) 3.00(0.00)

loss 0.13(0.11) 0.11(0.11) 1.75(0.53) 0.07(0.04) 0.28(0.06) 0.07(0.03)

t(5) rate 94.33(15.75) 95.00(14.51) 51.33(27.80) 98.00(14.07) 100.00(0.00) 100.00(0.00)

size 6.17(4.74) 6.14(6.50) 2.99(2.85) 3.39(1.98) 5.20(3.39) 3.00(0.00)

loss 0.36(0.55) 0.31(0.53) 1.61(0.69) 0.11(0.36) 0.25(0.05) 0.06(0.03)

Lap rate 100.00(0.00) 100.00(0.00) 48.67(28.59) 94.00(23.87) 100.00(0.00) 100.00(0.00)

size 5.37(3.72) 5.21(4.17) 2.54(2.72) 3.56(3.07) 4.87(2.41) 3.00(0.00)

loss 0.17(0.08) 0.13(0.08) 1.63(0.69) 0.20(0.57) 0.25(0.06) 0.05(0.02)
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Table 4: Simulation results for models (3.16) and (3.17) with non-normal

covariates.

PIEy PIEr RAMPs RAMPw all-pairs-LASSO Oracle

model (3.16) where the heredity conditions is violated

Unif rate 99.67(3.33) 99.67(3.33) 14.00(29.66) 46.33(25.47) 100.00(0.00) 100.00(0.00)

size 3.95(1.83) 3.13(0.44) 1.19(2.91) 4.27(5.99) 5.26(3.89) 3.00(0.00)

loss 0.22(0.16) 0.12(0.12) 2.05(0.50) 1.46(0.66) 0.28(0.06) 0.06(0.02)

t(5) rate 94.00(15.98) 94.33(15.02) 37.00(41.81) 68.33(30.84) 100.00(0.00) 100.00(0.00)

size 5.93(3.25) 5.24(3.01) 2.99(4.30) 5.07(5.39) 6.26(4.24) 3.00(0.00)

loss 0.40(0.54) 0.33(0.55) 1.65(0.85) 0.98(0.87) 0.25(0.07) 0.06(0.03)

Lap rate 99.67(3.33) 100.00(0.00) 42.00(41.47) 62.00(31.79) 100.00(0.00) 100.00(0.00)

size 5.80(4.08) 5.08(4.07) 2.76(3.16) 6.02(6.95) 5.86(3.35) 3.00(0.00)

loss 0.21(0.17) 0.11(0.06) 1.59(0.85) 1.12(0.87) 0.24(0.06) 0.06(0.03)

model (3.17) is a pure interaction model where the heredity conditions are violated

Unif rate 99.67(3.33) 99.67(3.33) 6.67(17.08) 15.67(32.29) 100.00(0.00) 100.00(0.00)

size 3.08(0.53) 3.06(0.34) 0.48(1.42) 3.28(6.52) 3.82(1.50) 3.00(0.00)

loss 0.08(0.11) 0.09(0.11) 2.18(0.17) 1.98(0.71) 0.31(0.06) 0.06(0.03)

t(5) rate 94.33(15.75) 94.67(14.77) 26.00(33.02) 49.67(46.30) 100.00(0.00) 100.00(0.00)

size 6.00(6.19) 5.97(6.15) 1.81(2.92) 5.66(7.17) 5.10(4.03) 3.00(0.00)

loss 0.29(0.57) 0.29(0.55) 1.92(0.61) 1.28(1.09) 0.27(0.07) 0.06(0.03)

Lap rate 100.00(0.00) 100.00(0.00) 27.67(30.72) 52.00(45.52) 100.00(0.00) 100.00(0.00)

size 5.11(4.34) 5.07(4.43) 2.78(4.39) 5.55(6.93) 4.41(2.79) 3.00(0.00)

loss 0.07(0.04) 0.08(0.05) 1.95(0.50) 1.25(1.09) 0.26(0.06) 0.06(0.02)
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sults are charted in Table 5, from which it can be clearly seen that, except

for the oracle estimate, our proposals, particularly the PIEr method, are

the most computationally efficient (“time”), with a moderate model size

(“size”) and comparatively high recovery rate (“rate”). Such advantages

are more obvious when the main effects are weakened.

Table 5: Simulation results for Example 3 of Hao et al. (2018) with n = 400

and p = 100.

PIEy PIEr RAMPs RAMPw pairs-LASSO Oracle

Example 3 with β

rate 29.30(13.20) 78.00(11.63) 45.50(5.75) 79.10(8.18) 100.00(0.00) 100.00(0.00)

size 15.81(6.55) 15.17(5.39) 5.49(1.18) 8.61(0.63) 27.75(13.16) 10.00(0.00)

loss 4.91(0.62) 1.27(0.35) 2.48(0.11) 1.13(0.28) 0.76(0.10) 0.24(0.05)

exact 0.00(0.00) 0.00(0.00) 0.00(0.00) 0.00(0.00) 0.00(0.00) 1.00(0.00)

time 0.68(0.06) 0.60(0.06) 15.71(2.24) 21.30(2.45) 1.73(0.11) 0.00(0.00)

Example 3 with β/5

rate 75.50(12.09) 78.70(11.95) 8.60(10.54) 69.00(20.57) 100.00(0.00) 100.00(0.00)

size 15.32(6.05) 15.57(5.32) 3.93(2.54) 9.67(2.57) 27.21(12.86) 10.00(0.00)

loss 1.44(0.39) 1.24(0.39) 3.86(0.45) 1.78(0.86) 0.76(0.10) 0.24(0.05)

exact 0.00(0.00) 0.00(0.00) 0.00(0.00) 0.00(0.00) 0.00(0.00) 1.00(0.00)

time 0.61(0.07) 0.61(0.07) 15.16(2.51) 19.83(1.90) 1.82(0.14) 0.00(0.01)
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S1.5 Appendix A: Some Useful Lemmas

We first show that the ADMM algorithm to minimize (2.8) converges lin-

early.

Lemma 1. Given Σ̂ and Λ̂. Suppose that the ADMM algorithm (2.10)-

(2.12) generates a sequence of solutions {(Bk,Ψk,Lk), k = 1, . . .}. Then

{Bk,Ψk} converges linearly to the minimizer of (2.8), and ‖Bk − Ψk‖F

converges linearly to zero.

Proof. The objective function in the minimization problem (2.8) can be de-

composed into two components: f(B,Ψ) = f1(B) + f2(Ψ), where f1(B)
def
=

tr{(BΣ̂)2}−tr(BΛ̂) and f2(Ψ)
def
= λn‖Ψ‖1. Rewrite tr{(BΣ̂)2} = vec(B)T(Σ̂⊗

Σ̂)vec(B). Denote Σ̂⊗Σ̂ = UTΛU and A1 = UTΛ1/2U. Let g1(x)
def
= ‖x‖2F

be a function defined on Rp2 7→ R, and h1(x)
def
= tr(Λ̂x), h2(x)

def
= λn‖x‖1

be two functions defined on Rp2 7→ R. Then f1(B) = g1{A1vec(B)} +

h1{vec(B)} and f2(Ψ) = h2{vec(Ψ)}. Given Σ̂, Λ̂ and λn, the gradient of

g1 is uniformly Lipschitz continuous and h1 and h2 are polyhedral. Lemma

1 thus follows immediately from Theorem 3.1 of Hong and Luo (2017).

Next we present some useful lemmas for the proofs of the main theo-

rems. Without loss of generality, in what follows we assume that E(x) = 0

and E(Y ) = 0.
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Lemma 2. LetW1, · · · ,Wn be independent variables and E{exp(c1|Wi|α0)} <

A0 for some 0 < α0 ≤ 1, c1 > 0, , A0 > 0. Then for 0 < t ≤ 1, there exist

constants c2, c3 > 0 such that

pr
{∣∣∣n−1 n∑

i=1

(Wi − EWi)
∣∣∣ > t

}
≤ c2 exp(−c3nα0t2).

Proof of Lemma 2: For EWi = 0, see Lemma B.4 of Hao and Zhang (2014).

Here, we only need to show E{exp(c1|Wi−EWi|α0)} < A1 for some A1 > 0.

By the integral identity of the expectation, we have

E|Wi| =

∫ ∞
0

pr {exp(c1|Wi|α0) > exp(c1t
α0)} dt

≤
∫ ∞
0

E{exp(c1|Wi|α0)} exp(−c1tα0)dt ≤ A0

∫ ∞
0

exp(−c1tα0)dt
def
= c.

Consequently, E{exp(c1|Wi−EWi|α0)} ≤ E{exp(2c1|Wi|α0+2c1|EWi|α0)} ≤

A0 exp(2c1c
α0)

def
= A1. The proof is completed.

Lemma 3. Let W1 and W2 be two variables such that E{exp(c1|W1|α1)} ≤

A1 and E{exp(c2|W2|α2)} ≤ A2, where c1, c2, α1, α2, A1, A2 > 0. We have

E
{

exp
(

min(c1, c2)|W1W2|α1α2/(α1+α2)
)}

< max(A1, A2).

Proof of Lemma 3: By Holder’s or Young’s inequality,

E
{

exp
(

min(c1, c2)|W1W2|α1α2/(α1+α2)
)}

≤ min(c1, c2)E
[

exp{|W1|α1α2/(α1 + α2) + |W2|α2α1/(α1 + α2)}
]

≤ A1α2/(α1 + α2) + A2α1(α1 + α2) ≤ max(A1, A2).
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The proof is completed.

Lemma 4. Under condition (A2), we have there exists a constant C > 0,

pr (‖x̄x̄T‖∞ ≥ C log(p)/n) = O(p−1), and (S1.2)

pr{‖n−1
n∑
i=1

xix
T

i −Σ‖∞ ≥ C{log(p)/n}1/2} = O(p−1). (S1.3)

Proof of Lemma 4: Writing ek as the unit-length p-vector with its k-th en-

try being one, we have ‖x̄x̄T‖∞ = max
k,l
|eT
k x̄x̄Tel|. Note that eT

kx1, · · · , eT
kxn

are independent centered sub-Gaussian variables. By Hoeffding’s inequality

(Vershynin, 2017, Theorem 2.6.3), pr(|eT
k x̄| ≥ t) ≤ 2 exp(−cnt2), for any t ≥

0, and then pr(|eT
k x̄x̄Tel| ≥ t) ≤ pr(|eT

k x̄| ≥
√
t) + pr(|eT

l x̄| ≥
√
t) ≤

4 exp(−cnt). Therefore,

pr {‖x̄x̄T‖∞ ≥ t} ≤
∑
k,l

pr(|eT

k x̄x̄Tel| ≥ t) ≤ 4p2 · exp(−cnt).

Set t = c−1C log (p)/n for large enough C, which yields the conclusion

(S1.2).

Similarly, eT
kxix

T
i el−eT

kΣel, i = 1, · · · , n are independent centered sub-

exponential variables. By Bernstein’s inequality (Vershynin, 2017, Theorem

2.8.2), we get

pr

{∣∣∣eT

k

(
n−1

n∑
i=1

xix
T

i −Σ
)
el

∣∣∣ ≥ t

}
≤ 2 exp

{
−nmin(c1t

2, c2t)
}
, and

pr

(∥∥∥n−1 n∑
i=1

xix
T

i − Σ
∥∥∥
∞
≥ t

)
≤ 2p2 · exp

{
−nmin(c1t

2, c2t)
}
.
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Choose t = C{log (p)/n}1/2 with a sufficiently large C to complete proof of

(S1.3).

Lemma 5. Under conditions (A2) and (A3), there exists a constant C > 0

such that,

(S1.4)

pr

[∥∥∥n−1 n∑
i=1

Yixi − EY x
∥∥∥
∞
≥ C{n−α/(α+1) log(p)}1/2

]
= O(p−1), and

(S1.5)

pr

[∥∥∥n−1 n∑
i=1

Yixix
T

i − EY xxT

∥∥∥
∞
≥ C{n−α/(α+1) log(p)}1/2

]
= O(p−1).

Proof of Lemma 5: We prove (S1.6) only in what follows and (S1.5) can

be proved using similar arguments. For ek, el,

eT

k

(
n−1

n∑
i=1

Yixix
T

i − EY xxT

)
el = n−1

n∑
i=1

Yi(e
T

kxi)(e
T

l xi)− eT

k(EY xxT)el.

By condition (A2), there exist constants c0 and C0 such that

E{exp(c0|eT

kxie
T

l xi|)} ≤ E{exp(c0|eT

kxi|2)}+ E{exp(c0|eT

l xi|2)} ≤ 2C0.

By condition (A3) and Lemma 3, we have there exist constants c2, C2 such

that E
{

exp
(
c2|Yi(eT

kxi)(e
T
l xi)|α/(α+1)

)}
≤ C2. By Lemma 2, we have

pr
{∣∣∣eT(n−1

n∑
i=1

Yixix
T

i − EY xxT)Tẽ
∣∣∣ ≥ t

}
≤ c2 exp(−c3nα/(α+1)t2).
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Using the similar arguments as in the proofs of Lemma 4, we can show

pr
[∥∥∥n−1 n∑

i=1

Yixix
T

i − EY xxT

∥∥∥
∞
≥ C{n−α/(α+1) log(p)}1/2

]
= O(p−1).

The proof is completed.

S1.6 Appendix B: The `1-Penalized Estimation

Let A ∈ Rq×q, a ∈ Rq be unknown parameters and A is a positive definite

symmetric matrix. To estimate b∗
def
= A−1a, we consider the `1-penalized

approach:

b̂ = arg min
b∈Rq

bTÂb/2− âTb + λ‖b‖1, (S1.6)

where λ is the tuning parameter and Â and â are the empirical estimators

of A and a, respectively. In the sequel, we establish theoretical results for

solving (S1.6). These general results will then be used to prove the main

theorems in our paper.

Lemma 6. Denote ∆ = ‖â−a‖∞+‖(Â−A)b∗‖∞ and let S = {i : b∗i 6= 0}

be the support of b∗. Assume that ‖ASc,SA−1S,S‖L + 2‖b∗‖0‖A−1S,S‖L‖Â −

A‖∞ < 1, and λ > 2(1 − ‖ASc,SA−1S,S‖L − 2‖b∗‖0‖A−1S,S‖L‖Â −A‖∞)−1∆,

we have

(i) b̂Sc = 0;
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(ii) ‖b̂− b∗‖∞ ≤ 2λ(1− ‖b∗‖0‖A−1S,S‖L‖Â−A‖∞)−1‖A−1S,S‖L.

Proof of Lemma 6: Given the true support S, we consider the estimation

b̂0 = arg min
b∈Rq , bSc=0

bTÂb/2− âTb + λ‖b‖1

= arg min
b∈Rq , bSc=0

bT

SÂS,SbS/2− âT

SbS + λ‖bS‖1.

By the Karush-Kuhn-Tucker (KKT) condition, we have

ÂS,Sb̂
0
S − âS = −λZ, (S1.7)

where Z is the sub-gradient of ‖bS‖1. By the definition of b∗ = A−1a, we

have aS

aSc

 =

AS,S AS,Sc

ASc,S ASc,Sc


b∗S

0

 =

AS,Sb
∗
S

ASc,Sb
∗
S

 ,

and hence we have ÂS,Sb̂
0
S −AS,Sb

∗
S + aS − âS = −λZ. Consequently, we

obtain,

b̂0
S − b∗S = −A−1S,S

{
λZ + (ÂS,S −AS,S)b̂0

S + (aS − âS)
}
. (S1.8)

Using the triangle inequality, we can show that,

‖b̂0
S − b∗S‖∞

≤ ‖A−1S,S‖L
{
λ‖Z‖∞ + ‖(ÂS,S −AS,S)(b̂0

S − b∗S)‖∞

+‖(ÂS,S −AS,S)b∗S + aS − âS‖∞
}

≤ ‖A−1S,S‖L
{
λ+ ‖b∗‖0‖Â−A‖∞‖b̂0

S − b∗S‖∞ + ‖(Â−A)b∗ + a− â‖∞
}
,
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which implies that

‖b̂0
S − b∗S‖∞ (S1.9)

≤ (1− ‖b∗‖0‖A−1S,S‖L‖Â−A‖∞)−1‖A−1S,S‖L(λ+ ∆).

Next, we show that b̂0 is exactly the minimizer to min
b∈Rq

bTÂb/2 − âTb +

λ‖b‖1. By the KKT condition, it is sufficient to prove

‖(Âb̂0 − â)S‖∞ ≤ λ, and (S1.10)

‖(Âb̂0 − â)Sc‖∞ < λ. (S1.11)

Since (Âb̂0− â)S = ÂS,Sb̂
0
S − âS , (S1.10) is true by (S1.7). For (S1.11), we

have

(Âb̂0 − â)Sc = ÂSc,Sb̂
0
S − âSc = ÂSc,Sb̂

0
S −ASc,Sb

∗
S + aSc − âSc

= ÂSc,S(b̂0
S − b∗S) + (ÂSc,S −ASc,S)b∗S + aSc − âSc

= (ÂSc,S −ASc,S)(b̂0
S − b∗S) + ASc,SA

−1
S,S{AS,S(b̂0

S − b∗S)}

+{(Â−A)b∗ + a− â}Sc .

Thus, it follows from (S1.8) and (S1.9) that ‖(Âb̂0− â)Sc‖∞ is less than or
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equal to

‖b∗‖0‖Â−A‖∞‖b̂0
S − b∗S‖∞

+‖ASc,SA−1S,S‖L(λ+ ∆ + ‖b∗‖0‖Â−A‖∞‖b̂0
S − b∗S‖∞) + ∆

≤
(1 + |ASc,SA−1S,S‖L)(λ+ ∆)

1− ‖b∗‖0‖A−1S,S‖L‖Â−A‖∞
− λ

= λ+

{
∆−

1− |ASc,SA−1S,S‖L − 2‖b∗‖0‖A−1S,S‖L‖Â−A‖∞
1 + |ASc,SA−1S,S‖L

λ

}
{

1 + ‖ASc,SA−1S,S‖L
1− ‖b∗‖0‖A−1S,S‖L‖Â−A‖∞

}
.

When λ > 2(1− ‖ASc,SA−1S,S‖L − 2‖b∗‖0‖A−1S,S‖L‖Â−A‖∞)−1∆, we have

‖(Âb̂0 − â)Sc‖∞ < λ. Consequently, b̂ = b̂0 and (S1.11) is an immediate

result of (S1.9) by noting ∆ ≤ λ. The proof is completed.

S1.7 Appendix C: Proof of Proposition 1

Recall that E(Y | x) = α+(x−u)Tβ+(x−u)TΩ(x−u). Direct calculations

show

cov(x, Y ) = E
[
{Y − E(Y )} (x− u)

]
= E

[
{(x− u)Tβ + (x− u)TΩ(x− u)− tr(ΩΣ)} (x− u)

]
= E {(x− u)(x− u)Tβ + (zTΓT

0ΩΓ0z)Γ0z} = Σβ.
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The proof of the first part is completed. Next we prove the second part.

Λy = E
[
{(x− u)Tβ + (x− u)TΩ(x− u)− tr(ΩΣ)} (x− u)(x− u)T

]
= E(x− u)(x− u)TΩ(x− u)(x− u)T − tr(ΩΣ)Σ

= E {Γ0zzT(ΓT

0ΩΓ0)zzTΓT

0} − tr(ΓT

0ΩΓ0)Γ0Γ
T

0

= Γ0

[
E {zzT(ΓT

0ΩΓ0)zzT} − tr(ΓT

0ΩΓ0)Ip

]
ΓT

0

= Γ0{2ΓT

0ΩΓ0 − (∆− 3)diag(ΓT

0ΩΓ0)}ΓT

0

= 2ΣΩΣ− (∆− 3)Γ0diag(ΓT

0ΩΓ0)Γ
T

0 . (S1.12)

Thus, Ω = Σ−1ΛΣ−1
/

2 when ∆ = 3 or diag(ΓT

0ΩΓ0) = 0. The proof is

completed.

S1.8 Appendix D: Proof of Theorem 1

We provide proofs for (i) and (iii) in what follows because (ii) is an imme-

diate result of (i) and (iii) and (iv) can be obtained analog to (iii). For the

target parameter matrix 2Ω = Σ−1ΛΣ−1, we consider its vectorization

2vec(Ω) = vec(Σ−1ΛΣ−1) = (Σ−1 ⊗Σ−1)vec(Λ) = Γ−1vec(Λ), (S1.13)

where Γ = Σ⊗Σ is a positive and symmetric matrix. For the estimation,

Ω̂y = arg min
B∈Rp×p

tr{(BΣ̂)2} − tr(BΛ̂y) + λ1n‖B‖1.
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Equivalently, we have

vec(Ω̂y) = arg min
B∈Rp×p

vec(B)TΓ̂vec(B)− vec(Λ̂y)
T

vec(B) + λ1n‖vec(B)‖1,

where Γ̂
def
= Σ̂⊗Σ̂. Therefore, we can use Lemma 6 to derive the theoretical

properties by letting A = 2Γ, a = vec(Λy), Â = 2Γ̂ and â = vec(Λ̂y).

Recall the definition of Σ̂ and Λ̂y.

Σ̂ = n−1
n∑
i=1

(xi − x̄)(xi − x̄)T = n−1
n∑
i=1

xix
T

i − x̄x̄T, and

Λ̂y = n−1
n∑
i=1

Yixix
T

i − n−1
n∑
i=1

Yi(x̄xT

i + xix̄
T)− n−1Ȳ

n∑
i=1

xix
T

i + 2Ȳ x̄x̄T.

Lemmas 4 and 5 ensure that there exists a constant C > 0 such that

with probability greater than 1 − O(p−1), ‖Σ̂ − Σ‖∞ ≤ C(n−1 log p)1/2

and ‖Λ̂y − Λy‖∞ ≤ C{n−α/(α+1) log (p)}1/2. Note that ‖Γ̂ − Γ‖∞ = ‖Σ̂ ⊗

(Σ̂−Σ) + (Σ̂−Σ)⊗Σ‖∞ ≤ (‖Σ̂‖∞ + ‖Σ‖∞)‖Σ̂−Σ‖∞, with probability

greater than 1 − O(p−1), we have, ‖Γ̂ − Γ‖∞ ≤ C1(n
−1 log p)1/2, for some

constant C1 > 0 and ‖ΓSc,SΓ−1S,S‖L + 2‖Ω‖0‖Γ−1S,S‖L‖Γ̂ − Γ‖∞ ≤ 1 − κ +

2C1Msp(n
−1 log p)1/2 = 1−κ+o(1) < 1. Next, we consider ∆1

def
= ‖vec(Λ̂y)−

vec(Λy)‖∞ + 2‖(Γ̂− Γ)vec(Ω)‖∞. Note that

‖(Γ̂− Γ)vec(Ω)‖∞ = ‖(Σ̂⊗ Σ̂−Σ⊗Σ)vec(Ω)‖∞

= ‖vec(Σ̂ΩΣ̂−ΣΩΣ)‖∞ = ‖Σ̂ΩΣ̂−ΣΩΣ‖∞

≤ ‖(Σ̂−Σ)Ω(Σ̂−Σ)‖∞ + 2‖ΣΩ(Σ̂−Σ)‖∞.
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Under the conditions of the Proposition 1,

var{E(Y | x)} = βTΣβ + 2tr(ΩΣΩΣ) ≤ EY 2 <∞. (S1.14)

We thus conclude ‖Ω‖∞ < ∞ and ‖ΩΣ‖ < ∞. Then, ‖(Σ̂ − Σ)Ω(Σ̂ −

Σ)‖∞ ≤ sp‖Ω‖∞‖Σ̂−Σ‖2∞ = o(1)(n−1 log p)1/2,and pr{‖ΣΩ(Σ̂−Σ)‖∞ ≥

C{log(p)/n}1/2} = O(p−1) by invoking Lemma 4 and the fact ‖ΣΩ(Σ̂ −

Σ)‖∞ = max
i,j
|eT
i ΣΩ(Σ̂−Σ)ej|. Consequently, there exist a constant C2 > 0

such that ∆1 ≤ C2{n−α/(α+1) log (p)}1/2 with probability larger than 1 −

O(p−1). Set λ1n = 3κ−1C2{n−α/(α+1) log (p)}1/2 and by Lemma 6. We can

conclude that with probability larger than 1 − O(p−1), {Ω̂y}S = 0, and

‖Ω̂y−Ω‖∞ ≤ 4κ−1C2M{n−α/(α+1) log (p)}1/2. The proof is now completed.

S1.9 Appendix E: Proof of Theorem 2

Given β̂,

Λ̂r = n−1
n∑
i=1

{(Yi − Ȳ )− (xi − x̄)Tβ}(xi − x̄)(xi − x̄)T

+n−1
n∑
i=1

(xi − x̄)T(β − β̂) · (xi − x̄)(xi − x̄)T def
= A1 + A2.

Given true β, (S1.14) ensures that βΣβ ≤ EY 2 < ∞, indicating that

‖β‖ < C for some constant C. Thus, E{exp(c1|Y − bTx|α)} ≤ C1 < ∞
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and with probability greater than 1−O(p−1),

‖A1 −Λ‖∞ ≤ C1{n−α/(α+1) log (p)}1/2. (S1.15)

Writing β̂ − β = (η1, · · · , ηp)T =
p∑

k=1

ηkek, we have,

∥∥∥ 1

n

n∑
i=1

(β̂ − β)Txi(xix
T

i )
∥∥∥
∞

=
∥∥∥ 1

n

n∑
i=1

(
p∑

k=1

ηtek

)T

xi(xix
T

i )
∥∥∥
∞

≤
p∑

k=1

|ηk| ·
∥∥∥n−1 n∑

i=1

eT

kxi(xix
T

i )
∥∥∥
∞
,

For ek, E{(eT
kx)(xxT)} = 0. By Lemma 5, there exists a large constant C2

such that,

pr
{∥∥∥n−1 n∑

i=1

eT

kxi(xix
T

i )
∥∥∥
∞
≥ C2(n

−2/3 log (p))1/2
}
≤ p−2,

which implies

pr
{∥∥∥n−1 n∑

i=1

(β̂ − β)Txi(xix
T

i )
∥∥∥
∞
≥ C2

p∑
k=1

|ηk|(n−2/3 log (p))1/2
}

≤
p∑

k=1

pr
{∥∥∥n−1 n∑

i=1

eT

kxi(xix
T

i )
∥∥∥
∞
≥ C2(n

−2/3 log (p))1/2
}
≤ p−1.

Note that
p∑

k=1

|ηk| = ‖β̂ − β‖1. With probability greater than 1− p−1,

∥∥∥n−1 n∑
i=1

(β̂ − β)Txi(xixi)
T

∥∥∥
∞
≤ C2‖β̂ − β‖1{n−2/3 log (p)}1/2,

which together with Lemma 4 yields

‖A2‖∞ ≤ C3‖β̂ − β‖1{n−2/3 log (p)}1/2. (S1.16)
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Combing (S1.15) and (S1.16), with probability greater than 1−O(p−1),

‖Λ̂r −Λ‖∞ (S1.17)

≤ ‖Λ̂r −Λ‖∞C4{n−α/(α+1) log (p)}1/2 + C5‖β̂ − β‖1{n−2/3 log (p)}1/2.

Similarly to the proof of the Theorem 1, we can set

λ2n = C6{n−α/(α+1) log (p)}1/2 + C7‖β̂ − β‖1{n−2/3 log (p)}1/2

and conclude that with probability lager than 1− O(p−1), {Ω̂r}S = 0 and

‖Ω̂r −Ω‖∞ ≤ C8Mλ2n, for some constant C8.
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