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with side information

Sihai Dave Zhao

Department of Statistics, University of Illinois at Urbana-Champaign

Supplementary Material

These supplementary materials contain simulation results when the primary and auxiliary data

are correlated, as well as proofs of Proposition 1 and Theorems 1–3 from the main text.

S1 Simulations with correlated Xi1 and Xi2

When Xi1 and Xi2 are correlated, X·2 can provide useful information for

estimating θ·1 even if θ·2 and θ·1 are completely unrelated. This section

illustrates this phenomenon in simulations that compare the oracle non-

integrative rule

δ?i (X·1) =

∑n
j=1 θj1φ{(Xi1 − θj1)/σ1}/σ1∑n
j=1 φ{(Xi1 − θj1)/σ1}/σ1

,
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where φ(x) is the standard normal density, to the oracle integrative rule

when (Xi1, Xi2) is bivariate normal with correlation r:

δ?i (X·1,X·2) =

∑n
j=1 θj1 exp{−(Xi· − θi·)>Σ−1(Xi· − θi·)/2}∑n
j=1 exp{−(Xi· − θi·)>Σ−1(Xi· − θi·)/2}

, (S1.1)

with Xi· = (Xi1, Xi2)
>, θi· = (θi1, θi2)

>, and

Σ =

 σ2
1 rσ1σ2

rσ1σ2 σ2
2

 .

The θi1 and non-informative θi2 were generated as in Section 5, and the

Xid = θid + εid for d = 1, 2, where (εi1, εi2) are bivariate normal with mean

zero and variance Σ. Figure 1 reports the average losses of these two oracle

estimators over 200 simulations for r = −0.9, 0, 0.9 and shows that the inte-

grative estimator significantly outperformed the non-integrative one when

r 6= 0.
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Figure 1: Average losses for four different configurations of θ·1, non-informative θ·2, and

three levels of correlation between Xi1 and Xi2.
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S2 Proof of Proposition 1

For any separable rule δ = (δ1, . . . , δn) ∈ S (3.2) with δi(X·1,X·2) =

f(Xi1, Xi2),

Rn(θ, δ) =
1

n

n∑
i=1

∫
{θi1 − f ?(x1, x2)}2p0i (x1, x2)dx1dx2 +

2

n

n∑
i=1

∫
{θi1 − f ?i (x1, x2)}{f ?(x1, x2)− f(x1, x2)}p0i (x1, x2)dx1dx2 +

1

n

n∑
i=1

∫
{f ?(x1, x2)− f(x1, x2)}2p0i (x1, x2)dx1dx2,

where p0i (x1, x2) equals the density of (Xi1, Xi2) as defined in (3.3). For the

f ? given in (3.4), the middle term above equals zero, so

Rn(θ, δ) =
1

n

n∑
i=1

Eθ[{θi1 − f ?(Xi1, Xi2)}2] +
1

n

n∑
i=1

Eθ[{f ?(Xi1, Xi2)− f(Xi1, Xi2)}2]

≥Rn(θ, δ?),

for any δ ∈ S. Therefore δ? achieves the minimum risk within the class of

separable rules.
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S3 Proof of Theorem 1

Denoting the density of (Xi1, Xi2) by p0i (x1, x2) as in (3.3), the risk of the

regularized oracle rule δ?ρ (3.6) can be written as

Rn(θ, δ?ρ) =
1

n

n∑
i=1

E(θi1 −Xi1)
2−

2

n

n∑
i=1

∫ ∑
j(θj1 − x1)p0j(x1, x2)
ρ+

∑
j p

0
j(x1, x2)

(θi1 − x1)p0i (x1, x2)dx1dx2 +

1

n

n∑
i=1

∫ {∑
j(θj1 − x1)p0j(x1, x2)
ρ+

∑
j p

0
j(x1, x2)

}2

p0i (x1, x2)dx1dx2.

The second term above obeys

2

n

n∑
i=1

∫ ∑
j(θj1 − x1)p0j(x1, x2)
ρ+

∑
j p

0
j(x1, x2)

(θi1 − x1)p0i (x1, x2)dx1dx2

=
2

n

∫ {∑j(θj1 − x1)p0j(x1, x2)}2

ρ+
∑

j p
0
j(x1, x2)

dx1dx2

≥ 2

n

∫ {∑
j(θj1 − x1)p0j(x1, x2)}2

ρ+
∑

j p
0
j(x1, x2)

}2∑
j

p0j(x1, x2)dx1dx2,

since ρ > 0. Therefore

Rn(θ, δ?ρ) ≤σ2
1 −

1

n

n∑
i=1

∫ {∑
j(θj1 − x1)p0j(x1, x2)
ρ+

∑
j p

0
j(x1, x2)

}2

p0i (x1, x2)dx1dx2.

Similarly, the risk of the unregularized oracle rule δ? (3.4) is

Rn(θ, δ?) =σ2
1 −

1

n

n∑
i=1

∫ {∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2

p0i (x1, x2)dx1dx2.
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Since{∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2

−

{∑
j(θj1 − x1)p0j(x1, x2)
ρ+

∑
j p

0
j(x1, x2)

}2

=

{∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2
1−

{ ∑
j p

0
j(x1, x2)

ρ+
∑

j p
0
j(x1, x2)

}2


=

{∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2{
1−

∑
j p

0
j(x1, x2)

ρ+
∑

j p
0
j(x1, x2)

}{
1 +

∑
j p

0
j(x1, x2)

ρ+
∑

j p
0
j(x1, x2)

}

≤

{∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2
2ρ

ρ+
∑

j p
0
j(x1, x2)}

,

it follows that Rn(θ, δ?ρ)−Rn(θ, δ?) is upper bounded by

2

n

∫ {∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2
ρ

ρ+
∑

j p
0
j(x1, x2)

n∑
i=1

p0i (x1, x2)dx1dx2.

To simplify notation, for any set C ⊆ R2, define

∆n(C) =
2

n

∫
C

{∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2
ρ

ρ+
∑

j p
0
j(x1, x2)

n∑
i=1

p0i (x1, x2)dx1dx2,

(S3.1)

so that Rn(θ, δ?ρ)−Rn(θ, δ?) ≤ ∆n(R2). It will be shown below that ∆n(R2)

tends to zero asymptotically. Since the regularized oracle rule δ?ρ is sepa-

rable (3.2), 0 ≤ Rn(θ, δ?ρ) − Rn(θ, δ?) as well, by Proposition 1. This will

conclude the proof.

To upper-bound ∆n(R2), define the set

Ln =

{
(x1, x2) : log n ≤

∑
i

p0i (x1, x2)

}
,
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so that, roughly,
∑

i p
0
i (x1, x2) is large on Ln. Then ∆n(R2) = ∆n(Ln) +

∆n(Lcn), and

∆n(Ln) ≤ 2ρ

ρ+ log n

1

n

∫
Ln

{∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

}2∑
j

p0j(x1, x2)dx1dx2

≤ 2ρ

ρ+ log n

1

n

∫
Ln

∑
j

(θj1 − x1)2p0j(x1, x2)dx1dx2 ≤
2ρ

ρ+ log n
σ2
1 → 0,

where the second inequality follows from Jensen’s inequality. It remains to

show that ∆(Lcn) goes to zero. To this end, further define the sets

A1 = {(x1, x2) : x1 ≤ −Cn1/4−η},

A2 = {(x1, x2) : −Cn1/4−η < x1 ≤ −Cn1/4−η},

A3 = {(x1, x2) : Cn1/4+η < x1}.

It will be shown that ∆n(Lcn∩A1), ∆n(Lcn∩A2), and ∆n(Lcn∩A3) converge

to zero.

First,

∆n(Lcn∩A1) ≤
2

n

∫
Lcn∩A1

∑
j(θj1 − x1)p0j(x1, x2)∑

j p
0
j(x1, x2)

n∑
i=1

(θi1−x1)p0i (x1, x2)dx1dx2.

Defining the function g(x) = exp{x/(2σ2
1)}, Jensen’s inequality gives

g

{∑
j(θj1 − x1)2p0j(x1, x2)∑

j p
0
j(x1, x2)

}
≤
∑

j g{(θj1 − x1)2}p0j(x1, x2)∑
j p

0
j(x1, x2)

=

∑
j(2πσ1σ2)

−1 exp{−(x2 − θj2)/σ2
2}∑

j p
0
j(x1, x2)

≤ (2πσ1σ2)
−1n∑

j p
0
j(x1, x2)

,

which is always at least 1. Combining this with another application of
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Jensen’s inequality implies∣∣∣∣∣
∑

j(θj1 − x1)p0j(x1, x2)∑
j p

0
j(x1, x2)

∣∣∣∣∣ ≤
{∑

j(θj1 − x1)2p0j(x1, x2)∑
j p

0
j(x1, x2)

}1/2

≤

{
2σ2

1 log
(2πσ1σ2)

−1n∑
j p

0
j(x1, x2)

}1/2

.

(S3.2)

Since |θj1| ≤ Cn1/4−η by Assumption 1, θi1 − x1 ≥ 0 on A1, so

∆n(Lcn∩A1) ≤
2

n

∫
Lcn∩A1

{
2σ2

1 log
(2πσ1σ2)

−1n∑
j p

0
j(x1, x2)

}1/2 n∑
i=1

(θi1−x1)p0i (x1, x2)dx1dx2.

Now for each value of x2, define the function

ux2(x1) = n−12πσ1σ2
∑
j

p0j(x1, x2)

so that

dux2
dx1

= n−12πσ1σ2
∑
j

(θj1 − x1)p0j(x1, x2)dx1.

This implies that

∆n(Lcn ∩ A1)

≤ 1

πσ1σ2

∫ ∞
−∞

∫ ux2 (−Cn
1/4−η)

ux2 (−∞)

I{n−12πσ1σ2 log n ≥ ux2(x1)}
(

2σ2
1 log

1

ux2

)1/2

dux2dx2

=
1

πσ2

∫ ∞
−∞

∫ ux2 (−Cn
1/4−η)

ux2 (−∞)

I{n−12πσ1σ2 log n ≥ ux2(x1)}
(

log
1

ux2

)1/2

dux2dx2

Since θj1 − x1 > 0 for all j on A1. Therefore, ux2(x1) is increasing on A1

and ux2(−Cn1/4−η) > 0. Then

∆n(Lcn ∩ A1) ≤
1

πσ2

∫ ∞
−∞

∫ n−12πσ1σ2 logn∧ux2 (−Cn
1/4−η)

0

(
log

1

u2x2

)1/2

dux2dx2

≤ 1

πσ2

∫ ∞
−∞

{∫ ux2 (−Cn
1/4−η)

0

1dux2

}1/2{∫ n−12πσ1σ2 logn

0

log
1

u2x2
dux2

}1/2

dx2,
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where the last line follows from the Cauchy-Schwarz inequality. Integrating

by parts gives

∫ n−12πσ1σ2 logn

0

log
1

u2x2
dux2 =ux2 log

1

u2x2

∣∣∣∣n−12πσ1σ2 logn

0

+

∫ n−12πσ1σ2 logn

0

2dux2dx2

=
2πσ1σ2 log n

n

(
2 log

n

2πσ1σ2 log n
+ 2

)
,

so

∆n(Lcn∩A1) ≤
2σ1 log1/2 n

n

(
2 log

n

2πσ1σ2 log n
+ 2

)1/2 ∫ ∞
−∞

{∑
j

p0j(−Cn1/4−η, x2)

}1/2

dx2.

Finally, first integrate the remaining integral over x2 ≤ −Cn1/4−η. Since

|θj2| ≤ Cn1/4−η by Assumption 1, it follows that θj2−x2 ≥ −Cn1/4−η−x2 ≥

0 for all j = 1, . . . , n and thus that (θj2−x2)2 ≥ (−Cn1/4−η−x2)2. Therefore

∑
j

p0j(−Cn1/4−η, x2) =
1

2πσ1σ2

∑
j

exp

{
− 1

2σ2
1

(−Cn1/4−η − θj1)2
}

exp

{
− 1

2σ2
2

(x2 − θj2)2
}

≤ n

2πσ1σ2
exp

{
− 1

2σ2
2

(x2 + Cn1/4−η)2
}
,

which implies that

∫ −Cn1/4−η

−∞

{∑
j

p0j(−Cn1/4−η, x2)

}1/2

dx2

≤
∫ −Cn1/4−η

−∞

n1/2

(2πσ1σ2)1/2
exp

{
− 1

4σ2
2

(x2 + Cn1/4−η)2
}
dx2

≤ (2σ2n)1/2

σ
1/2
1

∫ −Cn1/4−η

−∞

1

(2π2σ2
2)1/2

exp

{
− 1

4σ2
2

(x2 + Cn1/4−η)2
}
dx2 ≤

(2σ2n)1/2

σ
1/2
1

.
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A similar calculation shows that on Cn1/4−η < x2,∫ ∞
Cn1/4−η

{∑
j

p0j(−Cn1/4−η, x2)

}1/2

dx2 ≤
(2σ2n)1/2

σ
1/2
1

as well. Finally, on −Cn1/4−η < x2 ≤ Cn1/4−η,∫ Cn1/4−η

−Cn1/4−η

{∑
j

p0j(−Cn1/4−η, x2)

}1/2

dx2 ≤
n1/2

(2πσ1σ2)1/2
2Cn1/4−η.

Putting these results together shows that ∆n(Lcn ∩ A1) is at most

2σ1 log1/2 n

n

(
2 log

n

2πσ1σ2 log n
+ 2

)1/2
{

2
(2σ2n)1/2

σ
1/2
1

+
n1/2

(2πσ1σ2)1/2
2Cn1/4−η

}
→ 0.

A very similar calculation can be used to show that ∆n(Lcn ∩ A3) → 0 as

well.

It remains to bound ∆n(Lcn ∩ A2). Denote u(x1, x2) =
∑

j p
0
j(x1, x2)

and use (S3.2) see that ∆n(Lcn ∩ A2) is at most

4σ2
1

n

∫ ∞
−∞

∫ Cn1/4−η

−Cn1/4−η
I{log n ≥ u(x1, x2)} log

(2πσ1σ2)
−1n

u(x1, x2)
u(x1, x2)dx1dx2.

Now for any constant K,

d

du

(
u1/2 log

K

u

)
=

1

u1/2

(
1

2
log

K

u
− 1

)
.

This implies that the function u1/2 log(K/u) increases for u ≤ Ke−2 and de-

creases thereafter. Now consider the function 2u1/2, which equals u1/2 log(K/u)

at u = Ke−2 and increases thereafter. Therefore u1/2 log(K/u) is upper-

bounded by the nondecreasing function u1/2{2 ∨ log(K/u)}. Therefore
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∆n(Lcn ∩ A2) is at most

4σ2
1

n

∫ ∞
−∞

∫ Cn1/4−η

−Cn1/4−η
I{log n ≥ u(x1, x2)}

{
2 ∨ log

(2πσ1σ2)
−1n

u(x1, x2)

}
u(x1, x2)dx1dx2

≤ 4σ2
1 log1/2 n

n

{
2 ∨ log

(2πσ1σ2)
−1n

log n

}∫ ∞
−∞

∫ Cn1/4−η

−Cn1/4−η
u1/2(x1, x2)dx1dx2

≤ 4σ2
1 log1/2 n

n

{
2 ∨ log

(2πσ1σ2)
−1n

log n

}
2Cn1/4−η

(2πσ1σ2)1/2
×

∫ ∞
−∞

[∑
j

exp

{
− 1

2σ2
2

(x2 − θj2)2
}]1/2

dx2.

To finish bounding ∆n(Lcn∩A2), integrate over x2 ≤ −Cn1/4−η, −Cn1/4−η <

x2 ≤ Cn1/4−η, and Cn1/4−η < x2, as was done when bounding ∆n(Lcn∩A1).

Using Assumption 1, it can be shown that

∫ ∞
−∞

[∑
j

exp

{
− 1

2σ2
2

(x2 − θj2)2
}]1/2

dx2 ≤ n1/2(4π1/2σ2 + 2Cn1/4−η),

which means that

∆n(Lcn∩A2) ≤
4σ2

1 log1/2 n

n1/2

{
2 ∨ log

(2πσ1σ2)
−1n

log n

}
2Cn1/4−η

(2πσ1σ2)1/2
(4π1/2σ2+2Cn1/4−η)→ 0.
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S4 Proof of Theorem 2

S4.1 Outline

For the parameter vector t = (t11, . . . , tn1, t12, . . . , tn2), define the function

f(x1, x2, µ; t) =

∑
j(tj1 − x1)2p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; t1, t2)

− σ2
1

∑
j p(x1, x2; tj1, tj2)

ρ+
∑

j p(x1, x2; tj1, tj2)
−{∑

j(t1j − x1)p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; tj1, tj2)

}2

− (x1 − µ)

∑
j(t1j − x1)p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; tj1, tj2)

.

(S4.1)

Then it is straightforward to show that

sure(t)− `n(t) = σ2
1 −

1

n

n∑
i=1

(Xi1 − θi1)2 +
2

n

n∑
i=1

f(Xi1, Xi2, θi1; t).

By Jensen’s inequality,{
E

∣∣∣∣∣σ2
1 −

1

n

∑
i

(Xi1 − θi1)2
∣∣∣∣∣
}2

≤E

{
σ2
1 −

1

n

∑
i

(Xi1 − θi1)2
}2

=σ4
1 −

2σ2
1

n

∑
i

E(Xi1 − θi1)2 +
1

n2
E

{∑
i

(Xi1 − θi1)2
}2

= − σ4
1 +

σ4
1

n2
E

{∑
i

(
Xi1 − θi1

σ1

)2
}2

.

Next, the variable
∑

i(Xi1−θi1)2/σ2
1 has a χ2

n distribution, which has mean

n and variance 2n. Therefore{
E

∣∣∣∣∣σ2
1 −

1

n

∑
i

(Xi1 − θi1)2
∣∣∣∣∣
}2

≤ −σ4
1 +

σ4
1

n2
(n2 + 2n) =

2σ4
1

n
→ 0.
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The remainder of the proof uses empirical process techniques to show that

E sup
t∈T

∣∣∣∣∣ 1n∑
i

f(Xi1, Xi2, θi1; t)

∣∣∣∣∣→ 0.

S4.2 Symmetrization

The terms f(Xi1, Xi2, θi1; t) are independent but not identically distributed.

Nevertheless, the proof of the symmetrization Lemma 2.3.1 of van der Vaart

and Wellner (1996) still holds and implies that

E sup
t∈T

∣∣∣∣∣ 1n∑
i

{f(Xi1, Xi2, θi1; t)− Ef(Xi1, Xi2, θi1; t)}

∣∣∣∣∣ ≤ 2E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)

∣∣∣∣∣ ,
where the εi are Rademacher random variables independent of the Xi1 and

Xi2. Using Stein (1981), it can be shown that Ef(Xi1, Xi2, θi1; t) = 0.

Therefore it only remains to show that

E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)

∣∣∣∣∣→ 0. (S4.2)

S4.3 Truncation

This section first constructs a function Fn(x1, µ) that satisfies |f(x1, x2, µ; t)| ≤

Fn(x1, µ) as well as E{Fn(Xi1, µ)} < ∞, for f defined in (S4.1). By the
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triangle inequality,

|f(x1, x2, µ; t)|

≤
∑

j(tj1 − x1)2p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; t1, t2)

+ σ2
1 +{∑

j(t1j − x1)p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; tj1, tj2)

}2

+ |x1 − µ|

∣∣∣∣∣
∑

j(t1j − x1)p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; tj1, tj2)

∣∣∣∣∣ .
Using Jensen’s inequality as in (S3.2), it follows that∑

j(tj1 − x1)2p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; t1, t2)

≤
∑

j p(x1, x2; t1, t2)

ρ+
∑

j p(x1, x2; t1, t2)
2σ2

1 log
(2πσ1σ2)

−1n∑
j p(x1, x2; t1, t2)

.

Let y = p(x1, x2; t1, t2) and C = (2πσ1σ2)
−1n such that this upper bound

can be written as

u(y) =
y

ρ+ y
2σ2

1 log
C

y
,

where 0 ≤ y ≤ C by the definition of p(x1, x2; t1, t2) in (3.3). Since

u′(y) =
2σ2

1

ρ+ y

(
ρ

ρ+ y
log

C

y
− 1

)
and the function {ρ/(ρ + y)} log(C/y) − 1 is monotone decreasing, u(y)

attains a unique maximum at a y? that satisfies u′(y?) = 0. This implies

that

u(y) ≤ 2σ2
1y

?

ρ

ρ

ρ+ y?
log

C

y?
=

2σ2
1y

?

ρ

for all 0 ≤ y ≤ C. The exact value of y? is difficult to determine exactly,

by assumption 0 < ρ ≤ 1, so for every n ≥ 2πσ1σ2e
1/e, ρ + logC ≥ 0,
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log logC ≥ −1, and

u′(logC) =
2σ2

2

ρ+ logC

ρ logC − ρ log logC − ρ− logC

ρ+ logC
≤ 2σ2

2

ρ+ logC

(ρ− 1) logC

ρ+ logC
≤ 0.

Since u′(y?) = 0, it follows that y? ≤ logC and u(y) ≤ (2σ2
1 logC)/ρ, or in

other words, ∑
j(tj1 − x1)2p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; t1, t2)

≤ 2σ2
1

ρ
log

n

2πσ1σ2
. (S4.3)

Furthermore, by Jensen’s inequality{∑
j(tj1 − x1)p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; t1, t2)

}2

≤
∑

j(tj1 − x1)2p(x1, x2; tj1, tj2)
ρ+

∑
j p(x1, x2; t1, t2)

.

Therefore |f(x1, x2, µ; t)| ≤ Fn(x1, µ) for the function

Fn(x1, µ) = σ2
1 +

4σ2
1

ρ
log

n

2πσ1σ2
+

21/2σ1
ρ1/2

|x1 − µ| log1/2 n

2πσ1σ2
. (S4.4)

The next step to truncate f (S4.1) in expression (S4.2), which will be

useful when applying a maximal inequality later in the proof. Define

Cn = (2σ2
1 log log n)1/2. (S4.5)

By the triangle inequality and the construction of the function Fn (S4.4),

E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)

∣∣∣∣∣ ≤E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣ +

1

n

∑
i

E{Fn(Xi1, θi1)I(|Xi1 − θi1| > Cn)}.
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For each i, E{Fn(Xi1, θi1)I(|Xi1 − θi1| > Cn)} equals

(
σ2
1 +

4σ2
1

ρ
log

n

2πσ1σ2

)
P (|Xi1 − θi1| > Cn)+

21/2σ1
ρ1/2

E{|Xi1 − θi1|I(|Xi1 − θi1| > Cn)} log1/2 n

2πσ1σ2

By Mill’s inequality,

P (|Xi1 − θi1| > Cn) =P (σ−11 |Xi1 − θi1| > σ−11 Cn) ≤ 21/2σ1
π1/2Cn log n

and furthermore,

E{|Xi1 − θi1|I(|Xi1 − θi1| > Cn)} =

∫
|z|I(|z| > Cn)

1

(2πσ2
1)1/2

exp

(
− 1

2σ2
1

z2
)
dz

= − 2σ1
(2π)1/2

∫ ∞
Cn

(
− z

σ2
1

)
exp

(
− 1

2σ2
1

z2
)
dz

=
2σ1

(2π)1/2 log n
.

This implies that n−1
∑

iE{Fn(Xi1, θi1)I(|Xi1 − θi1| > Cn) = O(C−1n )→ 0,

and it remains to show that

E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣→ 0. (S4.6)
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S4.4 Approximation and covering number

For Cn1/4−η as in Assumption 1 and some integer Kn that can grow with

n, define

U(Kn) =
{

(u11, . . . , uKn1, u12, . . . , uKn2) : |ukd| ≤ Cn1/4−η, k = 1, . . . , Kn, d = 1, 2
}
,

W(Kn) =

{
(w1, . . . , wKn) : wk > 0,

∑
k

wk = 1

}
.

(S4.7)

Next define functions

g(x1, x2, µ;u,w)

=

∑Kn
k=1(uk1 − x1)2p(x1, x2;uk1, uk2)wk
ρn−1 +

∑Kn
k=1 p(x1, x2;uk1, uk2)wk

− σ2
1

∑Kn
k=1 p(x1, x2;uk1, uk2)

ρn−1 +
∑Kn

k=1 p(x1, x2;uk1, uk2)wk
−{∑Kn

k=1(uk1 − x1)p(x1, x2;uk1, uk2)wk
ρn−1 +

∑Kn
k=1 p(x1, x2;uk1, uk2)wk

}2

− |x− µ|
∑Kn

k=1(uk1 − x1)p(x1, x2;uk1, uk2)wk
ρn−1 +

∑Kn
k=1 p(x1, x2;uk1, uk2)wk

(S4.8)

indexed by u ∈ U(Kn) and w ∈ W(Kn). This section constructs discrete

subsets U(Kn) ⊂ U(Kn) and W(Kn) ⊂ W(Kn) such that for all t ∈ T

(4.10), there exists some (u,w) ∈ U(Kn) ×W(Kn) such that conditional

on the (Xi1, Xi2), for any ε > 0,

1

n

n∑
i=1

|f(Xi1, Xi2, θi1; t)− g(Xi1, Xi2, θi1;u,w)| ≤ ε (S4.9)

for n sufficiently large, with Cn defined in (S4.5).

The ε-covering number N (T ) of the set of functions f(x1, x2, µ; t) in-

dexed by t ∈ T is defined to be the cardinality of the smallest set U(Kn)×
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W(Kn) such that (S4.9) holds. This section establishes an upper bound for

this covering number, which will be a function of the (Xi1, Xi2) and Kn.

The proof makes use of the following lemmas.

Lemma 1. For any γn ≤ e−e and any integer q > 0, define

Mn = max
j,d

|Xjd|+ Cn1/4−η

σd
,

Ln =

(
1 +

M2
ne

2

)
log

1

γn
,

Kn = (2Ln − 2 + q)(2Ln − 2) + 1.

(S4.10)

Then for each t ∈ T (4.10) there exist Kn support points µ ∈ U(Kn) and

ω ∈ W(Kn), with U(Kn) and W(Kn) defined in (S4.7), such that for each

(Xi1, Xi2),∣∣∣∣∣ 1n
n∑
j=1

(tj1 −Xi1)
qp(Xi1, Xi2; tj1, tj2)−

Kn∑
k=1

(µk1 −Xi1)
qp(Xi1, Xi2;µk1, µk2)ωk

∣∣∣∣∣
≤ γn + 2

πσ1σ2
σq1M

q
nγn.

Proof. By Taylor expansion and because Ln! ≥ LLnn e−Ln ,∣∣∣∣∣exp

{
− 1

2σ2
d

(Xid − tjd)2
}
−

Ln−1∑
l=0

(−1)l(Xid − tjd)2l

(2σ2
d)
ll!

∣∣∣∣∣ ≤ |Xid − tjd|2Ln
(2σ2

d)
LnLn!

≤
(
|Xid − tjd|2e

2σ2
dLn

)Ln
for d = 1, 2. By assumption, t ∈ T , so

|Xid − tjd|2e
2σ2

dLn
≤ M2

ne

2Ln
.

Then choosing Ln as in (S4.10) guarantees that

log

(
M2

ne

2σ2
dLn

)Ln
≤
(

1 +
Mn

2

)
log

1

γn

(
− log log

1

γn

)
≤ log γn,
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where the last inequality follows because since γn < e−e by assumption,

log γn < 0 while log log γ−1n ≥ 1. Therefore∣∣∣∣∣exp

{
− 1

2σ2
d

(Xid − tjd)2
}
−

Ln−1∑
l=0

(−1)l(Xid − tjd)2l

(2σ2
d)
ll!

∣∣∣∣∣ ≤ γn,

which also implies that∣∣∣∣∣
Ln−1∑
l=0

(−1)l(Xid − tjd)2l

(2σ2
d)
ll!

∣∣∣∣∣ ≤ γn + 1.

This imply that∣∣∣∣∣ 1n
n∑
j=1

(tj1 −Xi1)
qp(Xi1, Xi2; tj1, tj2)−

1

n

n∑
j=1

(tj1 −Xi1)
q

2πσ1σ2

2∏
d=1

Ln−1∑
l=0

(−1)l(Xid − tjd)2l

(2σ2
d)
ll!

∣∣∣∣∣
≤ 1

n

n∑
j=1

|tj1 −Xi1|q

2πσ1σ2

∣∣∣∣∣exp

{
− 1

2σ2
1

(Xi1 − tj1)2
}
−

Ln−1∑
l=0

(−1)l(Xi1 − tj1)2l

(2σ2
1)ll!

∣∣∣∣∣ +

1

n

n∑
j=1

|tj1 −Xi1|q(γn + 1)

2πσ1σ2

∣∣∣∣∣exp

{
− 1

2σ2
2

(Xi2 − tj2)2
}
−

Ln−1∑
l=0

(−1)l(Xi2 − tj2)2l

(2σ2
2)ll!

∣∣∣∣∣
≤ γn + 2

2πσ1σ2
σq1M

q
nγn. (S4.11)

Next, by binomial expansion,

1

n

n∑
j=1

(tj1 −Xi1)
q

2πσ1σ2

2∏
d=1

Ln−1∑
l=0

(−1)l(Xid − tjd)2l

(2σ2
d)
ll!

=
1

2πσ1σ2
×

Ln−1∑
`,`′=0

(−1)`(−1)`
′

(2σ2
1)``!(2σ2

2)`′`′!

2`+q∑
m=0

2`′∑
m′=0

(
2`+ q

m

)
(−Xi1)

2`+q−m
(

2`′

m′

)
(−Xi2)

2`′−m′
n∑
j=1

tmj1t
m′

j2 n
−1.

Lemma A.1 of Ghosal and Van Der Vaart (2001) can be used to show

that for Kn as in (S4.10), there exist µ ∈ U(Kn) and ω ∈ W(Kn) (S4.7)

such that
∑n

j=1 t
m
j1t

m′
j2 n =

∑Kn
k=1 µ

m
k1µ

m′

k2ωk for every 0 ≤ m ≤ 2` + q and
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0 ≤ m′ ≤ 2`′. Therefore

1

n

n∑
j=1

(tj1 −Xi1)
q

2πσ1σ2

2∏
d=1

Ln−1∑
l=0

(−1)l(Xid − tjd)2l

(2σ2
d)
ll!

=
Kn∑
k=1

(µk1 −Xi1)
q

2πσ1σ2

2∏
d=1

Ln−1∑
l=0

(−1)l(Xid − ukd)2l

(2σ2
d)
ll!

ωk.

(S4.12)

Finally, by the same reasoning that led to (S4.11),∣∣∣∣∣
Kn∑
k=1

(µk1 −Xi1)
q

2πσ1σ2

2∏
d=1

Ln−1∑
l=0

(−1)l(Xid − ukd)2l

(2σ2
d)
ll!

ωk −
Kn∑
k=1

(uk1 −Xi1)
qp(Xi1, Xi2;uk1, uk2)ωk

∣∣∣∣∣
≤ γn + 2

2πσ1σ2
σq1M

q
nγn (S4.13)

Combining (S4.11), (S4.12), and (S4.13) concludes the proof. �

Next, for any γn > 0, define the discrete sets

U(Kn) ⊂ U(Kn) such that for any µ ∈ U(Kn), inf
u∈U(Kn)

max
k,d
|ukd − µkd| ≤ γn,

W(Kn) ⊂ W(Kn) such that for any ω ∈ W(Kn), inf
w∈W(Kn)

Kn∑
k=1

|wk − ωk| ≤ γn.

(S4.14)

The set U(Kn) can be constructed by specifying a grid of equally-spaced

points on the interval [−Cn1/4−η, Cn1/4−η], where any two neighboring points

are separated by at most a distance γn, for each of the 2Kn dimensions of

the vector µ ∈ U(Kn). Therefore the cardinality of the smallest possible

U(Kn) satisfies

|U(Kn)| ≤
(
d2Cn1/4−η/γne+ 1

)2Kn
. (S4.15)

Arguments from Jiang et al. (2009) and Zhang (2009) imply that the car-
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dinality of the smallest possible W(Kn) satifies

|W(Kn)| ≤ (2/γn + 1)Kn . (S4.16)

Lemma 2. For any (µ,ω) ∈ U(Kn)×W(Kn) (S4.7) and any integer q > 0,

there exists (u,w) ∈ U(Kn)×W(Kn) (S4.14) and a constant Dq such that

for each (Xi1, Xi2),∣∣∣∣∣
Kn∑
k=1

(µk1 −Xi1)
qp(Xi1, Xi2;µk1, µk2)ωk −

Kn∑
k=1

(uk1 −Xi1)
qp(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣
≤
(
M q

n +
Dq

σ1
+
DqM

q
n

σ2

)
σq1

2πσ1σ2
γn.

Proof. For any (µ,ω) ∈ U(Kn) ×W(Kn), by construction of W(Kn)

(S4.14) there exists a w ∈W(Kn) such that∣∣∣∣∣
Kn∑
k=1

(µk1 −Xi1)
qp(Xi1, Xi2;µk1, µk2)(ωk − wk)

∣∣∣∣∣ ≤ σq1M
q
n

2πσ1σ2
γn, (S4.17)

and for any u ∈ U(Kn),∣∣∣∣∣
Kn∑
k=1

{(µk1 −Xi1)
qp(Xi1, Xi2;µk1, µk2)− (uk1 −Xi1)

qp(Xi1, Xi2;uk1, uk2)}wk

∣∣∣∣∣
≤

Kn∑
k=1

∣∣∣∣(µk1 −Xi1)
q

σq1
exp

{
−(Xi1 − µk1)2

2σ2
1

}
− (uk1 −Xi1)

q

σq
exp

{
−(Xi1 − uk1)2

2σ2
1

}∣∣∣∣ σq1wk
2πσ1σ2

+

Kn∑
k=1

∣∣∣∣exp

{
−(Xi2 − µk2)2

2σ2
2

}
− exp

{
−(Xi2 − uk2)2

2σ2
2

}∣∣∣∣ σq1M q
nwk

2πσ1σ2
.

Define the function

hq(x) = xq exp(−x2/2)
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for q ≥ 0. Now if u is also in U(Kn) (S4.14), then by construction

∣∣∣∣∣
Kn∑
k=1

{(µk1 −Xi1)
qp(Xi1, Xi2;µk1, µk2)− (uk1 −Xi1)

qp(Xi1, Xi2;uk1, uk2)}wk

∣∣∣∣∣
≤

Kn∑
k=1

sup
x
|h′q(x)|

∣∣∣∣µk1 −Xi1

σ1
− uk1 −Xi1

σ1

∣∣∣∣ σq1wk
2πσ1σ2

+

Kn∑
k=1

sup
x
|h′0(x)|

∣∣∣∣µk2 −Xi2

σ2
− uk2 −Xi2

σ2

∣∣∣∣ σq1M q
nwk

2πσ1σ2

≤ sup
x
|h′q(x)| σq1

2πσ2
1σ2

γn + sup
x
|h′0(x)| σ

q
1M

q
n

2πσ1σ2
2

γn.

Since

h′q(x) = (q − x2)xq−1 exp(−x2/2),

h′′q(x) = {q(q − 1)− (2q + 1)x2 + x4}xq−2 exp(−x2/2),

the first derivative of {h′q(x)}2 is given by

d

dx
{h′q(x)}2 = 2h′q(x)h′′q(x)

= (q − x2)
{
x2 − 2q + 1 + (8q + 1)1/2

2

}{
x2 − 2q + 1− (8q + 1)1/2

2

}
x2q−3 exp(−x2/2).

Therefore {h′q(x)}2 has at most seven stationary points, is increasing for x

smaller than the smallest negative stationary point, and is decreasing for x

larger than the largest positive stationary point. Therefore the maximum

value of |h′q(x)| can only occur at one of the seven stationary points, at
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which |h′q(x)| is finite. Therefore there is some constant Dq such that∣∣∣∣∣
Kn∑
k=1

{(µk1 −Xi1)
qp(Xi1, Xi2;µk1, µk2)− (uk1 −Xi1)

qp(Xi1, Xi2;uk1, uk2)}wk

∣∣∣∣∣
≤Dq

(
σq1

2πσ2
1σ2

+
σq1M

q
n

2πσ1σ2
2

)
γn.

(S4.18)

Combining (S4.17) and (S4.18) concludes the proof. �

For Kn (S4.10) large enough, the result (S4.9), that f (S4.1) can be in

a sense approximated by g (S4.8), can now be established using Lemmas 1

and 2. For each (Xi1, Xi2),

|f(Xi1, Xi2, θi1; t)− g(Xi1, Xi2, θi1;u,w)| ≤∣∣∣∣∣
∑n

j (tj1 −Xi1)
2p(Xi1, Xi2; tj1, tj2)n

−1

ρn−1 +
∑n

j p(Xi1, Xi2; t1, t2)n−1
−
∑Kn

k (uk1 −Xi1)
2p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ +

(S4.19)

σ2
1

∣∣∣∣∣
∑n

j p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
−

∑Kn
k p(Xi1, Xi2;uk1, uk2)

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ +

(S4.20)∣∣∣∣∣∣
{∑n

j (t1j −Xi1)p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1

}2

−

{∑Kn
k (uk1 −Xi1)p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

}2
∣∣∣∣∣∣ +

(S4.21)

|Xi1 − θi1|

∣∣∣∣∣
∑n

j (t1j −Xi1)p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
−
∑Kn

k (uk1 −Xi1)p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ .
(S4.22)

The terms (S4.19)–(S4.22) can be bounded using (S4.3) and Lemmas 1
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and 2. For Ln as defined in (S4.10) and

Kn = 4L2
n + 1, (S4.23)

there exist (u,w) ∈ U(Kn)×W(Kn) (S4.14) such that for any γn ≤ e−e,

(S4.19) ≤

∣∣∣∣∣
∑n

j (tj1 −Xi1)
2p(Xi1, Xi2; tj1, tj2)n

−1

ρn−1 +
∑n

j p(Xi1, Xi2; t1, t2)n−1
−
∑Kn

k (uk1 −Xi1)
2p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1

∣∣∣∣∣ +∣∣∣∣∣
∑Kn

k (uk1 −Xi1)
2p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
−
∑Kn

k (uk1 −Xi1)
2p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣
≤ n
ρ

∣∣∣∣∣
n∑
j

(tj1 −Xi1)
2p(Xi1, Xi2; tj1, tj2)n

−1 −
Kn∑
k

(uk1 −Xi1)
2p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ +

n

ρ

∑Kn
k (uk1 −Xi1)

2p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk
×∣∣∣∣∣

n∑
j

p(Xi1, Xi2; tj1, tj2)n
−1 −

Kn∑
k

p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ ,

so by Lemmas 1 and 2,

(S4.19) ≤ n
ρ

{
(γn + 2)σ2

1M
2
n

πσ1σ2
+

(
M2

n +
D2

σ1
+
D2M

2
n

σ2

)
σ2
1

2πσ1σ2

}
γn +

2σ2
1n

ρ2
log

n

2πσ1σ2

{
γn + 2

πσ1σ2
+

(
1 +

D0

σ1
+
D0

σ2

)
1

2πσ1σ2

}
γn.
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Similarly,

(S4.20) ≤σ2
1

∣∣∣∣∣
∑n

j p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
−

∑Kn
k p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1

∣∣∣∣∣ +

σ2
1

∣∣∣∣∣
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk
ρn−1 +

∑n
j p(Xi1, Xi2; tj1, tj2)n−1

−
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣
≤ σ

2
1n

ρ

∣∣∣∣∣
n∑
j

p(Xi1, Xi2; tj1, tj2)n
−1 −

Kn∑
k

p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ +

σ2
1n

ρ

∑Kn
k p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk
×∣∣∣∣∣

n∑
j

p(Xi1, Xi2; tj1, tj2)n
−1 −

Kn∑
k

p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣
≤ 2σ2

1n

ρ

{
γn + 2

πσ1σ2
+

(
1 +

D0

σ1
+
D0

σ2

)
1

2πσ1σ2

}
γn.

Next, using Jensen’s inequality and the bound (S4.3),

(S4.21) =

∣∣∣∣∣
∑n

j (t1j −Xi1)p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
+

∑Kn
k (uk1 −Xi1)p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ ×∣∣∣∣∣
∑n

j (t1j −Xi1)p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
−
∑Kn

k (uk1 −Xi1)p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣
≤ 2

(
2σ2

1

ρ
log

n

2πσ1σ2

)1/2

×∣∣∣∣∣
∑n

j (t1j −Xi1)p(Xi1, Xi2; tj1, tj2)n
−1

ρn−1 +
∑n

j p(Xi1, Xi2; tj1, tj2)n−1
−
∑Kn

k (uk1 −Xi1)p(Xi1, Xi2;uk1, uk2)wk

ρn−1 +
∑Kn

k p(Xi1, Xi2;uk1, uk2)wk

∣∣∣∣∣ .
By similar reasoning as in the bounding of (S4.19), it follows that

(S4.21) ≤ 2

(
2σ2

1

ρ
log

n

2πσ1σ2

)1/2
n

ρ

{
(γn + 2)σ1Mn

πσ1σ2
+

(
Mn +

D1

σ1
+
D1Mn

σ2

)
σ1
1

2πσ1σ2

}
γn +

4σ2
1n

ρ2
log

n

2πσ1σ2

{
γn + 2

πσ1σ2
+

(
1 +

D0

σ1
+
D0

σ2

)
1

2πσ1σ2

}
γn,
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and that

(S4.22) ≤ σ1Mnn

ρ

{
(γn + 2)σ1Mn

πσ1σ2
+

(
Mn +

D1

σ1
+
D1Mn

σ2

)
σ1
1

2πσ1σ2

}
γn +

σ1Mnn

ρ

(
2σ2

1

ρ
log

n

2πσ1σ2

)1/2{
γn + 2

πσ1σ2
+

(
1 +

D0

σ1
+
D0

σ2

)
1

2πσ1σ2

}
γn.

Finally, choose

γn = {n(Mn + 1)2 log2 n}−1, (S4.24)

so that as long as n log2 n > ee, γn ≤ n−e and Lemmas 1 and 2 can be

applied to obtain the bounds on (S4.19)–(S4.22). These bounds then im-

ply that for Cn as in (S4.5), Mn and Ln as in (S4.10), Kn as in (S4.23),

and U(Kn) and W(Kn) constructed as in (S4.14), for any t ∈ T (4.10)

there exists some (u,w) ∈ U(Kn) ×W(Kn) such that conditional on the

(Xi1, Xi2),

1

n

n∑
i=1

|f(Xi1, Xi2, θi1; t)− g(Xi1, Xi2, θi1;u,w)| ≤ O
{
n(Mn + 1)2 log n

}
γn.

With γn as in (S4.24), for any ε > 0 there exists a sufficiently large n such

that the approximation result (S4.9) holds. The cardinality bounds (S4.15)

and (S4.16) imply that the ε-covering number N (T ) of the f(x1, x2, µ; t)

indexed by t ∈ T obeys

logN (T ) ≤ 2Kn log(2Cn1/4−η/γn + 1) +Kn log(2/γn + 1)

≤Kn logC1 +Kn log(n1/2−2η/γ3n),
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where C and η are defined in Assumption 1 and C1 and C2 are positive con-

stants. Since Kn = 4L2
n+1 from (S4.23) and Ln = (1+M2

ne/2) log(1/γn) >

1 from (S4.10), Kn ≤ 5L2
n and there is a constant C2 such that

logN (T ) ≤C2(Mn + 1)4 log2{n(Mn + 1)2 log2 n}×[
logC1 + log{n1/2−2ηn3(Mn + 1)6 log6 n}

]
.

(S4.25)

S4.5 Maximal inequality

This section concludes the proof of Theorem 2 by showing (S4.6). First,

the supremum over the infinite set T can be converted to a maximum over

the discrete set U(Kn) ×W(Kn) constructed in (S4.14). For any t ∈ T ,

using the approximation result (S4.9) there exists a (u,w) inside a suitably

constructed set U(Kn)×W(Kn) (S4.14) such that for any ε > 0, there exists

a sufficiently large n such that∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣
≤

∣∣∣∣∣ 1n∑
i

εig(Xi1, Xi2, θi1;u,w)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣+ ε,

where εi are Rademacher variables and Cn = (2σ2
1 log log n)1/2 from (S4.5).

Since U(Kn)×W(Kn) is discrete, it follows that

E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣
≤E max

(u,w)∈U(Kn)×W(Kn)

∣∣∣∣∣ 1n∑
i

εig(Xi1, Xi2, θi1;u,w)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣+ ε.
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To bound the expectation of the maximum over U(Kn)×W(Kn), define

the convex function ψ(x) = exp(x2)−1. Using Lemma 2.2.2 of van der Vaart

and Wellner (1996), it can be shown that there is a constant A such that

Eε max
(u,w)∈U(Kn)×W(Kn)

∣∣∣∣∣ 1n∑
i

εig(Xi1, Xi2, θi1;u,w)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣
≤A{1 + logN (T )}1/2 max

(u,w)∈U(Kn)×W(Kn)

∥∥∥∥∥ 1

n

∑
i

εig(Xi1, Xi2, θi1;u,w)I(|Xi1 − θi1| ≤ Cn)

∥∥∥∥∥
ψ

,

where Eε is the expectation over the εi conditional on the (Xi1, Xi2) and

‖X‖ψ is the Orlicz norm of the random variable X with respect to the func-

tion ψ(x). It is straightforward to show that |g(x1, x2, µ;u,w)| ≤ Fn(x1, µ)

for the function Fn defined in (S4.4), so by Hoeffding’s inequality and

Lemma 2.2.7 of van der Vaart and Wellner (1996),∥∥∥∥∥ 1

n

∑
i

εig(Xi1, Xi2, θi1;u,w)I(|Xi1 − θi1| ≤ Cn)

∥∥∥∥∥
ψ

≤
(

6

n

)1/2(
σ2
1 +

4σ2
1

ρ
log

n

2πσ1σ2
+

21/2σ1
ρ1/2

Cn log1/2 n

2πσ1σ2

)
= O

(
log n

n1/2

)

for any (u,w) ∈ U(Kn)×W(Kn). Therefore, using Jensen’s inequality,

E sup
t∈T

∣∣∣∣∣ 1n∑
i

εif(Xi1, Xi2, θi1; t)I(|Xi1 − θi1| ≤ Cn)

∣∣∣∣∣ ≤ [A{1 + E logN (T )}1/2
]
O

(
log n

n1/2

)
.

To show (S4.6), it remains to show that E logN (T ) = o(n/ log2 n),

where the expectation is now over the (Xi1, Xi2). From (S4.25) and the in-

equality log(x) ≤ mx1/m for any x > 0 and integer m > 0, for n sufficiently
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large there is some constant A2 such that

E logN (T ) ≤A2(n
11/2m−2η/m log10/m n)E{(Mn + 1)4+10/m}.

By the definition of Mn (S4.10) and the bounds on θid from Assumption 1,

Mn = max
j,d

|Xjd|+ Cn1/4−η

σd
≤ max

j,d

∣∣∣∣Xjd − θjd
σd

∣∣∣∣+
2Cn1/4−η

σ1 ∧ σ2
.

Therefore letting Zi, i = 1, . . . , 2n denote independent standard normal

random variables,

E{(Mn + 1)4+10/m} ≤E
{

(Mn + 1)4+10/mI

(
max
j,d

∣∣∣∣Xjd − θjd
σd

∣∣∣∣ ≤ 2Cn1/4−η

σ1 ∧ σ2
+ 1

)}
+

E

{
(Mn + 1)4+10/mI

(
max
j,d

∣∣∣∣Xjd − θjd
σd

∣∣∣∣ > 2Cn1/4−η

σ1 ∧ σ2
+ 1

)}
≤
(

4Cn1/4−η

σ1 ∧ σ2
+ 2

)4+10/m

+ 24+10/mE( max
i=1,...,2n

|Zi|4+10/m).

Now define the function ψ(x) = xp/(4+10/m), which is convex for p ≥ 4 +

10/m. Then by Lemma 2.2.2 of van der Vaart and Wellner (1996), there is

some constant A3 such that

E(max
i
|Zi|4+10/m) ≤ ψ−1(1)

∥∥∥∥ max
i=1,...,2n

|Zi|4+10/m

∥∥∥∥
ψ

≤ A3(2n)(4+10/m)/p max
i=1,...,2n

∥∥|Zi|4+10/m|
∥∥
ψ
,

where ‖X‖ψ is the Orlicz norm of X with respect to the function ψ(x). But

∥∥|Zi|4+10/m|
∥∥
ψ

= E(|Zi|p)(4+10/m)/p,

which is a constant that does not depend on n, so choosing p such that

p ≥ 5 and 1/p ≤ 1/4− η gives

E{(Mn + 1)4+10/m} ≤ O(n1−4η+10/(4m)−12η/m).
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Then

E logN (T ) ≤O(n1−4η+32/(4m)−12η/m log10/m n).

Choosing m large enough such that 4η−32/(4m)+12η/m > 0 implies that

E logN (T ) = o(n/log2n), concluding the proof. �

S5 Proof of Theorem 3

Let θ = (θ11, . . . , θn1, θ12, . . . , θn2). Then when t = θ, the estimator δtρ (4.7)

equals the oracle regularized estimator δ?ρ. Therefore with sure(t) defined

as in (4.8),

E`n(t̂)−Rn(θ, δ?) =E`n(t̂)− Esure(t̂) + Esure(t̂)− Esure(θ) + Esure(θ)−Rn(θ, δ?)

≤ |E{`n(t̂)− sure(t̂)}|+Rn(θ, δ?ρ)−Rn(θ, δ?)

≤E|`n(t̂)− sure(t̂)|+ o(1),

where the second line follows because Esure(t̂) ≤ Esure(θ), since t̂ (4.11)

is defined to minimize sure(t), and the third line follows by Theorem 1.

Finally, since t̂ ∈ T by construction, by Theorem 2,

E|`n(t̂)− sure(t̂)| ≤ E sup
t∈T
|`n(t)− sure(t)| = o(1).
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