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Abstract: We examine distributed estimation and support recovery for ultrahigh-dimensional2

linear regression models under a potentially arbitrary noise distribution. The composite3

quantile regression is an efficient alternative to the least squares method, and provides4

robustness against heavy-tailed noise while maintaining reasonable efficiency in the case5

of light-tailed noise. The highly nonsmooth nature of the composite quantile regression6

loss poses challenges to both the theoretical and the computational development in an7

ultrahigh-dimensional distributed estimation setting. Thus, we cast the composite quantile8

regression into the least squares framework, and propose a distributed algorithm based on9

an approximate Newton method. This algorithm is efficient in terms of both computation10

and communication, and requires only gradient information to be communicated between11

the machines. We show that the resultant distributed estimator attains a near-oracle rate12

after a constant number of communications, and provide theoretical guarantees for its esti-13

mation and support recovery accuracy. Extensive experiments demonstrate the competitive14

empirical performance of our algorithm.15
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Key words and phrases: Composite quantile regression, distributed estimation, efficiency,16

heavy-tailed noise, support recovery.17

1. Introduction18

A fundamental task in statistics is to estimate the coefficients of a linear model.19

The least squares (LS) regression is routinely used for this task, and has well-20

established theory (Monahan, 2008). However, in the era of big data, rapid21

advances in information technology have raised several new challenges. The first22

lies in the sizes of the data sets, often measured in TBs or even PBs, making them23

difficult to process on a single machine. Traditional in-memory algorithms are24

losing power because of communication, storage, and computation restrictions25

(Lan et al., 2020). Thus, we need distributed algorithms with theoretical guar-26

antees. The second challenge arises from the potentially arbitrary noise. Under27

very heavy-tailed noise, where the finite variance condition is violated, the LS28

and Huber regressions are sub-optimal (Fan et al., 2014a; Zhou et al., 2018; Sun29

et al., 2020). In such cases, the quantile regression (QR, Koenker, 2005) becomes30

an attractive alternative, because its asymptotic variance does not depend on the31

moments of the noise distribution. However, in terms of efficiency, a QR can32

be arbitrarily less efficient than an LS. For example, under the mixture normal33

noise 0.5N(−3, 1) + 0.5N(3, 1), the least absolute deviation estimate is 1272.834
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times less efficient than the LS estimate (Gu and Zou, 2020). To shield the35

QR against potential efficiency loss, while maintaining its robust property, Zou36

and Yuan (2008) proposed a composite quantile regression (CQR) that combines37

quantile information across various quantile levels. The third challenge lies in38

the ultrahigh dimensionality of modern data. Here, a sparsity assumption is often39

adopted (Zhao and Yu, 2006; Wainwright, 2009; Hastie et al., 2015). Despite40

the massive amount of literature on sparse LS under ultrahigh dimensions, few41

works have examined the ultrahigh-dimensional CQR; see Gu and Zou (2020). In42

a distributed setting, numerous studies focus on statistical estimation (Lee et al.,43

2017; Battey et al., 2018; Jordan et al., 2019). However, the support recovery for44

the CQR in a distributed setting remains largely unexplored.45

We propose a new estimation procedure for an ultrahigh-dimensional CQR in46

the distributed setting, with theoretical guarantees on its estimation and support47

recovery accuracy. Specifically, we consider coefficient estimation and support48

recovery of the following model:49

𝑌 = 𝛽0 +
𝑝∑
𝑗=1

𝑋 𝑗 𝛽 𝑗 + 𝜀, (1.1)50

where x = (𝑋1, . . . , 𝑋𝑝)T is a 𝑝-dimensional covariate vector with mean zero, and51

𝜀 is the noise. We assume 𝜀 is independent of x and has a density with respect52

to the Lebesgue measure (see, e.g., Zou and Yuan, 2008; Fan et al., 2014a; Gu53

and Zou, 2020). Suppose 𝛽∗0 and 𝜷∗ = (𝛽∗1, . . . , 𝛽∗𝑝)T are the true coefficients54
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that generate the 𝑁 independent and identically distributed (i.i.d.) data (x𝑖, 𝑌𝑖)𝑁𝑖=1,55

where x𝑖 = (𝑋𝑖1, . . . , 𝑋𝑖𝑝)T. Denote the response vector by y = (𝑌1, . . . , 𝑌𝑁 )T,56

and the design matrix by X = (x1, . . . , x𝑁 )T. We assume a sparsity structure on57

𝜷∗ in the sense that only 𝑠 < 𝑝 elements of 𝜷∗ are nonzero.58

We consider the CQR for estimating 𝜷∗ in model (1.1) that is robust to59

heavy-tailed errors, while maintaining reasonable efficiency under light-tailed60

errors. Denote 𝐹 (·) and 𝑓 (·) as the cumulative distribution and the probability61

density functions, respectively, of 𝜀. To ensure the identifiability of 𝛽∗0, assume62

𝐹 (0) = 0.5. Given an ordered sequence of quantile levels 𝜏1 < 𝜏2 < · · · <63

𝜏𝐾 ∈ (0, 1), let 𝛼∗𝑘
def
= 𝛽∗0 + 𝐹−1(𝜏𝑘 ) and 𝜶∗ def

= (𝛼∗1, . . . , 𝛼∗𝐾)T ∈ R𝐾 , where64

𝐹−1(𝜏𝑘 ) = inf{𝑥 : 𝐹 (𝑥) ≥ 𝜏𝑘 } denotes the 𝜏𝑘 th quantile of 𝜀, for 𝑘 = 1, . . . , 𝐾 .65

The canonical CQR (Zou and Yuan, 2008) estimates 𝜷∗ by minimizing66

𝑄(𝛼, 𝛽; x, 𝑌 ) def
=

1
𝐾

𝐾∑
𝑘=1

𝜌𝜏𝑘 (𝑌 − 𝛼𝑘 − xT𝜷) (1.2)67

jointly over 𝛼 = (𝛼1, . . . , 𝛼𝐾)T ∈ R𝐾 and 𝜷 ∈ R𝑝, where 𝜌𝜏𝑘 (𝑢)
def
= {𝜏𝑘 − 𝐼 (𝑢 <68

0)}𝑢 is the check loss at level 𝜏𝑘 , for 𝑘 = 1, . . . , 𝐾 (Koenker, 2005). It is easy to69

see that70

(𝜶∗T, 𝜷∗T)T = arg min
𝜶,𝜷

𝐸{𝑄(𝛼, 𝛽; x, 𝑌 )}.71

Typically, we take equally spaced 𝜏𝑘 : 𝜏𝑘 = 𝑘/(𝐾 + 1), for 𝑘 = 1, . . . , 𝐾 . As72

𝐾 → ∞, Zou and Yuan (2008) show that the asymptotic efficiency of the CQR73
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relative to the LS has a universal lower bound of 86.4% (Kai et al., 2010). Even74

with a relatively small 𝐾 , such as 𝐾 = 9, the CQR estimator achieves a substantial75

efficiency gain.76

Although using the CQR provides robustness to heavy-tailed noise and safe-77

guards against potential efficiency loss, the nonsmoothness of the CQR loss78

raises computational challenges, owing to limited computing power and mem-79

ory when the sample size and dimension are both considerable. Doing so also80

makes theoretical developments difficult. Recently, Gu and Zou (2020) devel-81

oped the theory for ultrahigh-dimensional sparse penalized CQR in a single-node82

setting. In addition, to consider scalability, they proposed using an alternating83

direction method of multipliers algorithm, rather than the linear programming84

algorithm considered in Zou and Yuan (2008). For ultrahigh-dimensional data85

stored on multiple machines, we may not be able to use existing algorithms for86

the sparse penalized CQR, making distributed algorithms with theoretical guar-87

antees increasingly important. The main goals of this study are to develop a88

new distributed estimation approach for the ultrahigh-dimensional CQR, and to89

establish its estimation and support recovery theory.90

There are two main data-partitioning schemes in distributed systems: “hori-91

zontal” and “vertical.” In a “horizontal” distributed setting, assume 𝑁 observa-92

tions are scattered evenly across 𝑚 local nodes, with 𝑛 observations at each node.93
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Denote by H 𝑗 the set of observational indices at the 𝑗 th node. The divide-and-94

conquer strategy is popular for such data, owing to its simplicity (Zaharia et al.,95

2016); see, for example, Li et al. (2012), Zhao et al. (2016), Battey et al. (2018),96

Shi et al. (2018), Jiang et al. (2018), Fan et al. (2019a) and Fan et al. (2019b).97

However, the final estimate, which is an average of the 𝑚 local estimates, is98

usually no longer sparse. Moreover, although averaging reduces the variance of99

the local estimates, it might not remove the bias of these local estimates. Hence,100

restrictions on the number of nodes, for example, 𝑚 = 𝑂 (𝑁1/2), are routinely101

imposed to achieve the minimax convergence rate (Braverman et al., 2016). To102

remove such restrictions on 𝑚, Wang et al. (2017) and Jordan et al. (2019) devel-103

oped multi-round procedures. However, their methodology and theory require104

second-order differentiability of the loss function, in general, and cannot be ap-105

plied directly to the highly nonsmooth CQR loss. Chen et al. (2020) studied the106

distributed high-dimensional QR problem, providing theoretical guarantees on107

its support recovery. However, their method cannot safeguard against the poten-108

tial efficiency loss incurred by the QR. In a “vertical” distributed setting, each109

local node holds a subset of all the covariates of the data. To recover the sparsity110

pattern, He et al. (2022) proposed decorrelating the covariates before aggregat-111

ing. Their work improves on previous results (Zhou et al., 2014; Song and Liang,112

2015) by requiring constraints on the correlation structure of the covariates that113
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are less strict.114

Our work focuses on the “horizontal” distributed setting. We propose a new115

distributed procedure for estimating the coefficients of a high-dimensional linear116

model, with potentially arbitrary noise, using the CQR. We first show that we117

can estimate 𝜶∗ and 𝜷∗ from a pseudo-response 𝑌𝑖, instead of 𝑌𝑖. This yields a118

pooled estimate from solving a lasso problem based on (x𝑖, 𝑌𝑖)𝑁𝑖=1, without any119

moment conditions on the noise term. The pooled estimate is computationally120

much more efficient than the penalized CQR in a single-node setting. We further121

provide a communication-efficient distributed implementation of this pooled122

estimate where, at each communication, only the (𝑝 + 𝐾)-dimensional gradient123

information is communicated, instead of the (𝑝+𝐾) × (𝑝+𝐾) Hessian matrix, by124

modifying the approximate Newton method of Shamir et al. (2014). Our results125

demonstrate the accuracy of our method in terms of both estimation and support126

recovery. We prove that, after a constant number of communications, our estimate127

achieves a near-oracle rate of [𝑠 log{max(𝑝, 𝑁)}/𝑁]1/2 for the estimation of 𝜷∗,128

and [𝐾𝑠 log{max(𝑝, 𝑁)}/𝑁]1/2 for that of 𝜶∗, in terms of the ℓ2-error (Theorem129

2). These rates coincide with those of the ℓ1-regularized CQR in a single-node130

setting (Gu and Zou, 2020). We also derive the “beta-min” condition for exact131

support recovery, which becomes weaker as the number of communications132

increases (Theorem 4). After a constant number of communications, our “beta-133
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min” condition matches that of the classical setting in which all data are in a134

single node.135

The rest of this paper is organized as follows. We describe the distributed136

algorithm for the penalized CQR in Section 2, and derive the estimation error137

bounds and the support recovery results for the distributed estimator in Section 3.138

Extensive simulations in Section 4 provide empirical evidence for our theoretical139

findings. Section 5 concludes the paper. All technical proofs are relegated to the140

online Supplementary Material.141

We use the following notation. We denote 𝐶,𝐶0, 𝐶1, . . . , 𝑐, 𝑐0, 𝑐1, . . . as142

generic constants that may vary at each appearance. We also use the standard143

asymptotic notation. Given two sequences {𝑎𝑛} and {𝑏𝑛}, we write 𝑎𝑛 = 𝑂 (𝑏𝑛) if144

there exists a constant 𝐶 < ∞ such that 𝑎𝑛 ≤ 𝐶𝑏𝑛, and 𝑎𝑛 = 𝑜(𝑏𝑛) if 𝑎𝑛/𝑏𝑛 → 0.145

For two sets of random variables {𝑋𝑛} and {𝑌𝑛}, we write 𝑋𝑛 = 𝑂𝑝 (𝑌𝑛) if146

for any 𝜖 > 0, there exists a finite 𝑀 > 0 and a finite 𝑛0 > 0 such that147

pr(|𝑋𝑛/𝑌𝑛 | > 𝑀) < 𝜖 , for any 𝑛 > 𝑛0. For a vector v = (𝑣1, . . . , 𝑣𝑝)T, we denote148

its support by supp(v) def
= { 𝑗 ∈ N : 𝑣 𝑗 ≠ 0}. We further define |v|1

def
=
∑𝑝
𝑖=1 |𝑣𝑖 |,149

|v|2
def
=

(∑𝑝
𝑖=1 𝑣

2
𝑖

)1/2
, and vmin def

= min
𝑖∈supp(v)

|𝑣𝑖 |. For S ⊆ {1, . . . , 𝑝} with length150

|S|, let vS
def
= (𝑣𝑖, 𝑖 ∈ S) ∈ R|S|. For a matrix A = (𝑎𝑖 𝑗 ) ∈ R𝑝×𝑞, we define151

|A|∞
def
= max

1≤𝑖≤𝑝,1≤ 𝑗≤𝑞
|𝑎𝑖 𝑗 |, ∥A∥∞

def
= max

1≤𝑖≤𝑝

∑
1≤ 𝑗≤𝑞

|𝑎𝑖 𝑗 |, and ∥A∥op
def
= max

|v|2=1
|Av|2. For152

two subsets S1 ⊆ {1, . . . , 𝑝} and S2 ⊆ {1, . . . , 𝑞}, we let AS1×S2 = (𝑎𝑖 𝑗 , 𝑖 ∈153
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S1, 𝑗 ∈ S2). Finally, denote the largest and smallest singular values of A by154

Λmax(A) and Λmin(A), respectively.155

2. Distributed Sparse CQR156

2.1 The Newton update and a surrogate loss157

Motivated by the Newton–Raphson method, we cast the CQR as an LS prob-158

lem. Let 𝝓 def
= (𝜶T, 𝜷T)T ∈ R𝑝+𝐾 and 𝒈(𝝓; x, 𝑌 ) def

= {𝒈𝜶 (𝝓; x, 𝑌 )T, 𝒈𝜷 (𝝓; x, 𝑌 )T}T,159

where 𝒈𝜶 (𝝓; x, 𝑌 ) ∈ R𝐾 and 𝒈𝜷 (𝝓; x, 𝑌 ) ∈ R𝑝 are the subgradients of the160

loss function 𝑄(𝝓; x, 𝑌 ) with respect to 𝜶 and 𝜷, respectively. Moreover, let161

𝑯(𝝓) def
= 𝜕𝐸{𝒈(𝝓; x, 𝑌 )}/𝜕𝝓T ∈ R(𝑝+𝐾)×(𝑝+𝐾) denote the population Hessian ma-162

trix of 𝐸{𝑄(𝝓; x, 𝑌 )}. Given any initial solution 𝝓0
def
= (𝜶T

0, 𝜷
T
0)T ∈ R𝑝+𝐾 , the163

population version of the Newton–Raphson iteration has the form164

𝝓1
def
= (𝜶T

1, 𝜷
T
1)T = 𝝓0 − 𝑯(𝝓0)−1𝐸{𝒈(𝝓0; x, 𝑌 )}. (2.1)165

For the CQR loss 𝑄(𝝓; x, 𝑌 ) in (1.2), we consider a subgradient of the form166

𝒈𝜶 (𝝓; x, 𝑌 ) = {𝐼 (𝑌 − 𝛼1 − xT𝜷 ≤ 0) − 𝜏1, . . . , 𝐼 (𝑌 − 𝛼𝐾 − xT𝜷 ≤ 0) − 𝜏𝐾}T/𝐾167

and 𝒈𝜷 (𝝓; x, 𝑌 ) = ∑𝐾
𝑘=1 x{𝐼 (𝑌 − 𝛼𝑘 − xT𝜷 ≤ 0) − 𝜏𝑘 }/𝐾 . Note that the Hessian168

matrix takes the form169

𝑯(𝝓) = ©«
𝜕𝐸{𝒈𝜶 (𝝓; x, 𝑌 )}/𝜕𝛼T 𝜕𝐸{𝒈𝜶 (𝝓; x, 𝑌 )}/𝜕𝛽T

𝜕𝐸{𝒈𝜷 (𝝓; x, 𝑌 )}/𝜕𝜶T 𝜕𝐸{𝒈𝜷 (𝝓; x, 𝑌 )}/𝜕𝛽T

ª®¬(𝑝+𝐾)×(𝑝+𝐾) ,170
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2.1 The Newton update and a surrogate loss10

where171

𝜕𝐸{𝒈𝜶 (𝝓; x, 𝑌 )}
𝜕𝛼T

=
1
𝐾

diag( 𝑓 {xT(𝜷 − 𝜷∗) + 𝛼1}, . . . , 𝑓 {xT(𝜷 − 𝜷∗) + 𝛼𝐾}),

𝜕𝐸{𝒈𝜷 (𝝓; x, 𝑌 )}
𝜕𝛽T =

1
𝐾

𝐾∑
𝑘=1

𝐸 [xxT 𝑓 {xT(𝜷 − 𝜷∗) + 𝛼𝑘 }], and

𝜕𝐸{𝒈𝜶 (𝝓; x, 𝑌 )}
𝜕𝛽T =

1
𝐾
{𝐸 (x 𝑓 {xT(𝜷 − 𝜷∗) + 𝛼1}), . . . , 𝐸 (x 𝑓 {xT(𝜷 − 𝜷∗) + 𝛼𝐾})}T.

172

When the initial estimate 𝝓0 is close to the true parameter 𝝓∗ def
= (𝜶∗T, 𝜷∗T)T,173

𝑯(𝝓0) is approximately174

𝑯(𝝓∗) = 1
𝐾

©«

𝑓 (𝛼∗1)
. . .

𝑓 (𝛼∗𝐾) ∑𝐾
𝑘=1 𝑓 (𝛼∗𝑘 )Σ

ª®®®®®®®®¬
,175

where Σ = 𝐸 (xxT), and the zero entries are left blank. Replacing 𝑯(𝝓0) with176

𝑯(𝝓∗) in (2.1) results in the following iteration:177

𝝓1 = 𝝓0 − 𝑯(𝝓∗)−1𝐸{𝒈(𝝓0; x, 𝑌 )}. (2.2)178

This, together with the Taylor expansion of 𝐸{𝑔(𝝓0; x, 𝑌 )} around 𝝓∗,179

𝐸{𝑔(𝝓0; x, 𝑌 )} = 𝑯(𝝓∗) (𝝓0 − 𝝓∗) +𝑂 ( |𝝓0 − 𝝓∗ |22),180

ensures an improved convergence rate of 𝝓1 in the ℓ2-norm; that is,181

|𝝓1 − 𝝓∗ |2 = |𝝓0 − 𝑯(𝝓∗)−1{𝑯(𝝓∗) (𝝓0 − 𝝓∗) +𝑂 ( |𝝓0 − 𝝓∗ |22)} − 𝝓∗ |2

= 𝑂 ( |𝝓0 − 𝝓∗ |22).
182

Statistica Sinica: Preprint 
doi:10.5705/ss.202022.0095



2.1 The Newton update and a surrogate loss11

Therefore, by refining a consistent estimate 𝝓0 using the Newton–Raphson itera-183

tion (2.2), we obtain an improved estimate 𝝓1.184

Next, we demonstrate how to cast the Newton–Raphson iteration of the CQR185

problem as an LS problem. Let 𝑓 (𝜶∗) def
=
∑𝐾
𝑘=1 𝑓 (𝛼∗𝑘 )/𝐾 . Because 𝜶 and 𝜷 are186

decoupled in the Newton–Raphson iteration (2.2), 𝜶1 = (𝛼1,1, . . . , 𝛼1,𝐾)T and 𝜷1187

admit the explicit forms188

𝛼1,𝑘 = 𝛼0,𝑘 − 𝑓 −1(𝛼∗𝑘 )𝐸{𝐼 (𝑌 − 𝛼0,𝑘 − xT𝜷0 ≤ 0) − 𝜏𝑘 }, 𝑘 = 1, . . . , 𝐾, (2.3)189

and190

𝜷1 = 𝜷0 − Σ−1 𝑓 −1(𝜶∗)𝐸{𝒈𝜷 (𝝓0; x, 𝑌 )}

= Σ−1𝐸

{
x
(
xT𝜷0 − 𝑓 −1(𝜶∗)

[ 1
𝐾

𝐾∑
𝑘=1

{𝐼 (𝑌 − 𝛼0,𝑘 − xT𝜷0 ≤ 0) − 𝜏𝑘 }
] )}

.
191

Define a pseudo response192

𝑌 = xT𝜷0 − 𝑓 −1(𝜶∗)
[ 1
𝐾

𝐾∑
𝑘=1

{𝐼 (𝑌 − 𝛼0,𝑘 − xT𝜷0 ≤ 0) − 𝜏𝑘 }
]
.193

Then, 𝜷1 = Σ−1𝐸 (x𝑌 ) = arg min𝜷∈R𝑝 𝐸 (𝑌−xT𝜷)2 is the LS regression coefficient194

of 𝑌 on x. To encourage sparsity in the coefficient vector, we consider the195

following penalized LS problem:196

𝜷1, pen = arg min
𝜷∈R𝑝

1
2
𝐸 (𝑌 − xT𝜷)2 + 𝑃(𝜷, 𝜆), (2.4)197

where 𝑃(·, ·) is a sparsity-inducing penalty. Examples of penalties include the ℓ1-198

norm penalty (LASSO, Tibshirani, 1996), smoothly clipped absolute deviation199
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2.1 The Newton update and a surrogate loss12

penalty (SCAD, Fan and Li, 2001), and minimax concave penalty (MCP, Zhang,200

2010); see Hastie et al. (2015) and the references therein for comprehensive201

reviews of recent developments. In the present context, we adopt the ℓ1-norm202

penalty 𝑃(𝜷, 𝜆) def
= 𝜆 |𝜷|1, for ease of exposition. Then, (2.4) becomes203

𝜷1, ℓ1 = arg min
𝜷∈R𝑝

1
2
𝐸 (𝑌 − xT𝜷)2 + 𝜆 |𝜷|1. (2.5)204

At the population level, if we have a consistent estimate (𝜶T
0, 𝜷

T
0)T of (𝜶∗T, 𝜷∗T)T,205

then we can estimate 𝜶∗ and the ultrahigh-dimensional sparse 𝜷∗ by solving a206

simple iteration (2.3) and a penalized LS problem (2.5), rather than solving the207

original penalized CQR.208

Now, we define the empirical version of 𝜷1, ℓ1 in a single-node setting. Let209

𝜶(0) and 𝜷(0) be the initial estimates of 𝜶∗ and 𝜷∗, respectively, and let �̂� (𝜶∗) be210

an estimate of 𝑓 (𝜶∗). For 𝑖 = 1, . . . , 𝑁, define the pseudo responses211

𝑌𝑖 = xT
𝑖 𝜷

(0) − �̂� −1(𝜶∗)
[

1
𝐾

𝐾∑
𝑘=1

{𝐼 (𝑌𝑖 − �̂�(0)
𝑘 − xT

𝑖 𝜷
(0) ≤ 0) − 𝜏𝑘 }

]
.212

We estimate𝜶∗ and 𝜷∗ using the empirical versions of (2.3) and (2.5), respectively:213

214

�̂�(1)
𝑘 = �̂�(0)

𝑘 − �̂� −1(𝛼∗𝑘 ) ·
1
𝑁

𝑁∑
𝑖=1

{
𝐼 (𝑌𝑖 − �̂�(0)

𝑘 − xT
𝑖 𝜷

(0) ≤ 0) − 𝜏𝑘
}
, (2.6)215

and216

𝜷(1)
ℓ1

= arg min
𝜷∈R𝑝

1
2𝑁

𝑁∑
𝑖=1

(𝑌𝑖 − xT
𝑖 𝜷)2 + 𝜆𝑁 |𝜷|1. (2.7)217
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2.2 Distributed estimation13

In a single-node setting, problems (2.6) and (2.7) correspond to a simple LS218

problem and an LS lasso problem, respectively, which are computationally much219

easier than an ℓ1-regularized CQR problem.220

We take �̂� (𝜶∗) =
∑𝐾
𝑘=1 �̂� (𝛼∗𝑘 )/𝐾 as the average of the 𝐾 kernel density221

estimates222

�̂� (𝛼∗𝑘 ) = (𝑁ℎ)−1
𝑁∑
𝑖=1

K{(𝑌𝑖 − �̂�(0)
𝑘 − xT

𝑖 𝜷
(0))/ℎ}, 𝑘 = 1, . . . , 𝐾. (2.8)223

Here, K(·) is a kernel function fulfilling Condition (C3) of Section 3, and ℎ > 0224

is the bandwidth. In Sections 3 and 4, we discuss the selection of the bandwidth.225

To minimize problems (2.6) and (2.7), we may first pool all the data into226

a single central node, which we then optimize. However, this may require227

substantial memory and storage for large amounts of data. Distributed systems228

require computationally efficient algorithms with very low communication costs229

(Jordan et al., 2019; Fan et al., 2019b; Lan et al., 2020). In this paper, we230

introduce a distributed algorithm that robustly and efficiently estimates 𝜶∗ and231

𝜷∗ at near-oracle rates.232
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2.2 Distributed estimation14

2.2 Distributed estimation233

Here, we develop a distributed communication-efficient algorithm to compute234

𝜶(1) and 𝜷(1)
ℓ1

in (2.6) and (2.7) under the “horizontal” distributed setting. Because235

�̂�(1)
𝑘 = �̂�(0)

𝑘 − �̂� −1(𝛼∗𝑘 )
1
𝑁

𝑚∑
𝑗=1

∑
𝑖∈H 𝑗

{𝐼 (𝑌𝑖 − �̂�(0)
𝑘 − xT

𝑖 𝜷
(0) ≤ 0) − 𝜏𝑘 }, 𝑘 = 1, . . . , 𝐾,236

the communication cost to obtain 𝜶(1) is 𝑂 (𝑚𝐾), which is communication-237

efficient. For 𝜷(1)
ℓ1

, we solve problem (2.7) using an approximate Newton method238

(Wang et al., 2017; Jordan et al., 2019; Fan et al., 2019a), that has a communica-239

tion cost 𝑂 (𝑚𝑝). For ease of notation, let240

z𝑛, 𝑗
def
=

1
𝑛

∑
𝑖∈H 𝑗

x𝑖𝑌𝑖, z𝑁
def
=

1
𝑚

𝑚∑
𝑗=1

z𝑛, 𝑗 , Σ̂ 𝑗
def
=

1
𝑛

∑
𝑖∈H 𝑗

x𝑖xT
𝑖 , and Σ̂

def
=

1
𝑚

𝑚∑
𝑗=1

Σ̂ 𝑗 .241

We further define the pseudo local and global loss functions, respectively, as242

L 𝑗 (𝜷)
def
=

1
2𝑛

∑
𝑖∈H 𝑗

(𝑌𝑖 − xT
𝑖 𝜷)2 and L𝑁 (𝜷)

def
=

1
𝑚

𝑚∑
𝑗=1

L 𝑗 (𝜷).243

Denote the gradient of L𝑁 (𝜷) by ∇L𝑁 (𝜷), which is Σ̂𝜷 − z𝑁 . Given an initial244

estimate 𝜷(0) , we have245

L𝑁 (𝜷) =L𝑁 (𝜷(0)) + {∇L𝑁 (𝜷(0))}T(𝜷 − 𝜷(0))

+ 1
2
(𝜷 − 𝜷(0))TΣ̂(𝜷 − 𝜷(0)).

(2.9)246

Recall that in a “horizontal” distributed system, the data are scattered across247

𝑚 nodes. Transmitting the Hessian matrix Σ̂ requires a communication cost248
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2.2 Distributed estimation15

𝑂 (𝑝2), which is typically expensive in a high-dimensional setting. To reduce the249

communication cost, we approximate the Hessian matrix Σ̂ by Σ̂1, which leads250

to the surrogate loss251

L̃∗(𝜷) def
=L𝑁 (𝜷(0)) + {∇L𝑁 (𝜷(0))}T(𝜷 − 𝜷(0))

+ 1
2
(𝜷 − 𝜷(0))TΣ̂1(𝜷 − 𝜷(0)).

(2.10)252

Comparing (2.10) with (2.9), we obtain the approximation error of the surrogate253

loss254

L̃∗(𝜷) − L𝑁 (𝜷) = (𝜷 − 𝜷(0))T(Σ̂ − Σ̂1) (𝜷 − 𝜷(0))

= 𝑂𝑝

{
∥Σ̂ − Σ̂1∥op · |𝜷 − 𝜷(0) |22

}
,

255

where the last equality follows from the Cauchy–Schwarz inequality. The ap-256

proximation error is negligible if either ∥Σ̂− Σ̂1∥op or |𝜷− 𝜷(0) |2 is 𝑜𝑝 (1), which257

is possible if 𝑝 is much smaller than 𝑛 or if a sparsity structure exists in the258

coefficient vector when 𝑝 is much greater than 𝑛.259

Ignoring the additive terms in (2.10) irrelevant to 𝜷, the surrogate loss can260

be simplified to261

L̃(𝜷) def
=

1
2𝑛

∑
𝑖∈H1

(xT
𝑖 𝜷)2 − 𝜷T{z𝑁 + (Σ̂1 − Σ̂)𝜷(0)}.262

Here, rather than working with the pseudo global loss L𝑁 in (2.7), we work with263

L̃(𝜷) to reduce the communication cost. Specifically, we define264

𝜷(1) def
= arg min

𝜷∈R𝑝
L̃(𝜷) + 𝜆𝑁 |𝜷|1. (2.11)265
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2.2 Distributed estimation16

Note that we can calculate Σ̂𝜷(0) and z𝑁 very efficiently in a distributed manner266

with a communication cost 𝑂 (𝑚𝑝), because Σ̂ 𝑗 𝜷(0) and z𝑛, 𝑗 , which form Σ̂𝜷(0)
267

and z𝑁 , respectively, are both 𝑝-dimensional vectors (see Algorithm 1). There is268

no need to communicate the 𝑝 × 𝑝 covariance matrix Σ̂ 𝑗 .269

In practice, when feasible, we recommend using the ℓ1-penalized CQR esti-270

mate (Gu and Zou, 2020; Pietrosanu et al., 2020), fitted from the data collected271

only at the first node as the initial estimate:272

{𝜶(0) , 𝜷(0)} def
= arg min

𝜶∈R𝐾 , 𝜷∈R𝑝

1
2𝑛𝐾

∑
𝑖∈H1

𝐾∑
𝑘=1

𝜌𝜏𝑘 (𝑌𝑖 − 𝛼𝑘 − xT
𝑖 𝜷) + 𝜆𝑛 |𝜷|1. (2.12)273

Our distributed estimation procedure then proceeds iteratively from the initial274

estimate. Specifically, for any 𝑡 ≥ 1, let 𝜷(𝑡−1) be the distributed estimate in the275

(𝑡 − 1)th communication, and let276

�̂� (𝑡) (𝜶∗) def
= (𝑁𝐾ℎ(𝑡))−1

𝐾∑
𝑘=1

𝑁∑
𝑖=1

K{(𝑌𝑖 − �̂�(𝑡−1)
𝑘 − xT

𝑖 𝜷
(𝑡−1))/ℎ(𝑡)}277

be the estimate of 𝑓 (𝜶∗) and ℎ(𝑡) be the associated bandwidth (specified in278

Theorem 2) in the 𝑡th communication. Define279

𝑌 (𝑡)
𝑖 = xT

𝑖 𝜷
(𝑡−1) − �̂� −1(𝜶∗)

[
1
𝐾

𝐾∑
𝑘=1

{𝐼 (𝑌𝑖 − �̂�(𝑡−1)
𝑘 − xT

𝑖 𝜷
(𝑡−1) ≤ 0) − 𝜏𝑘 }

]
,280

for 𝑖 = 1, . . . , 𝑁 , and z(𝑡)𝑁 = 𝑁−1 ∑𝑁
𝑖=1 x𝑖𝑌 (𝑡)

𝑖 . The distributed estimate in the 𝑡th281

communication takes the form282

�̂�(𝑡)
𝑘

def
= �̂�(𝑡−1)

𝑘 − �̂� −1(𝛼∗𝑘 )
1
𝑁

𝑁∑
𝑖=1

{𝐼 (𝑌𝑖 − �̂�(𝑡−1)
𝑘 − xT

𝑖 𝜷
(𝑡−1) ≤ 0) − 𝜏𝑘 } (2.13)283
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2.2 Distributed estimation17

and284

𝜷(𝑡) def
= arg min

𝜷∈R𝑝

1
2𝑛

∑
𝑖∈H1

(xT
𝑖 𝜷)2 − 𝜷T

{
z(𝑡)𝑁 + (Σ̂1 − Σ̂)𝜷(𝑡−1)} + 𝜆𝑁, 𝑡 |𝜷|1. (2.14)285

Problem (2.14) is an ℓ1-regularized quadratic program, which can be solved286

using a first-order method (Combettes and Pesquet, 2011; Bach et al., 2012;287

Tropp and Wright, 2010), a Newton-type algorithm (Fountoulakis et al., 2014;288

Dassios et al., 2015), or the coordinate descent algorithm (Friedman et al., 2010).289

In our implementation, we use the primal dual active set (PDAS, Fan et al.,290

2014b) method, which is essentially a generalized Newton-type method. It291

converges after one iteration if the initial value is good enough. To select the292

regularization parameter, because 𝜷(𝑡) is a piecewise linear function of 𝜆𝑁, 𝑡293

(Osborne et al., 2000), we use a continuation procedure in order to fully exploit294

the fast convergence of the PDAS method. Specifically, we use the solution from295

the previous step as the initial value for the current step. When the continuation296

procedure completes, we have a solution path for (2.14), from which we choose297

the best regularization parameter based on maximum voting. In particular, we set298

𝜆1 = |z(𝑡)𝑁 + (Σ̂1−Σ̂)𝜷(𝑡−1) |∞, which has a solution to (2.14) that is exactly zero, by299

the Karush–Kuhn–Tucker conditions. Let 𝜆ℓ = 𝜆1𝜌
ℓ−1, with 𝜌 ∈ (0, 1), for ℓ ≥ 1.300

For some pre-fixed threshold 𝑠0 ∈ N+, we apply the PDAS method to compute a301

solution path {𝜷(𝑡), 𝜆1 , . . . , 𝜷(𝑡), 𝜆𝐿 } until |𝜷(𝑡), 𝜆𝐿 |0 > 𝑠0 for a smallest possible 𝐿.302

LetS𝑣 = {𝜆ℓ : |𝜷(𝑡), 𝜆ℓ |0 = 𝑣, ℓ = 1, . . . , 𝐿} be the set of regularization parameters303
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at which the solution to (2.14) has 𝑣 nonzero elements, where 𝑣 = 1, . . . , 𝑠0. We304

determine 𝜆𝑁, 𝑡 by maximum voting, that is,305

𝜆𝑁, 𝑡 = max{S𝑣} and 𝑣 = argmax𝑣 |S𝑣 |,306

where |S𝑣 | is the cardinality of the set S𝑣. Our parameter selection rule is307

seamlessly integrated with the continuation procedure without incurring extra308

communication and computation costs. Classical cross-validation approaches309

can be used in the distributed setting (Yu et al., 2021) as well. We summarize310

our distributed algorithm in Algorithm 1.311

3. Theoretical Results312

In this section, we show the estimation and support recovery accuracy of the313

distributed CQR estimate. Denote S def
= supp(𝜷∗) as the support of 𝜷∗, and let314

𝑠
def
= |S|. Following Wainwright (2019), we say a random vector x ∈ R𝑝 is315

sub-Gaussian if it satisfies sup
|𝛼 |2=1

𝐸 exp{𝑡 (𝛼Tx)2} ≤ 𝐶, for some 𝑡 > 0 and 𝐶 > 0.316

We assume the following conditions:317

(C1) The density 𝑓 is bounded and Lipschitz continuous, that is, | 𝑓 (𝑥)− 𝑓 (𝑦) | ≤318

𝐶𝐿 |𝑥−𝑦 |, for any 𝑥, 𝑦 ∈ R and some constant𝐶𝐿 > 0. Moreover, we assume319

𝑓 (𝛼∗𝑘 ) ≥ 𝑓 > 0, for all 𝑘 = 1, . . . , 𝐾 .320
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Algorithm 1 Distributed algorithm for sparse CQR
Input: Data {(x𝑖 , 𝑌𝑖)𝑖∈H 𝑗 }, for 𝑗 = 1, . . . , 𝑚, the number of iterations 𝑡, the quantile levels

𝜏𝑘 , for 𝑘 = 1, . . . , 𝐾 , a sequence of bandwidths ℎ (𝑔) , for 𝑔 = 1, . . . , 𝑡, the regularization

parameters 𝜆𝑛 and 𝜆 (𝑔)𝑁 , for 𝑔 = 1, . . . , 𝑡.

1: Compute the initial estimates 𝜶 (0) and 𝜷 (0) using (2.12), based on {(x𝑖 , 𝑌𝑖)𝑖∈H1 }.

2: for 𝑔 = 1, . . . , 𝑡 do

3: Transmit 𝜶 (𝑔−1) and 𝜷 (𝑔−1) from the first node to the local ones labeled with 2, . . . , 𝑚.

4: for 𝑗 = 1, . . . , 𝑚 do

5: Calculate

�̂� (𝑔, 𝑗) (𝜶∗) = (𝑛𝐾ℎ (𝑔) )−1
𝐾∑
𝑘=1

∑
𝑖∈H 𝑗

K{(𝑌𝑖 − �̂� (𝑔−1)
𝑘 − xT

𝑖 𝜷
(𝑔−1) )/ℎ (𝑔) }

at the 𝑗 th node and send it back to the first node.

6: end for

7: The first node computes �̂� (𝑔) (𝜶∗) = 𝑚−1 ∑𝑚
𝑗=1 �̂�

(𝑔, 𝑗) (𝜶∗) and transmits it to the local

nodes labeled with 2, . . . , 𝑚.

8: for 𝑗 = 1, . . . , 𝑚 do

9: Calculate Σ̂ 𝑗𝜷 (𝑔−1) and z(𝑔)𝑛, 𝑗 = 𝑛
−1 ∑

𝑖∈H 𝑗
x𝑖𝑌 (𝑔)

𝑖 at the 𝑗 th node and send them back

to the first node.

10: end for

11: Calculate 𝜶 (𝑔) and 𝜷 (𝑔) on the first node, based on (2.13) and (2.14).

12: end for

Output: The final estimates 𝜶 (𝑡) and 𝜷 (𝑡) obtained from the first node.
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(C2) There exists a constant 𝑐0 > 0 such that 𝑐−1
0 ≤ Λmin(Σ) ≤ Λmax(Σ) ≤ 𝑐0.321

Furthermore, we assume ∥ΣS𝑐×SΣ−1
S×S ∥∞ ≤ 1 − 𝛼, for some 0 < 𝛼 < 1.322

(C3) Assume the kernel functionK(·) is differentiable with a bounded derivative323

K′(·). Moreover, K(·) is integrable, with
∫ ∞
−∞K(𝑢)d𝑢 = 1 and K(𝑢) = 0,324

for |𝑢 | ≥ 1.325

(C4) The covariate vector x is sub-Gaussian. The dimension 𝑝 satisfies 𝑝 =326

𝑂 (𝑁𝜈), for some 𝜈 > 0. The sample size 𝑛 at each local node satisfies327

𝑛 ≥ 𝑁𝜔, for some 0 < 𝜔 < 1, the sparsity level 𝑠 satisfies 𝑠 = 𝑂 (𝑛𝑟), for328

some 0 ≤ 𝑟 < 1/3, and the number of quantile levels𝐾 satisfies𝐾 = 𝑂 (𝑛𝑟),329

for some 0 ≤ 𝑟 < 1/3.330

(C5) The initial estimates 𝜶(0) and 𝜷(0) satisfy pr(supp(𝜷(0)) ⊆ S) → 1 and331

|𝜷(0) − 𝜷∗ |2 = 𝑂𝑝 (𝑎𝑛) and |𝜶(0) − 𝜶∗ |2 = 𝑂𝑝 (𝐾1/2𝑎𝑛), where 𝑎𝑛 =332

(𝑠 log 𝑁/𝑛)1/2.333

Condition (C1) is standard on the smoothness of the noise density (Gu and334

Zou, 2020; Chen et al., 2020). The irrepresentable condition (C2) is widely335

used in the high-dimensional statistics literature to establish support recovery;336

see, for example, Zhao and Yu (2006),Wainwright (2009), Hastie et al. (2015),337

and Wainwright (2019). Condition (C3) imposes regular conditions on the338

kernel function, and is mild and satisfied by many common kernel functions.339
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Condition (C4) is commonly assumed in the distributed estimation literature;340

see, for example, Chen et al. (2020), Wang et al. (2017), and Jordan et al. (2019).341

In Algorithm 1, the initial estimator 𝜷(0) is obtained using the data scattered at342

the central node. Such an initial estimate satisfies (C5) under Conditions (C1),343

(C2), and (C4) (see Theorem 1 of Gu and Zou, 2020). We use log 𝑁 throughout344

for simplicity, because we have log{max(𝑁, 𝑝)} = 𝐶1 log 𝑁 , for some constant345

𝐶1 > 0, by Condition (C4).346

We first present the convergence rates of the distributed estimates 𝜶(1) and347

𝜷(1) from the first communication.348

Theorem 1. Set 𝜆𝑁 = 𝐶0{(log 𝑁/𝑁)1/2 + (𝑠 log 𝑁/𝑛)1/2𝑎𝑛} and the bandwidth349

ℎ ≍ 𝑎𝑛, where 𝐶0 > 0 is a sufficiently large constant. Under Conditions (C1)–350

(C5), we have351

|𝜶(1) − 𝜶∗ |2 = 𝑂𝑝{(𝐾𝑠 log 𝑁/𝑁)1/2 + (𝐾𝑠2 log 𝑁/𝑛)1/2𝑎𝑛}352

and353

|𝜷(1) − 𝜷∗ |2 = 𝑂𝑝{(𝑠 log 𝑁/𝑁)1/2 + (𝑠2 log 𝑁/𝑛)1/2𝑎𝑛}.354

Let 𝑎 (𝑔)𝑁 = (𝑠 log 𝑁/𝑁)1/2 + 𝑠(2𝑔+1)/2(log[𝑁]/𝑛) (𝑔+1)/2, for 𝑔 = 1, . . . , 𝑡.355

Applying Theorem 1 leads to the convergence rates of the distributed estimates356

𝜶(𝑡) and 𝜷(𝑡) from the 𝑡th communication.357
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Theorem 2. Set 𝜆(𝑔)𝑁 = 𝐶0
{
(log 𝑁/𝑁)1/2 + (𝑠 log 𝑁/𝑛)1/2𝑎 (𝑔−1)

𝑁

}
and the band-358

width ℎ(𝑔) ≍ 𝑎 (𝑔−1)
𝑁 , for 𝑔 = 1, . . . , 𝑡, where𝐶0 > 0 is a sufficiently large constant.359

Under Conditions (C1)–(C5), we have360

|𝜶(𝑡) − 𝜶∗ |2 = 𝑂𝑝

{
(𝐾𝑠 log 𝑁/𝑁)1/2 + (𝐾)1/2𝑠(2𝑡+1)/2(log 𝑁/𝑛) (𝑡+1)/2}

361

and362

|𝜷(𝑡) − 𝜷∗ |2 = 𝑂𝑝

{
(𝑠 log 𝑁/𝑁)1/2 + 𝑠(2𝑡+1)/2(log 𝑁/𝑛) (𝑡+1)/2}.363

When the number of communications 𝑡 is large enough, that is,364

𝑡 ≥ log(𝑁/𝑛)/log{𝑐0𝑛/(𝑠2 log 𝑁)}, for some 𝑐0 > 0, (3.1)365

we have 𝑠(2𝑡+1)/2(log 𝑁/𝑛) (𝑡+1)/2 = 𝑂{(𝑠 log 𝑁/𝑁)1/2}. Therefore, |𝜷(𝑡)−𝜷∗ |2 =366

𝑂𝑝{(𝑠 log 𝑁/𝑁)1/2}, and the distributed estimate 𝜷(𝑡) attains the minimax op-367

timal rate 𝑂{(𝑠 log 𝑁/𝑁)1/2}. This is also the optimal rate when the data are368

pooled at a single central node (Gu and Zou, 2020). In view of Condition (C4),369

the right-hand side of (3.1) is bounded by a constant. To achieve the oracle370

rate, our distributed algorithm requires the number of communications, 𝑡, to371

increase logarithmically with the number of nodes, 𝑚. In contrast, existing dis-372

tributed first-order algorithms require the number of communications to increase373

polynomially with 𝑚; see Table 1 of Zhang and Xiao (2015) for details.374

We present the support recovery of our distributed method in the following375

two theorems.376
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Theorem 3. Under the conditions of Theorem 1, we have supp(𝜷(1)) ⊆ S,377

with probability approaching one. Suppose, in addition, for a sufficiently large378

positive constant 𝐶,379

𝜷∗min ≥ 𝐶∥Σ−1
S×S ∥∞

{
(log 𝑁/𝑁)1/2 + |𝜷(0) − 𝜷∗ |2(𝑠 log 𝑁/𝑛)1/2

}
.380

Then, we have supp(𝜷(1)) = S, with probability approaching one.381

Theorem 4. Under the conditions of Theorem 2, we have supp(𝜷(𝑡)) ⊆ S, with382

probability approaching one. Suppose, for a sufficiently large positive constant383

𝐶,384

𝜷∗min ≥ 𝐶∥Σ−1
S×S ∥∞

{
(log 𝑁/𝑁)1/2 + 𝑠𝑡 (log 𝑁/𝑛) (𝑡+1)/2

}
.385

Then, we have supp(𝜷(𝑡)) = S, with probability approaching one.386

The “beta-min” condition, which is commonly assumed in the literature on387

high-dimensional statistics, weakens as 𝑡 increases and matches the oracle rate388

for the “beta-min” condition, that is, 𝜷∗min ≥ 𝐶∥Σ−1
S×S ∥∞(log 𝑁/𝑁)1/2, after a389

constant number of communications (Wainwright, 2009).390

We have assumed evenly scattered data across the nodes, for ease of demon-391

stration. In fact, the number of data points, 𝑛, is just the “working” sample size392

at the first node, or the central node, as it is known as in distributed computing.393

Once it is specified, our approach does not depend on the partition of the data.394
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Several works in the distributed computing literature examine heavy-tailed395

noise. Chen et al. (2020) consider the distributed QR estimation and similarly396

cast the nonsmooth QR problem as an LS problem. Note that our study of the397

CQR is motivated by the potential loss of efficiency of the QR under certain noise398

distributions, and our work is technically more challenging than the distributed399

QR, because our loss function consists of quantile check losses at multiple levels.400

Furthermore, in contrast to the validation method of Chen et al. (2020), we suggest401

a new tuning procedure in Section 2.2 that does not incur extra communication402

and computation costs. Luo et al. (2022) consider the distributed adaptive Huber403

regression, which can also handle certain cases of heavy-tailed noise. Their404

theoretical analysis does not assume independence between the noise and the405

covariates, but does require that the covariates to be bounded. Moreover, the406

Huber regression does not work under very heavy-tailed noise such as the Cauchy,407

whereas the CQR does. Battey et al. (2021) suggest a convoluted smoothing of408

the check loss to handle the nonsmoothness of the QR. This alternative smoothing409

procedure can be applied to our CQR loss, especially when the construction of410

the pseudo response is not stable in small samples. However, it may not be as411

computationally efficient as our method, owing to our simple LS formulation. In412

addition, the aforementioned works focus mainly on the estimation error bounds413

of their respective estimates, whereas we establish the support recovery theory414
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in addition to the estimation error. Support recovery is an important topic in415

high-dimensional distributed settings but is usually very challenging (Neykov416

et al., 2016).417

4. Simulation Studies418

4.1 Design of the simulations419

We simulate the data from model (1.1) with 𝛽∗0 = 0 and 𝜷∗ = (3, 1.5, 0, 0, 2, 0𝑝−5)T,420

and the covariates x𝑖 are drawn from N(0,Σ), with Σ = (0.5|𝑘−𝑙 |)𝑝×𝑝. We fix421

𝑝 = 500 throughout. For the noise distribution, we follow Zou and Yuan (2008)422

and Gu and Zou (2020), and consider three shapes:423

(a) the normal distribution, 𝜀 ∼ N(0, 1),424

(b) the Student’s 𝑡 distribution with three degrees of freedom, 𝜀 ∼ 𝑡 (3), and425

(c) the Cauchy distribution, 𝜀 ∼ 𝑓 (𝜀) = 1/{𝜋(1 + 𝜀2)}.426

The initial estimator is taken as the ℓ1-regularized CQR estimator defined in427

(2.12) using the local data at the first node. The constant 𝐶0 of 𝜆(𝑔)𝑁 is chosen428

using majority voting along the solution paths calculated using the method of429

Huang et al. (2018). We use the bi-weight kernel function K(𝑥) = 105(1 −430

3𝑥2) (1 − 𝑥2)2𝐼 ( |𝑥 | ≤ 1)/64, and set the bandwidth as ℎ(𝑔) = 𝑐𝑎 (𝑔−1)
𝑁 , for some431

constant 𝑐 > 0 (Theorem 2). We take 𝑐 = 1, for simplicity. A sensitivity analysis432
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of the choice of 𝑐 is provided in Section 4.5. Throughout, we take 𝐾 = 19 and433

𝜏𝑘 = 𝑘
𝐾+1 , for 𝑘 = 1, . . . , 𝐾 .434

We compare our distributed estimate with its pooled counterpart and the435

divide-and-conquer estimate. Specifically, the divide-and-conquer method com-436

putes the ℓ1-regularized CQR at each local node and combines the local estimates437

using simple averaging.438

Two criteria are used to evaluate the performance of the methods: the esti-439

mation error, |𝜷 − 𝜷∗ |2, and the 𝐹1-score,440

𝐹1
def
=

2(TP)
2(TP) + FP + FN

,441

where TP, FP, and FN denote the numbers of true positives, false positives, and442

false negatives, respectively. The 𝐹1-score ranges from zero to one, with larger443

values indicating better performance (see, e.g., Goutte and Gaussier, 2005), and444

is widely used in the literature to evaluate support recovery accuracy.445

We repeat each setting with one hundred independent runs.446

4.2 Effect of the number of communications447

We investigate how the performance of our distributed estimate varies according448

to the number of iterations (or communications). We fix the sample size at449

𝑁 = 5000, the local sample size at 𝑛 = 500, and the number of nodes at450

𝑚 = 10. Shown in Figure 1 is the plot of the mean estimation error (over one451
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hundred independent runs) versus the number of iterations, where the error bar452

corresponds to one standard error. The distributed and pooled estimates exhibit453

similar performance under all three noise scenarios, and both become stable in454

just a few iterations. In addition, they both outperform the divide-and-conquer455

estimate by a large margin.456

4.3 Effect of the noise distribution457

Here, we demonstrate the robustness of the CQR to heavy-tailed noise and458

its preservation of efficiency under light-tailed noise by considering the three459

aforementioned noise distributions. We additionally include the LS lasso estimate460

in a single-node setting (pooled data) in the comparison. We vary the sample size461

𝑁 , and summarize the estimation errors and 𝐹1-scores of the four estimates in462

Table 1. In all settings, the performance of our distributed estimate matches that463

of the pooled estimate, and both outperform the divide-and-conquer and lasso464

estimates. In particular, the distributed and pooled estimates perform similarly465

to the lasso estimate under normal noise, but exhibit much better performance466

under the Cauchy noise. We omit the lasso estimate in subsequent comparisons,467

owing to its instability under heavy-tailed noises.468
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Figure 1: The horizontal axis shows the number of iterations (communications), and the vertical

axis represents the estimation errors of the divide-and-conquer ( ), distributed ( ), and

pooled ( ) estimates when the noise comes from the (a) normal, (b) Student’s 𝑡(3), and (c)

Cauchy distributions. The error bar corresponds to one standard error. The horizontal values are

jittered to avoid overlapping. The overall sample size, local sample size, and dimension are fixed

at 𝑁 = 5000, 𝑛 = 500, and 𝑝 = 500, respectively.
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Table 1: The estimation errors and 𝐹1-scores of the distributed, pooled, and divide-and-conquer

estimates, and the least squares lasso estimate fitted using the pooled data under varying sample

sizes 𝑁 when the noise comes from the normal, Student’s 𝑡 (3), and Cauchy distributions. The

local sample size 𝑛 is fixed at 500.

𝑁
distr pooled dc lasso

est. error 𝐹1-score est. error 𝐹1-score est. error 𝐹1-score est. error 𝐹1-score

Normal noise

2500 0.0998 1.0000 0.0997 1.0000 0.1770 0.0826 0.0817 0.4636

5000 0.0718 1.0000 0.0717 1.0000 0.1716 0.0409 0.0576 0.4793

10000 0.0515 1.0000 0.0515 1.0000 0.1673 0.0241 0.0398 0.4521

15000 0.0378 1.0000 0.0379 1.0000 0.1639 0.0186 0.0307 0.4748

20000 0.0349 1.0000 0.0348 1.0000 0.1662 0.0158 0.0295 0.5512

25000 0.0308 1.0000 0.0307 1.0000 0.1655 0.0146 0.0288 0.8413

Student’s 𝑡 (3) noise

2500 0.1242 1.0000 0.1244 1.0000 0.1974 0.0756 0.1433 0.4199

5000 0.0884 1.0000 0.0885 1.0000 0.1894 0.0394 0.0990 0.4067

10000 0.0596 1.0000 0.0596 1.0000 0.1841 0.0238 0.0695 0.4858

15000 0.0465 1.0000 0.0465 1.0000 0.1826 0.0183 0.0538 0.4761

20000 0.0432 1.0000 0.0432 1.0000 0.1824 0.0159 0.0481 0.4482

25000 0.0383 1.0000 0.0383 1.0000 0.1816 0.0143 0.0441 0.4417

Cauchy noise

2500 0.1713 1.0000 0.1713 1.0000 0.1908 0.1042 3.1826 0.2245

5000 0.1254 1.0000 0.1255 1.0000 0.1897 0.0470 3.1247 0.2505

10000 0.0846 1.0000 0.0846 1.0000 0.1878 0.0276 3.0907 0.2454

15000 0.0732 1.0000 0.0732 1.0000 0.1845 0.0211 3.1835 0.2361

20000 0.0619 1.0000 0.0618 1.0000 0.1819 0.0175 3.1540 0.2490

25000 0.0541 1.0000 0.0540 1.0000 0.1837 0.0158 2.9773 0.2418
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4.4 Effect of the overall and local sample sizes469

We investigate the performance of the estimates under different combinations of470

the overall sample size 𝑁 and the local sample size 𝑛. The estimation errors471

and 𝐹1-scores are reported in Table 2. In terms of the estimation error, both the472

distributed and the pooled estimates outperform the divide-and-conquer estimate473

in almost all the settings, except when 𝑁 = 5000 and 𝑛 = 1000 under the474

Cauchy noise. In this exceptional case, however, they outperform the divide-475

and-conquer estimate again when the sample size 𝑁 keeps growing, for example,476

from 𝑁 = 5000 to 𝑁 = 10000. This demonstrates the sub-optimality of the477

divide-and-conquer estimate compared with our distributed estimate when the478

number of nodes 𝑚 grows. In terms of the support recovery, the 𝐹1-scores of479

the distributed and pooled estimates are equal to one in all settings, and are480

much better than that of the divide-and-conquer estimate. This is not surprising,481

because the divide-and-conquer method usually results in a dense estimate.482

4.5 Sensitivity analysis for the bandwidth483

We investigate the sensitivity of the bandwidth selection by varying the sample484

size 𝑁 and the constant 𝑐 in the bandwidth ℎ(𝑔) = 𝑐𝑎
(𝑔−1)
𝑁 from 1 to 20. We485

summarize the results for the Cauchy noise in Table 3. The results for the other486

two noise distributions are relegated to the Supplementary Material. We can see487
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Table 2: The estimation errors and 𝐹1-scores of the distributed, pooled, and divide-and-conquer

estimates under different combinations of the overall sample size 𝑁 and the local sample size 𝑛

when the noise comes from the normal, Student’s 𝑡 (3), and Cauchy distributions.

𝑛 200 500 1000

𝑁 5000 10000 20000 5000 10000 20000 5000 10000 20000

Normal noise

distr
est. error 0.0711 0.0506 0.0377 0.0711 0.0491 0.0342 0.0719 0.0478 0.0358

𝐹1-score 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

pooled
est. error 0.0710 0.0505 0.0376 0.0710 0.0490 0.0342 0.0718 0.0478 0.0357

𝐹1-score 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

dc
est. error 0.2565 0.2544 0.2536 0.1698 0.1661 0.1636 0.1251 0.1185 0.1174

𝐹1-score 0.0187 0.0136 0.0121 0.0407 0.0239 0.0156 0.0812 0.0415 0.0254

Student’s 𝑡 (3) noise

distr
est. error 0.0870 0.0606 0.0442 0.0860 0.0623 0.0427 0.0873 0.0577 0.0448

𝐹1-score 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

pooled
est. error 0.0869 0.0612 0.0436 0.0861 0.0622 0.0425 0.0873 0.0576 0.0447

𝐹1-score 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

dc
est. error 0.2953 0.2929 0.2906 0.1868 0.1876 0.1825 0.1394 0.1302 0.1292

𝐹1-score 0.0192 0.0139 0.0121 0.0403 0.0239 0.0158 0.0794 0.0424 0.0238

Cauchy noise

distr
est. error 0.1236 0.0878 0.0606 0.1326 0.0897 0.0614 0.1215 0.0865 0.0608

𝐹1-score 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

pooled
est. error 0.1241 0.0878 0.0611 0.1327 0.0897 0.0615 0.1215 0.0866 0.0610

𝐹1-score 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

dc
est. error 0.3674 0.3657 0.3630 0.1900 0.1876 0.1828 0.1083 0.1019 0.0941

𝐹1-score 0.0199 0.0144 0.0123 0.0492 0.0278 0.0174 0.1384 0.0797 0.0407
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from Table 3 that the distributed and pooled estimates are quite robust to the488

choice of the bandwidth constant 𝑐, and exhibit similar performance under all489

choices of the constant 𝑐.490

Table 3: The estimation errors and 𝐹1-scores of the distributed, pooled, and divide-and-conquer

estimates under different combinations of the sample size 𝑁 and the bandwidth constant 𝑐 when

the noise comes from the Cauchy distribution. The local sample size 𝑛 is fixed at 500.

𝑁 𝑐
distr pooled dc

est. error 𝐹1-score est. error 𝐹1-score est. error 𝐹1-score

5000 1 0.1216 1.0000 0.1216 1.0000 0.1953 0.0483

10000 1 0.0868 1.0000 0.0865 1.0000 0.1870 0.0268

20000 1 0.0610 1.0000 0.0610 1.0000 0.1835 0.0177

5000 5 0.1213 1.0000 0.1211 1.0000 0.1904 0.0503

10000 5 0.0912 1.0000 0.0912 1.0000 0.1889 0.0278

20000 5 0.0606 1.0000 0.0606 1.0000 0.1852 0.0179

5000 10 0.1251 1.0000 0.1252 1.0000 0.1917 0.0494

10000 10 0.0853 1.0000 0.0853 1.0000 0.1859 0.0289

20000 10 0.0586 1.0000 0.0585 1.0000 0.1862 0.0176

5000 20 0.1192 1.0000 0.1193 1.0000 0.1844 0.0486

10000 20 0.0880 1.0000 0.0885 1.0000 0.1886 0.0277

20000 20 0.0615 1.0000 0.0616 1.0000 0.1851 0.0178

4.6 The initial estimation method491

The initial estimates play a key role in determining the performance of our492

distributed estimate. We investigate the sensitivity of our final estimate to the493
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initialization by considering different initial estimates: (1) the LS lasso estimate494

based on the local sample at the central node; (2) the ℓ1-regularized CQR estimate495

(CQR lasso); (3) the ℓ1-regularized adaptive Huber regression estimate (Huber496

lasso, Sun et al., 2020; Wang et al., 2021); and (4) the perturbed true parameters497

with a normal noise, that is, �̂�(0)
𝑘 ∼ N(𝛼∗𝑘 , 𝜎2), for 𝑘 = 1, . . . , 𝐾 , and 𝛽(0)𝑗 ∼498

𝐼 (𝛽∗𝑗 ≠ 0) · N (𝛽∗𝑗 , 𝜎2), for 𝑗 = 1, . . . , 𝑝. We examine two noise levels, 𝜎 = 0.05499

and 𝜎 = 0.1, for the last type of initialization. For the first and third types500

of initialization, we set 𝜶(0) as the empirical quantiles of the response at the501

central node. Because our algorithm may diverge without a carefully chosen502

initialization, we compare the estimates after only one iteration. We fix the503

overall sample size at 𝑁 = 5000, the local sample size at 𝑛 = 500, and the504

dimension at 𝑝 = 500. The results are reported in Table 4.505

Comparing the fourth type of initialization under different noise levels, we see506

that a more precise initial estimate yields a better distributed estimate. Comparing507

the first three types of initialization, we see that under a heavy-tailed noise, such as508

the Cauchy, the distributed estimate with the LS lasso initialization has the largest509

estimation error, which is likely caused by this “bad” initialization. Though the510

Huber lasso initialization mitigates this issue, its performance is not nearly as511

good as that of the CQR lasso initialization. Moreover, the latter gives stable512

estimates under all types of noise. Therefore, we suggest using the CQR lasso513
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initialization to handle arbitrary noise.514

Table 4: The estimation errors and 𝐹1-scores of the distributed estimates under different types

of initialization when the noise comes from the normal, Student’s 𝑡 (3), and Cauchy distributions.

The overall sample size is 𝑁 = 5000, the local sample size is 𝑛 = 500, and the dimension is

𝑝 = 500.

Initialization
Normal noise Student’s 𝑡 (3) noise Cauchy noise

est. error 𝐹1-score est. error 𝐹1-score est. error 𝐹1-score

LS lasso 0.1149 1.0000 0.1534 1.0000 1.0561 0.9986

CQR lasso 0.1220 1.0000 0.1472 1.0000 0.1993 1.0000

Huber lasso 0.1145 1.0000 0.1500 1.0000 0.6364 0.9986

𝜎 = 0.05 0.1179 1.0000 0.1424 1.0000 0.1973 1.0000

𝜎 = 0.1 0.1318 1.0000 0.1466 1.0000 0.2108 1.0000

4.7 Computational efficiency515

We investigate the computational efficiency of our distributed algorithm by com-516

paring the timing with that of competing methods. In addition to the pooled517

and divide-and-conquer estimates, we include the ℓ1-regularized CQR estimate518

based on the pooled data in the comparison. We fix the local sample size at519

𝑛 = 500, and vary the overall sample size 𝑁 . The estimation errors, 𝐹1-scores,520

and wall times of the four methods are reported in Table 5. It can be seen that our521

distributed estimate is computationally much more efficient than the single-node522

ℓ1-regularized CQR, while exhibiting similar performance.523
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Table 5: The estimation errors, 𝐹1-scores, and wall times of the distributed, pooled, divide-and-

conquer, and single-node ℓ1-regularized CQR estimates under varying sample size 𝑁 and the

Cauchy noise. The local sample size is fixed at 𝑛 = 500.

𝑁
distr pooled

est. error 𝐹1-score Time est. error 𝐹1-score Time

5000 0.1302 1.0000 7.5889 0.1310 1.0000 7.8213

10000 0.0959 1.0000 9.1686 0.0962 1.0000 15.1164

15000 0.0737 1.0000 9.2264 0.0740 1.0000 19.6047

𝑁
dc ℓ1-regularized CQR

est. error 𝐹1-score Time est. error 𝐹1-score Time

5000 0.1872 0.0519 19.0113 0.0423 0.8109 9.4916

10000 0.1866 0.0280 22.9009 0.0339 0.8609 17.8304

15000 0.1832 0.0213 24.1322 0.0357 0.8387 24.7910

5. Conclusion524

We have developed a distributed algorithm for the penalized CQR by trans-525

forming the highly nonsmooth CQR problem into an ordinary LS, which fa-526

cilitates both computational and theoretical developments. We have proposed527

a communication-efficient distributed implementation of the transformed prob-528

lem that communicates gradient information only. Note that our distributed529

algorithm assumes a centralized system, so the local workers are idle when the530

central node executes the optimization. Future work should consider a decentral-531

ized distributed algorithm that uses all of the system’s computing power.532
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The online Supplementary Material contains proofs of all our theoretical results,534

as well as some additional simulations.535
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