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COMMUNITY EXTRACTION OF NETWORK DATA
UNDER STOCHASTIC BLOCK MODELS

Quan Yuan', Binghui Liu’*}, Danning Li'*, Yanyuan Ma?

L Northeast Normal University and ? Pennsylvania State University

Abstract: Most existing community discovery methods focus on partitioning all
nodes of the network into communities. However, many real networks contain
background nodes that do not belong to any community. In such a situation,
typical methods tend to artificially split the background nodes and group them
together with communities with relatively stronger connection, hence lead to dis-
torted results. To avoid this, some community extraction methods have been de-
veloped to achieve community discovery with background nodes, which are based
on searching algorithms, hence have difficulties in handling large-scale networks
due to high computational complexity. To this end, in this paper we propose
some algorithms with polynomial complexity to achieve community extraction
of large-scale networks. We rigorously show that the proposed algorithms have
attractive theoretical properties. In particular, the estimators of the community
labels using the proposed algorithms reaches the asymptotic minimax risk under
the community extraction model, a specific stochastic block model. Then, we

illustrate the advantages and feasibility of the proposed algorithms via extensive
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simulated networks and a political blog network.

Key words and phrases: background nodes, community extraction, refinement

algorithm.

1. Introduction

Networks are widely used to represent and analyze the relationship between
interacting units in complex systems (Goldenberg et al., 2010; Wasserman
and Faust| [1994). In network data analysis, community discovery is a fun-
damental problem, which aims to divide the nodes of the network into
communities, so that the nodes in the same community are closely con-
nected, while the nodes from different communities are loosely connected.
Identifying communities can provide important insights about network or-
ganizations. There is a large number of literature on community discovery
from different research fields, such as computer science (Flake et al., 2002,
social science (Moody and White, 2003) and genetics (Spirin and Mirny,
2003). We refer to Fortunato| (2010), Fortunato and Hric| (2016]) and Zhao
(2017) for comprehensive reviews on this topic.

Most literatures on community discovery study the problem without
“background nodes”, where the background nodes are defined as the weak-

ly connected nodes that have no strong association with any community of



the network. However, there are indeed many examples where background
nodes exist (Zhao et al.| 2011). Applied to networks with background nodes,
typical community discovery methods tend to split up weakly connected n-
odes and group them together with tighter communities. To better handle
such situation, community discovery with background nodes began to re-
ceive much attention, which was specially named “community extraction”,
aiming to recover the communities and extract the background nodes at
the same time (Zhao et al., [2011; Wilson et al., [2017)).

Like community discovery, community extraction is also a computa-
tionally challenging problem in large-scale networks, because the number of
possible partitions of nodes into non-overlapping groups is non-polynomial
in the size of a network. For typical community discovery, a huge number
of algorithmic approaches have been proposed ([Fortunato, 2010)), including
many heuristic algorithms, such as normalized cuts (Shi and Malikl, 2000)),
modularity optimization (Newman and Girvan, 2004), spectral method-
s (Lei and Rinaldo|, [2015) and non-negative matrix factorization (Wang
et al. [2011)), to name just a few. In addition, many statistical approach-
es have been proposed based on some probabilistic models (Amini et al.|
2013; |Wang et al., [2020]), such as the stochastic block model (SBM) (Hol-

land et al. 1983)) and degree-corrected stochastic block model (DCSBM)



(Karrer and Newman)|, 2011)).

In contrast, there are much fewer studies on community extraction.
The problem of community extraction was originally studied by Zhao et al.
(2011). They established a community extraction criterion based on ra-
tio cut (Wei and Cheng), [1989) and proposed a heuristic algorithm, i.e. a
tabu search algorithm, to maximize the extraction criterion over all possi-
ble choices. Then, they derived the asymptotic consistency of the one-step
maximizer of the extraction criterion under a community extraction model
based on SBM. Later, [Wilson et al. (2017)) extended community extraction
to multi-layer networks and proposed a community extraction method by
maximizing the multi-layer extraction score based on modularity. They
considered the asymptotic consistency of the maximizer of the multi-layer
extraction score based on a multi-layer SBM.

These methods are highly instructive and useful in small-scale network-
s, but unfortunately they are based on searching algorithms, hence are not
computationally efficient to deal with large-scale networks. On this ground,
in this paper, we propose some fast algorithms with polynomial complexi-
ty to achieve community extraction of large-scale networks, and rigorously
show that the proposed algorithms have attractive theoretical properties.

In particular, the estimators of the community labels using some of the



proposed algorithms reaches the asymptotic minimax risk under the com-
munity extraction model, a specific stochastic block model.

Specifically, we proposed a two-step refinement algorithm for commu-
nity extraction, and present that under certain conditions the proposed
refinement algorithm initialized by two algorithms based on low rank ap-
proximation and spectral clustering, respectively, reaches the established
asymptotic minimax risk under the community extraction model. Hence,
the asymptotic minimax risk specially for community extraction is first es-
tablished in this paper. Then, we illustrate the advantages of the proposed
algorithms for community extraction via extensive simulation studies and
a practical application.

Our study on community extraction has conquered new challenges in
both algorithm and theory. First, existing methods often struggle to find
a suitable initialization method based on spectral clustering to handle net-
works with background nodes. This is because in a network model with
background nodes, the signal-to-noise ratio of the Kth eigenvector of the
adjacency matrix may be significantly low, where K is the number of clus-
ters of network nodes, including K —1 communities and a set of background
nodes. To deal with the first challenge, we propose an initialization method

that is more suitable for identifying background node set considering the



signal-to-noise ratio problem. Second, in the refinement step of many ex-
isting two-step methods, the fundamental concept is to assign a node to
the cluster with which it has the closest connection. However, this ap-
proach may not effectively handle background nodes. Hence, we propose
a refinement based on the likelihood information of the community extrac-
tion model that we studied. Finally, when establishing the upper or lower
bounds of the asymptotic minimax risk in the network model including
background nodes, many conditions used in existing studies are somewhat
unreasonable and restrictive. This is described in terms of the upper and
lower bounds of the asymptotic minimax risk respectively in Section S.5.3
of the Supplement. Hence, we use new tools to establish the asymptotic
minimax risk under more relaxed conditions.

The rest of this paper is organized as follows. In Section [2] we propose
a refinement algorithm and their initialization algorithms for community
extraction. In Section [3, we establish the theoretical results of the pro-
posed algorithms. Then, we compare the proposed refinement algorithm
with some of its competitors via extensive simulation results in Section [4]
followed by a practical application in Section [l We conclude this paper
in Section [0 and relegate the technical proofs as well as some additional

simulation results and discussions to the Supplement.



2. Algorithms for community extraction

In this section, we will propose some algorithms for community extraction.

2.1 Notation

First, we present some general definitions and notation. For any positive
integer n, let [n] = {1,--- ,n}. For any set S, let |S| denote the number
of its elements. For a positive real number z, let |z| and [z]| denote the
largest integer not greater than x and the smallest integer not less than
x, respectively. For two positive sequences {z,}>_; and {y,}> |, T, 2 yn
means that z, > Cy, for some constant C' > 0; x,, < y, means that x, <
C,, for some constant C' > 0; z,, = y,, means that %yn < z, < Cy, for some
constant C' > 1; x,, » vy, means that y,, = o(x,); ©,, € y, means x,, = o(y,).
For a vector = (z1,- -+ ,2,)" € R", |z, = 4/X 27. For a matrix M =
(Mij)uen € R [ Ml = (0, 50, M2)Y2 and [Mop = smax(M),
where Spax (M) denotes the largest singular value of M. For two matrices
A = (Aij)mxn and B = (B;j)mxn € R™", (A,B) = " | Z?:1 A;;jB;;. Note
that in this paper we will use 7 to represent a sequence that tends to 0 in

some places later, which represents different sequences in different places.



2.2 SBM for community extraction

2.2 SBM for community extraction

We consider the undirected network G = (V, E') with node set V = [n] and
edge set E < {(i,j) : i,j € V}, which can be formulated by the adjacency
matrix A = (Aij)nxn € {0,1}"*". Here, A;; = 1 if (i,j) € E, otherwise
A;; = 0. Suppose that there is no self-loop in network G, i.e. A;; = 0 for
each node i e V.

For community extraction of network GG, the nodes of G can be divided
into two categories: community nodes and background nodes. Specifically,
each community node belongs to one community of G, which generally
has more connections with nodes belonging to the same community than
with nodes belonging to different communities or outside all communities.
On the contrary, a background node does not belong to any community
of GG, which has relatively few connections to all communities. Suppose
that network G has K — 1 communities and some background nodes. Let
¢ = (¢(1), -+ ,e(n))" denote the community label vector of network G,
where for each i € [n], we let ¢(i) = K if i is a background node, otherwise
let ¢(i) = k if i belongs to community k for k € [K — 1].

The network GG with both community nodes and background nodes can



2.2 SBM for community extraction

be characterized by the following SBM:
Aij = A]z iﬁd Bern (Pc(z)c(j)) for all 7 < ] € [77/],
Ay =0 for all i € [n], (2.1)

minPy, > max P,,, minFPy > Px; = ¢ for all [ € [K],
kAt K v kit K
u,ve -

where the edge-probability matrix P = (Piy) s, € [0, 1]**¥ with Py = Py,

and the community label vector ¢ = (¢(1),--- ,¢(n))" € [K]" are model
parameters. The constraints gli}(lPkk > Pg; = ¢ are imposed on P to
+#

ensure that a background node is connected to any other node with a very
low probability, and there is no difference in the connection probability
between a background node and any other node.

Under SBM, the premise that communities can be detected is that
there exists some type of separability between communities in terms of the
probability matrix P. For example, Yun and Proutiere| (2016) defined this
separability as the separability between any two rows of P. In fact, the
proposed model in and the model studied in Zhang and Zhou| (2016))
exhibit such type of separability. Note that both [Yun and Proutiere| (2016))
and Zhang and Zhou| (2016) require that the node numbers of different
communities or groups are of the same order, whereas in this paper, our
study includes situations that allow for significant differences between the

node numbers of different groups. In addition, Yun and Proutiere (2016)
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2.3 Refinement algorithms for community extraction

requires that the values in each row of P are of the same order, but such

requirement is not needed in our study.

2.3 Refinement algorithms for community extraction

In this subsection, we first propose a two-step Refinement Algorithm for
Community Extraction, abbreviated as RACEn and partially inspired by
the algorithm frameworks of (Gao et al.| (2017) and Gao et al. (2018), where
the symbol n next to RACE means that it need to apply the initialization
algorithm for n times. For each i € [n], let A_; € {0,1}("~V>*"=1 denote
the submatrix of the adjacency matrix A, which is obtained by removing

the 7th row and column of A.

Algorithm 1. (RACEn)
Input: The adjacency matrizc A € {0,1}"*", an initialization algorithm
and the specific value of K = 2.

Output: An estimator ¢ € [K|™ of the community label vector ¢ € [K]™.

1. (Initialization) For each i € [n], applying the initialization algorithm
to A_;, we get the output (c%(1),..., %G —1),c%(i +1),...,c%(n))",
which is a vector with length n — 1. Define ¢ = (c"(1),...,c%(n))"

with " (i) = 0.

10



2.3 Refinement algorithms for community extraction

2. (Refinement) For each k,l € [K], let

3T Ay l{c%(u)=k,c% (v)=k}

u<v —
0 Lrery 0 P
P = AuoI{e% (u) =k, (v) =l
2[ ] uv {C (u)* ,C (U)* }
u,vE[n
n%ln?l 9 k: 7& la

with ny’ = Zje[n] Hc"(j) = k}. Let ¢ = {Zk ny PR, + (nf —
) PYe /23 /{5 0 + (% — 1)/2}, and update PY = ¢% for all

l € [K]. For each i€ [n], let

(i —argmaxZ Z {AU log P + (1 — Aj;) log(1 — Py )}

=1 j:c%(j)=l

Assuming that the initial estimator is reasonable and reliable, then for
node ¢, the refinement step can be viewed as a majority voting decision
based on the initial result c%. If ¢%(j) = ¢(j) for each j # i, then é&(i) is
the MLE of ¢(7).

Obviously, the performance of Algorithm [I] critically depends on the
properties of the initialization algorithm. The output of the initialization
algorithm needs to perform reasonably well. Next, we show that the initial
estimator only needs to satisfy a certain weak consistency criterion, based
on which the refinement step of Algorithm [I| will lead to an output with
optimal misclassification proportion.

Similar to |Gao et al| (2018)), applying the initialization algorithm for

n times in Algorithm [I| can facilitate the technical proof for establishing
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2.4 Initialization algorithm

the theoretical results of the refinement algorithm. However, when n is
huge, repeating the initialization algorithm for n times may be very time-
consuming. Therefore, in practical applications, we usually use its acceler-
ated version Algorithm abbreviated as RACE, to replace it. We relegate
Algorithm [ST] to the Supplement. It is worth mentioning that RACE only
runs the initialization algorithm once, thus accelerating the speed. In fact,
suggested by some numerical results presented in Section[S.1.1} the commu-
nity extraction performance of Algorithm [1] and Algorithm [S1]is extremely
similar. Hence, in the following simulation study and real data analysis, we
will all use RACE.

Note that the performance of the proposed refinement algorithm may
largely rely on good performance of the initialization algorithm, which we

will study next.

2.4 Initialization algorithm

We propose an initialization algorithm, abbreviated as INIT, based on low
rank approximation, for Algorithms [I] and [SI], similar to the initialization
algorithm proposed by Gao et al.| (2018) for community discovery without

background nodes, whose output satisfies Condition [I] in Theorem [3]
Algorithm 2. (INIT)

12



2.4 Initialization algorithm

Input: The adjacency matriz A € {0,1}"*", the specific value of K, the
threshold parameter T and the approximation parameter .
Output: An estimator ¢, = (¢i(1), -+, ch(n)) " € [K]" of the commu-
nity label vector ¢ € [K|".

1. Define A7 € {0,1}"*™ by replacing all elements in the i-th row and

column of A with zero, if the sum of the i-th row of A is larger than

T, for each i € [n].

2. Solve the following low rank approrimation problem

M = argmin|A™ — M| (2.2)
rank(M)<K
MeRD X1

by singular value decomposition.

3. For each i € [n], let M; denote the transpose of the ith row of M.

Solve the following (1+&)-approzimation K-means optimization prob-

lem: find some &, = (€% .(1),---, & .(n))" € [K]", such that

ini init init
K ~ K )
min 7 M- w3 <46 min Y min DM - w3
— eR I ce[K]™ kzlykeR Nl
i€ L (1)=k i:e(i)=k
(2.3)
4. For each k,l € [K], let
3 AL IE, )=k (1) =k)
= 1-0/~0 5 ]{f - l,
pO _ 27 (g —=1)
H) S ALE )=k ) =)
e k1

13



2.4 Initialization algorithm

with ) = 3, &) = k). Let

k* = arg minPY,. (2.4)
ke[K]

Then, for each i with é.(i) = k*, let c)..(i) = K; for each i with
A (i) = K, let &.(1) = k*; and let ¢).(i) = é%.(i), for each re-
maining node.

Note that in the first step of Algorithm [2| the elements of the rows and
columns of A whose sums are too large are replaced with zero to improve the
denoising effect of the proposed algorithm in sparse regime. Such strategy
was previously used in |Chin et al| (2015) and (Gao et al.| (2018). If this
strategy is not adopted, the high probability error bound for the output of
Algorithm [2{ would suffer an extra multiplier of order O(logn).

Note that to solve the (1 + &)-approximation K-means optimization
problem in step 3 of Algorithm [2] some methods have been studied, such
as the (1 + £)-approximation algorithm proposed by Kumar et al.| (2004).
However, such methods are mainly used for theoretical investigation rather
than practical implementation. Hence, in the later simulation studies and
real data analysis, we will use the classical K-means algorithm in Hartingan
and Wong (1979) to replace a (1 + £)-approximation algorithm in step 3
of Algorithm [2] to approximately solve the (1 + &)-approximation K-means

optimization problem.
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2.4 Initialization algorithm

Note that Algorithm [2[ (INIT) has some drawbacks: in its K-means
clustering step, it needs to cluster n n-dimensional vectors, which makes
it very time-consuming, especially when n is particularly large. Besides, it
will have poor performance when the signal is relatively small. To this end,
we propose using the following spectral clustering algorithm, abbreviated
as ESC, as the initialization algorithm, which is evolved from the spectral
clustering algorithm proposed by |Lei and Rinaldo (2015) but more suitable

for dealing with networks with background nodes.

Algorithm 3. (ESC)
Input: The adjacency matriz A € {0,1}"*" the specific value of K, the

threshold parameter T and the approzimation parameter &.

0
esc

= (% (1),---,c% . (n))" € [K]" of the label

Output: An estimator ¢ = s Cesc

vector c € [K]™.

1. Define AT € {0,1}"*™ by replacing all elements in the ith row and
column of A with zero, if the sum of the ith row of A is larger than

T, for each i € [n].

2. Calculate UK € R"™E=D consisting of the leading K — 1 eigenvec-

tors (ordered in absolute eigenvalue) of AT.

3. For each i € [n], let ﬁiK’l denote the transpose of the ith row of

15



2.4 Initialization algorithm

UKL, Solve the following (1 + €)-approzimation K-means optimiza-

tion pTOblem: ﬁnd some ég-sc = (é(e)sc(l)> Y 7égsc<n))—r € [K]n7 such
that
K A
min YOS w3
k=1 vke ’Lc(e)sc( )7"'
K A
< (1+ &) min min Y. [UFT = w3 (2.5)

c[ K" RK—I
celK]™ = vae iei)=k

4. For each k,l € [K], let

2 AL T{E (1) =k, & (7) =k}

7.<] k — l
PO _ lnk(nk 1) J )
M B ALHE) ki) l)
i,j€[n
ngn? ? k # l’

with 7y, = 3 ep) HEse(d) = k). Let

k* = arg minPY),. (2.6)
ke[K]

Then, for each i with (i) = k*, let % (i) = K; for each i with
A (i) = K, let 2. (i) = k*; and let 2 (i) = 2. (4), for each remain-

esc esc

ing node.

From the simulation results presented in Section [4] it can be seen that
the community extraction performance of ESC and INIT is very similar.
However, in terms of running time, ESC significantly outperforms INIT,

because it only needs to cluster n (K — 1)-dimensional vectors.

16



Note that when applying Algorithms |2 and [3, we choose 7 = 2d, where
d= >, 2.1 Aij/n is the average degree of the network. In addition,
we use the corrected Bayesian Information Criterion (CBIC) proposed by
Hu et al. (2020) for selecting K. In Section [S2| of the Supplement, we will
discuss in detail how we select 7 and K, and present some simulation results

for model selection.

3. Theoretical guarantee of algorithms

In this section, we investigate the theoretical properties of the two initializa-

tion algorithms INIT and ESC as well as the refinement algorithm RACEn.

3.1 Parameter space and loss function

We consider the case of K = 2 as in |Zhao et al.| (2011]) and Wilson et al.
(2017), which was regarded as “single extraction”. In the case of K = 2,
for each ¢ € [2]" and each k € [2], let ni(c) = [{i € [n] : (i) = k}|
Let Cy = {c : [n] — [2]™}. We consider the following parameter space for

community extraction:
G)n(paq7ﬁ) = {(P,C) tCE COa nl(c> € [lﬁnJ - 17 [(1 - ﬁ)n] + 1:|7
P =P = (Py)yy € [0,1]7% Pui=p>q= Py = P = Pn,

(3.1)

17



3.2 Asymptotic minimax risk

where 8 € (0,1/2] and p,q € (0,1) with p > ¢. Further, we assume that

B> 1/nand 1/n « p <1 — ¢ for some small constant ¢, € (0,1).

Remark 1. The constraint P11 = p > q = Py = Py; = Py ensures that
a background node have relatively few connections to either community and

background group, where the nodes with label 2 are background nodes.

Next, we present the loss function for defining the asymptotic minimax
risk. Specifically, for any ¢ € Cy, the loss function is defined as
. IR . L N
U(e, &) = = Y Ie(i) # é(i)}, for each é e [2]", (3.2)
n

i=1

which is the normalized Hamming distance between ¢ and ¢. This is a

misclassification rate of ¢é if ¢ is considered as the true label vector.

3.2 Asymptotic minimax risk

For any estimator ¢ of ¢, the maximum risk of the SBM in (2.1]) based on
the parameter space ©,(p, ¢, 5) in (3.1) in terms of the loss function ¢ in

(3.2)) and the estimator ¢ is defined as follows:

sup  Ep.{(c¢). (3.3)
(P,c)e0n(p,q,8)

Before deriving the asymptotic minimax risk, we need to give some

definitions and notation. For any ¢ > 0, define

Li(p,q) = —log {¢'p' "+ (1 —q)'(1 —p)''}. (3.4)

18



3.2 Asymptotic minimax risk

Then, I;(p,q)/(1 —t) with t € (0,1) u (1,+00) is the so-called Rényi-
divergence with order ¢ between two Bernoulli distributions Bern(q) and

Bern(p), and I;(p, q) = I1—(q, p) for any t € (0,1). Let

(p=1){log(1—p)—log(1—q)}
log [ - p(logpflogq) . ]
q(1—p)
log ;i—g)

" =t"(p,q) = (3.5)

Due to Lemma (1| provided in the Supplement, we have that ¢* is the unique
maximum point of I;(p, q) on [0, +00).
Next, we introduce an assumption to prepare for the analysis of the

upper and lower bounds of the asymptotic minimax risk.

Assumption 1. Asn — o, —3°nlx(p, q)/log 8 — .

Remark 2. Assumption[]] assumes that as n — oo, [ can be any constant
in (0,1/2]. B can also go to zero, but cannot go to zero too fast. 3 can go to
0 with certain rate, implies that the number of community nodes can have
an order of magnitude difference from the number of background nodes. On
the other hand, Assumption (1| assumes that I;+(p,q) cannot be too smal-
[, indicating that there must be a significant gap between the connectivity

within the community and the connectivity beyond the community.

Assume that network A is generated from model (2.1)) with parameter

(P,c) € ©,(p,q, ). Below, we will use a two-step estimation method to get

19



3.2 Asymptotic minimax risk

an upper bound of the maximum risk. Specifically, we use a slightly modi-
fied version of RACEn, where in the refinement step, we replace p* and ¢% in
RACEn with p and g, respectively. Then, define ¢,, = (€,4(1), - ,¢,4(n))"

with

17 L(szcozap) > L(Ai;COiaq)a
ép,q(i) = (3-6>

2, otherwise,
where L(Aj; e ) = 3 00i()=1 {Aijlogz + (1 — Ay) log(1 — x)} for x e

(0,1) and A; denotes the i-th row of A.

Condition 1. For a given positive sequence {7}, there exists a constant

Cy > 0, such that

inf minPp. {0 (c_;, ) <ynt =1 —n 1FC0) 3.7
(P,c)eOn (p,q,8) i€[n] N { ( 74) i } ( )
where c_; = (¢(1),---,¢(i —1),¢(i+1),---,¢e(n))", € is obtained by an
initialization algorithm, and ¢®, = (c°(1),--- ,c(i — 1), (i + 1), ,c(n))"

€ [2]"71 is the output of the initialization algorithm ¢ applied to A_;.

Condition [1| requires that in each of the n implementations of the ini-
tialization algorithm, the loss is at most =, almost surely. This requirement
imposes a certain uniform consistency condition on the estimators of the
group labels obtained by the initialization algorithm.

Based on the above definition, we can obtain the following proposition.

20



3.2 Asymptotic minimax risk

Proposition 1. Suppose that as n — oo, fnlx — o and c® obtained
by the initialization algorithm satisfies Condition |1] with ~, = o(B) when

lim, o p/q > 1, and with v, = o(—=B(p — q)/p) when lim, . p/q = 1. If

lim,, o, Bnly(p, q)/logn < 1, then

1
limsup ————— log{ sup  Eple, ¢, )} < -1 (3.8)
n—00 /Bn]t* (pa q) (P,c)€On(p,q,0) -

If lim,, o, Bnl«(p,q)/logn > 1, then El(c, é,,) < n~1+ for some small
positive constant C', which means that ¢, exactly restored the label ¢ in the

expected sense.

Based on Proposition |1}, we establish the following theorem, which char-
acterizes the asymptotic behavior of ¢, , in terms of the resulting maximum
risk that it achieves, when we choose Algorithm [2| as our initialization al-
0_ .0

gorithm, i.e, ¢’ = ¢,.

o0]

Theorem 1. Assume {@n(p, q, B)} satisfies Assumptz’on andlim,, ., p/q >
1

n=

1. If lim, o Bnl=(p,q)/logn < 1, then

1
limsup ————— log{ sup  Eplc, ¢, )} < -1 (3.9)
n—00 ﬁnlt* (pa q) (P,c)€On(p,q,0) e

If lim,, o, Bnl(p,q)/logn > 1, then El(c, é,,) < n=1+ for some small
positive constant C', which means that ¢, exactly restored the label ¢ in the

expected sense. When lim,,_,o, p/q > 1 is replaced by lim,,_,, p/q = 1, if an

21



3.2 Asymptotic minimax risk

additional condition —(p — q)3*nlx(p,q)/(plog B) — o is added, the above

conclusion still holds.

Next, we show that the maximum risk of ¢, , established in Theorem
is the best we can hope to achieve, i.e., it matches the asymptotic minimax
lower bound. To do this, we first establish the minimax lower bound in

Theorem Pl

o0
Theorem 2. Assume the parameter space sequence {@n(p, q, ﬂ)} satis-
1

n=

fies Assumption [l Then, when p = g,

1
liminf —— log {inf sup  Ep lc,é } > 1. (3.10
n—00 ﬂn]t*(Pa Q) ¢ (P,c)e®n(p,q,8) '\ ( ) ( )

When p = q is replaced by p > q, if additional conditions

log B
log —+ 1
plog® (]3) < oo, lim P <1 and lim og—ﬁnp >3
q n—w logn n—0o0 loglogg

are added, (3.10)) still holds.

Then, combining Theorems [I]and [2] we immediately obtain the asymp-
totic minimax risk for community extraction, which is presented in the

following corollary.

e¢]
Corollary 1. Assume the parameter space sequence {@n(p,q,ﬁ)} sat-
1

n=

isfies both the conditions of Theorem[1] and Theorem 3. Then,

inf  sup Ep./l(cé) = exp{ — (14 0o(1)) Bndy(p, q)} (3.11)
¢ (P,c)eon(p,a,8)
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3.3 Theoretical guarantee of RACEn

Remark 3. It can be seen that the asymptotic minimax risk rate for com-
munity extraction, i.e. Iix(p,q), and that for community discovery, i.e.
2112(p, q), are very different by the fact Ir2(p,q) < I (p,q) < 2I12(p, q).
The reasons of this difference are listed as follows: (1) when K =2, P;; = p
and Py = Py = q, the most unfavorable scenario for ¢ in our parameter
space 1is the case that ni(c) = pn. However, in |Zhang and Zhou (2016),
Pi1 = Py, = p and Py = q, and the most unfavorable scenario for c is
the case that ni(c) = na(c) = n/2, where the node numbers of differen-
t groups are balanced. (2) We do not have the symmetry property that
(P11, P12) = (p,q) and (Pa1, Pys) = (q,p). These two differences not only
lead to the difference of the minimax risk rates, but also make the work of

establishing the theoretical results for community extraction more difficult.

3.3 Theoretical guarantee of RACEn

Below, we ill establish the property that the output ¢ of Algorithm

achieves the asymptotic minimax risk in (3.11)).

Theorem 3. Suppose that fn(p — q)*/p — o, fnlx(p,q) — ©, p = q as
n — o0, and the initialization algorithm in Algorithm (1] satisfies Condition

[ with

%:0{—1026(2?—(1)}- (3.12)
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3.4 Consistency property of the initial algorithms

Then, there is a sequence n — 0, such that

sup Pp.c [E(c, é) = exp{ — (1 +n)Bnlx(p, q)}] — 0, (3.13)
(P,C)E@n(p,q,ﬁ)

where é is the output of Algorithm[l. When p = q is replaced by p > q, if

an additional condition

B loglog§
—o| - 14
”n ( oy 7 Toa (3.14)

is added, (3.13|) still holds.

Theorem [3| shows that the community extraction result of Algorithm
reaches the asymptotic minimax risk of community extraction we estab-

lished.

3.4 Consistency property of the initial algorithms
First, we establish the consistency property of Algorithm [2| (INIT).

Theorem 4. Let K = 2. Suppose that as n — o0, —3*n(p—q)?/(plog B) —
w. Let 7 = Cy(np + 1) for some sufficiently large constant Cy > 0. Then,

the output of Algom'thm@ i.e. 0., satisfies

: np + 1 C(1ac
inf  Ppe{nl(c,ey) <C(1+ —}>1_n<+>’
(P7c)e@7l(p7Q7B) e { ( t) ( 6) /Bn(p _ q)2

for constants C,C" > 0, where £ comes from the (1 + &)-approximation
K-means optimization in step 3 of Algorithm |3,
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Below, we will establish the consistency property of ESC.

Theorem 5. Let (P, c) € ©,(p, q, 8) and assume that asn — o0, —BA%(\—
X2)?/(plog ) — oo, where \; and Ay are the first and second largest eigen-

values of M' = (Pe(i)e(j))nxn, respectively, and

1

1 . 1 ’
(T4 2)%2 +y? {«/nl(c) (& +2) - «/nQ(c)y}

A? =

with

= m(e)p ; ng(c)q’ y =/ni(c)na(e)q and z = /T2 + y2.

Then, there exist two constants C,C" > 0, such that

Pre {g (e cec) <C(1+ ﬁ)m} >1—pn 0+,

where ¢ is the output of Algorithm @ and & comes from the (1 + §)-

esc

approzimation K-means optimization in step 3 of Algorithm [3,

By simple calculation, we see that lim,, ., p/q¢ > 2(1—/)/f is a sufficient

condition for A > 0.

4. Simulation studies

In this section, we compare the performance of the refinement algorith-

m RACE initialized with the two initialization algorithms INIT and ESC,

25



respectively, with some of their competitors, including a multilayer extrac-
tion algorithm based on modularity that was proposed by Wilson et al.
(2017) (abbreviated as M-E), a spectral clustering on ratios-of-eigenvectors
that was proposed by |Jin| (2015 (abbreviated as SCORE), a convexified
modularity maximization approach for estimating the communities under
degree-corrected block models that was proposed by (Chen et al. (2018) (ab-
breviated as CMM), and a two-stage algorithm to deal with the community
detection under degree-corrected block models that was proposed by |Gao
et al.| (2018) (abbreviated as Gao). To make Gao comparable to our algo-
rithms, we have made it have the same initialization algorithms, i.e. INIT
and ESC, as ours, and the resulting two-stage algorithms are abbreviated as
Gaoinit and Gaoesc, respectively. Similarly, RACEinit and RACEesc denote
the refinement algorithms based on RACE and initialized with INIT and
ESC, respectively. All methods are implemented in software R and run on
a single processor with an Intel(R) Xeon(R) E5-2620 CPU of 2.10 GHz.
We consider the simulation setting used in |Li et al. (2020) under the
framework of stochastic block model, where all simulations are repeated 100

times. Specifically, we generate a network with n nodes containing K — 1
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communities. For any nonnegative constants py, ¢o and ¢, let

P - Px 1 qolk- 7
@oli, o

where Pr_1 = (Pg_11)(k—1)x(k—1) With Pg_1 4t = po and Px_q 3 = q; for
k#le[K—1]and 1y = (1,---,1)T e RE71 Let P = dPy/(nw' Pyw —
w'diag(Py)), where diag(Pp) is a K-dimensional vector composed of the
diagonal elements of the matrix P,, d € R is the expected average degree
of the network and w = (wy,---,wg)T € [0,1]% with Y& wp = 1 is
the proportional vector composed of the proportions of the network nodes
belonging to the communities as well as the background nodes. Given
the label vector ¢ = (¢(1),---,¢(n))", the edges Ay’s are generated as
independent Bernoulli variables with probabilities proportional to Pe(i)e(;)’s,
respectively.

First, we consider the case of only one community, i.e. K = 2. Let
n=100,d =8 and w = (1 —s,1+ s)' /2. Note that ¢y = ¢} when K = 2,

and hence, we consider the following four settings:
() ¢y =q0 =1, po = 11 qo, ™1 varies from 3 to 7 and s = 0;
(IT) d varies from 8 to 26, pp = 4, qo = ¢, = 1 and s = 0;

(III) s varies from 0 to 0.4, pp = 4 and ¢y = ¢, = 1;
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Figure 1: The performance of community extraction in case of K = 2 for

Settings (I)-(IV).
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Figure 2: The running times of community extraction in case of K = 2 for

Settings (I)-(IV).
(IV) log,,n varies from 2 to 2.6, pg =4, g0 = ¢, = 1, d = 12 and s = 0.

In Settings (I)-(IV), we investigate the community extraction perfor-
mance of the proposed methods and their competitors by varying the val-

ues of some involved parameters, respectively. The simulation results are
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summarized in Figures[I]and 2] From Figure [I, we can see that INIT, ESC,
RACEinit and RACEesc outperform M-E, SCORE, CMM, Gaoinit and Gaoesc
for all the above settings in terms of the extraction loss defined in (3.2). We
notice that for Setting (IV), the performance of M-E deteriorates with the
increase of the expected average degree d. According to our experience, this
is because M-E tends to extract all the network nodes when d is relatively
large. Besides, note that even though Gaoinit and Gaoesc used the same ini-
tialization algorithms as RACEinit and RACEesc, respectively, they still did
not perform very well because the existence of background nodes was not
considered in the refinement step of |Gao et al. (2018)). Similarly, without
considering the presence of background nodes in the network, SCORE and
CMM also perform poorly in community extraction, which demonstrates
the necessity of developing algorithms for community extraction.

Figure [2| suggests that M-E and CMM are much more time consuming
than the other algorithms. For Setting (IV) in Figure [2| the running time
of M-E and CMM increases rapidly with the increase of n. Overall, SCORE,
ESC, Gaoesc and RACEesc are in the first tier of running speed.

To further demonstrate the advantages of the proposed methods in com-
putational efficiency for dealing with large-scale networks, such as the net-

works with n € [10%,10°], below we only compare the following algorithms:
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Figure 3: The performance for large networks in the case of K = 2.

ESC, Gaoesc and RACEesc. Specifically, set K = 2, py = 4, ¢ = ¢, = 1,
s =0, d = b5logyyn and let log,,n vary from 4 to 6. The obtained re-
sults are summarized in Figure |3] which suggest that all these algorithms
can deal with large-scale networks with millions of nodes, and RACEesc has
much higher community extraction accuracy than ESC and Gaoesc.
Moreover, we also compare the performance of RACE initialized with
the two initialization algorithms INIT and ESC, respectively, with some of
their competitors in situation of K = 3, which is included in Section [S4] of

Supplementary Materials.
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5. Application

We apply RACEinit to the political blog network, which is commonly studied
in the community literatures (Adamic and Glance, [2005; [Wang et al., 2020)).
The nodes of this network are blogs related to US politics and the edges are
hyperlinks between blogs. The original network contains 1,490 nodes. We
ignored the directions of the hyperlinks and focused on the largest connected
component of the original network as in Karrer and Newman| (2011), hence
obtained a pre-disposed network of blogs containing 1, 222 nodes and 16, 714
edges. By using the method “corrected Bayesian information criterion”
(CBIC) proposed by Hu et al.| (2020), we select K as 3.

As shown in Figure [4[1), all blogs in the pre-disposed network were
manually labeled as liberal or conservative. In many studies on community
discovery of this network, such as|Amini et al.| (2013) and Wang et al.| (2020)),
researchers often regard the political party labels as the ground truth com-
munity labels. In contrast, in this paper, we adopt a new perspective, the
perspective of community extraction, to re-explore the community struc-
ture of this network. From Figure [42), we can see that the blogs labeled as
either liberal or conservative can be clearly divided into two groups: core
members and non-core members, in which core members have strong inter-

nal connections, but non-core members have very weak connections with
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Figure 4: Visualization of the whole network

both core members and other non-core members.

Indeed, such situation is a suitable example for the community ex-
traction framework studied in this paper. By applying RACEinit to the
sub-network composed of the members of each political party with K = 2
respectively, we can extract one community from each sub-network, pre-
sented in Figure [5 where the community nodes can be viewed as the core
members, while the background nodes can be viewed as non-core members.
Furthermore, we plot the adjacency matrices of the two sub-networks in
Figures [61)-(2), where the rows/columns are sorted with respect to the
community nodes versus the background nodes. These reordered adjacency

matrices can demonstrate significant differences between community nodes
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and background nodes.

The above analysis indicates that there may be a large number of back-
ground nodes in the political blog network that should not be ignored, hence
we decide to use the proposed community extraction method to analyze the
network. Recalling that in the above analysis, we extracted one community
from each sub-network, hence here we set K = 3, which means that there
may be two communities plus additional background nodes. The commu-
nity extraction results obtained by applying RACEinit to the whole network
are presented in Figure [42) from the network visualization view and Figure
[63) from the adjacency matrix view, respectively. In Figure[d|(2), Commu-
nities 1 and 2 are the extracted communities by RACEinit, which overlap

much with the two communities extracted in the sub-networks in Figure 7]
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Figure 6: The adjacent matrices of the sub-networks and the whole network
i.e. the two core groups extracted from the two sub-networks correspond to
the two political parties, respectively. In addition, the background nodes
are mainly composed of the non-core members of the two sub-networks.
In addition, we plot the adjacency matrix of the whole network in Figure
[6[3), where the rows/columns are sorted in the order of community 1, the
group of background nodes and community 2. Figure @(3) suggests that
each of the extracted communities has a much stronger connection within
itself than with the remaining nodes.

In addition, Table [I| suggests that Communities 1-2 roughly correspond

to the core groups of the two subgraphs in Figure [f], and Backgrounds

roughly correspond to the corresponding non-core groups.
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Table 1: Relationship between Communities 1, 2, backgrounds, and the
core groups and the non-core groups obtained from the two sub-networks

based on RACEinit.

Liberal group Conservative group

Core Non-core Core  Non-core

Community 1| 146 78 0 2
Community 2| 0 3 186 49
Background | 3 356 3 396

6. Conclusion

In this paper, we proposed some algorithms for community extraction,
which are applicable to large-scale networks. We established the asymp-
totic minimax risk of the SBM for community extraction, based on a spe-
cific parameter space with weaker constraints than the parameter space
studied in Zhao et al.| (2011)). Under certain conditions, the proposed algo-
rithm reaches the asymptotic minimax risk, when it is initialized by a low
rank approximation algorithm or a spectral clustering algorithm. Then,
we demonstrated the advantages of the proposed algorithms via extensive
simulation results and a practical application.

Like existing theoretical studies on community extraction (Zhao et al.,
2011} |Wilson et al., 2017), the theoretical results in this paper is established

in the case of K = 2. Indeed, establishing the theoretical results for com-

35



munity extraction in the case of K > 2 is much more challenging, where
nodes in different communities need to be distinguished, in additional to
the need to distinguish the community nodes from the background nodes.

We leave this challenge as future work.
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Supplementary Material

Below we have listed the contents of Supplementary Material. In Section
[ST] we propose an accelerated refinement algorithm RACE and indicate that
the performance of RACE and RACEn is very similar via some simulation
results. In Section[S2], we demonstrate in detail how we select the tuning pa-
rameters 7 and K. In Section [S3| we explain and compare the assumptions
of the main theorems and corollary imposed. In Section [S4] we compare the

performance of RACE initialized with the two initialization algorithms INIT
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and ESC, respectively, with some of their competitors in situation of K = 3.
In Section [SH, we make some additional discussions. Then, in Section [S6|

we present the proofs of Theorems [1}f5] Proposition [I] and Corollary [ST]
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