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Abstract: Statistical learning is evolving quickly, with increasingly sophisticated
models seeking to incorporate the complicated data structures from modern sci-
entific and business problems. Varying-index coefficient models extend varying-
coefficient models and single-index models for semiparametric regressions. This
new class of model offers greater flexibility in terms of characterizing compli-
cated nonlinear interaction effects in a regression analysis. To safeguard against
outliers and extreme observations, we consider a robust quantile regression ap-
proach to estimate the model parameters. High-dimensional loading parameters
are allowed in our development, under reasonable theoretical conditions. Thus,
we propose a regularized estimation procedure to select the significant nonzero
loading parameters, identify linear functions in varying-index coefficient models,
and consistently estimate the parametric and nonparametric components. Under

some technical assumptions, we show that the proposed procedure is consistent
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in terms of variable selection and linear function identification, and that the
proposed parameter estimation enjoys the oracle property. Extensive simulation
studies are carried out to assess the finite-sample performance of the proposed
method. We illustrate our methods using an example based on New Zealand

workforce data.

Key words and phrases: High-dimensional data, Penalty, Quantile regression,

Semiparametric regression, Varying index coefficient model.

1. Introduction

Semiparametric regression models are powerful statistical learning ap-
proaches that are popular in scientific and business research studies be-
cause they enjoy the merits of both parametric and nonparametric mod-
els. We consider the varying-index coefficient model (VICM) proposed by
Ma and Song (2015). This new class of model extends varying-coefficient
models (Fan and Zhang (1999)), single-index models (Xia et al. (2002)),
single-index coefficient models (Xue and Wang (2012)), and almost all other
familiar semiparametric models. To safeguard against outliers and extreme
observations, we consider a robust quantile regression (QR) approach to fit
the VICM. Specifically, for a given quantile level 7 € (0,1), varying-index
coefficient QR models are given by

d
Q-(Y|X,2)=> m(Z"B.1)X, (1.1)

=1
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where X = (X7, ...,Xd)T, X, =1, Z = (4, ...,Zp)T are covariates for the
response variable Y € R, B.; = (841, -, Brip)” are unknown loading pa-
rameters for the [th covariate X;, and m,;(-) are unknown nonparametric
functions, for [ = 1,...,d. Let e, =Y — Q,.(Y|X, Z) be the model error
with an unspecified conditional density function f., (| X, Z) and a condi-
tional cumulative distribution function F._(-|X, Z) of ¢, given (X, Z). In
the remainder of the paper, we drop the subscript 7 from B, ;, m.;(+), &,
fe. (|1 X, Z), and F._(-| X, Z) to simplify the notation. However, it is helpful
to bear in mind that these quantities are 7-specific. Note that €’s condi-
tional 7th quantile is equal to zero; that is, P (¢ < 0|X,Z) = F.(0| X, Z) =
7. For the sake of identifiability, we assume that 8 = (87, ..., ,Bg)T belongs

to the following parameter space:

@Z{ﬁz(ﬁpilélﬁd)ipi|’51||2:1,511>0,/35€Rp},

where ||.||, denotes the Ly norm such that ||€||, = (§ + -+ + 53)1/2, for any
vector € = (fl,...fS)T € R*. Model (1.1) is quite general, and includes
many other existing models as special cases: (i) when my(+) is assumed to
be constant or a linear function, it reduces to the linear regression model
with interactions; (ii) when d = 1 and X; = 1, it is the single-index model;
(iii) when my(-) is constant for [ > 2 and X; = 1, it is the partial linear

single-index model; (iv) when the common coefficient vector 3; is used, it
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is the single-index coefficient model; and (v) when we consider X = Z and
the common coefficient vector @3, it reduces to the well-known adaptive
varying-coefficient model.

The VICM offers a flexible way to model and assess the nonlinear in-
teraction effects between the covariates X and Z. Note that the choice of
these specialized model forms may depend on the application. For exam-
ple, in econometric studies, it is often of interest to summarize the effects
of multiple input variables within a single variable, and then to perform a
regression analysis on the combined variable and other ordinary variables.
The well-known capital asset pricing model (CAPM) and the Fama-French
three-factor model both introduce derived wvariables in their model repre-
sentations. Such wariables may invoke linear or nonlinear interactions in
the regression function with other variables, even those used to create the
index variables. Experienced data analysts may suggest that predictors be
properly used in different components of X and Z. How to design X and
Z objectively from data remains an interesting question. However, fully
addressing this question is very challenging, and beyond the scope of this
study. Thus, similarly to traditional studies on index models, we assume
that X and Z are given in the data set, and that there is no overlapped

term between X and Z. Our main interest is to perform statistical infer-
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ences on both the loading coefficients 3; and the nonparametric functions
my (+), for 1l =1,....d.

Ma and Song (2015) proposed a profile least squares estimation proce-
dure for the VICM and established its theoretical properties. Their work
focused on a mean regression, which is suitable for nicely distributed data,
such as Gaussian data, but may perform badly in the presence of outliers
and heavy-tailed errors. Our model (1.1) imposes different assumptions on
the error structure and, thus, produces a novel and robust framework ap-
plicable to a wider variety of applications. The estimation methods and the
associated asymptotic theories are thus different to those of Ma and Song
(2015).

Since the seminal work of Koenker and Bassett (1978), QRs have emerged
as an important alternative to the mean regression. It is well known that
an inference based on a QR is more robust against distribution contami-
nation (Koenker (2005)). A full range of quantile analyses can provide a
more complete description of the conditional distribution. It is now widely
acknowledged that an analysis based on a QR may lead to more appropriate
findings. For example, climatologists often pay close attention to how the
high quantiles of tropical cyclone intensity change over time (Elsner et al.

(2008)), because these generate strong winds and waves, often resulting in
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heavy rain and storm surges. In the health sciences, medical scientists often
study the effects of maternal behaviors on the low quantiles of birth-weight
distributions (Abrevaya (2001)). Furthermore, in business and economics,
petroleum is a primary source of nonrenewable energy, and has important
effects on industrial production, electric power generation, and transporta-
tion (Marimoutou et al. (2009)). Thus, most analysts focus on the high
quantiles of oil prices, because oil price fluctuations have considerable ef-
fects on economic activity. The QR framework considered in this study may
affect all of these fields, where a direct application of a mean regression is
inappropriate.

Another important contribution of this study is that we consider high-
dimensional learning issues for the quantile VICM. In fact, recent advances
in technologies for cheaper and faster data acquisition and storage have led
to explosive growth in data complexity in a variety of scientific areas, such
as medicine, economics, and environmental science. We have to consider a
realistic solution to the “large n, diverging p” data setting. Specifically, we
allow the dimension of the covariates Z to increase to infinity as the sample
size increases. Many penalty-based estimation methods have been proposed
to address the high-dimensional issue (Fan and Li (2006); Giraud (2015);

Hastie et al. (2015)). This framework can effectively reduce the model bias



Statistica Sinica: Preprint
doi:10.5705/ss.202020.0170

High-dimensional Varying Index Coefficient Quantile Regression Model 7

and improve the prediction performance of the fitted model. Fan and Peng
(2004) first studied the nonconcave penalized likelihood estimation when
the number of covariates increases with the sample size. Later, Wang et al.
(2012) extended their method to generalized linear models for longitudi-
nal measurements. The high-dimensional issue has also been investigated
for semiparametric models. Wang and Wang (2015) applied the smoothly
clipped absolute deviations (SCAD) penalty to perform variable selection
for single-index prediction models with a diverging number of index param-
eters. Fan et al. (2017) presented a penalized empirical likelihood approach
for high-dimensional semiparametric models.

Variable selection for model (1.1) is challenging, because the high-
dimensional loading parameter is structured within the unknown nonpara-
metric function coefficients. We adopt a spline basis approximation for the
estimation of my(+), and estimate the unknown vector of the loading param-
eters 3; under the sparsity assumption. In addition, we correctly identify
the linear interaction effects between the covariates. That is, we want to
decide whether it is necessary to model m;(-) nonparametrically for all d
varying index functions. Ma and Song (2015) constructed a generalized
likelihood ratio statistic to test whether there exists a linear interaction

effect between covariates. Although this test approach works very well for
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low-dimensional problems, it is computationally infeasible when the num-
ber of covariates is large. To this end, we develop a group penalization
method that can quickly and effectively differentiate linear functions from
nonparametric functions. The theoretical justification is also nontrivial for

this complicated setting.

2. QR Estimation of Functions and Loadings

2.1 Estimation procedures

Suppose that {(X;, Z;,Y;),1 < i < n} is an independent and identically
distributed (i.i.d.) sample from model (1.1). Similarly to Wang and Wang
(2015), we assume that each Zy, for i = 1,....,n,k = 1,...,p takes a value
in [a,b], where a and b are some finite numbers. B-spline basis functions
are commonly used to approximate the unknown smooth functions, owing
to their desirable numerical stability in practice (de Boor (2001)). We thus
adopt a nonparametric approach to estimate the index functions. More
specifically, let B(u) = (Bs(u):1<s<J,)" be a set of normalized B-
spline basis functions of order ¢ (¢ > 2) with N,, internal knots and J,, =
q + N,. We then approximate m;(-) using a linear combination of B-spline
basis functions my(-) ~ B(-)TA;, where A = (A], ...,)\g)T is the spline

coefficient vector with Aj = (N5 : 1 < s < Jn)T, forl=1,...d.
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Let p-(u) = u{r — I(u < 0)} be the quantile loss function, where I(-)
is an indicator function. We obtain the estimators of the spline coefficients

A and the loading parameters 3 by minimizing

n d
LB =D ps {Yi -y B(Zz‘Tﬁl)TAlXil}a (2.1)
i=1 I=1
subject to the constraints ||B||, = 1 and B > 0. Minimizing (2.1) with
respect to all unknown quantities requires nonstandard nonlinear program-
ming, and the solution is usually difficult to obtain directly. To address this
computing difficulty, we adopt the profile iterative procedure to estimate
B, and my(+). The detailed steps are given below.
Step 0. Initialization step: Obtain an initial value 8, with H BO H2 =
1. Further details on how to generate the initial values can be found in
Appendix A of the Supplemental Material.
Step 1. For a given 3, :\(,8) can be attained using A (B) = aig T,in Lo (X B).
eR%In
This leads to (-, 3) = B(-)TS\Z(B), for i =1,...,d. According to (de Boor
(2001), page 116), the first-order derivative m;(-) can be approximated by
the spline functions of one order lower than that of m,(-). Then, we have
(-, 8) = B(-)TA(B), where B is the first-order derivative of B.
The parameter space © specifies that 3 lies on the boundary of a unit

ball. Therefore, for a given A, the function £, (A, B) is not differentiable at

point 3. To handle this constraint, we employ the “remove-one-component”
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method to change the restricted QR to an unrestricted QR. Specifically, for

Br = (B, Bizs -, Bip) ", let By = (Bia, ., Bip)” be a (p — 1)-dimensional

parameter vector after removing ;1 in B;. Then, G;, for [ =1, ...,d, can be

rewritten as

B =Bi(B—1) = (/1 - ||5l,—1||§;,3{_1)T, ||/Bl,—1||§ <L (2.2)

It is obvious that 3; is infinitely differentiable with respect to B; 1, and the
Jacobian matrix is given by

P YA
o5 ’

p 1

Ji(Bi-1) =

where I, is a p X p identity matrix. Denote B_; = (8] _,, ..., ﬁi_l)T. Then,

B_1 belongs to

0., = {ﬁ—l = (Bl :1<1<d) |Bialy < 1.8 € Rp_l} :

Step 2. Let B = B(B_1), with the aforementioned definition 3, =
Bi(Bi-1), for 1 < 1 < d. Based on the estimators X, 7y, and my from
Step 1, we can construct the QR estimating equations for B_; by set-
ting 0L, (X(ﬁ), ,6) / 0B_1 = 0. However, the equations involve a non-
smooth function ¢, (u) = p,(u) = 7 — I (u <0). This adds difficulty to

the computation, despite there being a linear programming solver (e.g.,
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Jin et al. (2003)). We circumvent this problem by smoothing the function
0Ly, <5\(ﬁ), ﬁ) /8,8,1, that is, by replacing 1, (-) with a smooth function
o () (Whang (2006)). For this purpose, we introduce Gy, (z) = G (z/h),
where G (z) = [, _ K (u)du, K (-) is a kernel function and & is a bandwidth.
Then, we construct the approximation function ¢, (+) = 7—1+G}, (+), and

the smoothed estimating equations for 3_; are given as

Reut (8-1) = = 35 {m - lilB(z;fﬁl)Txl 8) Xﬂ}

i (Z061,8) Xad T Zi+ (0M8)" /081 1) Di(B)

X : =0,

ha (2184, B) Xiad 1 Zi + (0M(8)" /984,1) Dy(B)

(2.3)
where D;(8) = (D a(81),1 < s < Jo, 1 <1< d)", with D, 4(8)) = B(Z]'8) X

Then, we employ the Fisher scoring algorithm to obtain the estimates,

B = BY) — [0Run (B-1)/087)] Rewn (B-1) |5 g0 (24

Step 3. Repeat Steps 1 and 2 until convergence, and denote the final
estimators as B_l and . Then, we apply formula (2.2) to obtain B, and

construct the estimators of my(-) as (-, 3) = B()TA(B), for I =1, ..., d.

Remark 1. Another merit of the kernel smoothing method is that we can

quickly obtain the covariance matrix estimation of Jé; by using the sand-
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wich formula, which effectively avoids estimating the density function of

the random error.

2.2 Theoretical properties

Let 3° = {(ﬁ?)T, o (Bg)T}T be the true parameters in model (1.1), where
B = {6101, (Bg_l)T}T and 8)_, = (B, ..., 6,,)", for 1 <1 < d. Here, the
subscript n in p, is used to make it explicit that the dimension of the loading
parameters p, may depend on n. Let ||g||, = { gQ(x)dx}1/2 be the Ly norm
of a function g. Now, we define the space M as a collection of functions with
finite Ly, norm on [a, b]YxR% by M = {g(u, x) = lzdjlgl(ul)xl, Eg}(Z"3) < oo},
where u = (uy,...,uq)" and = = (21, ..., z4)7. FO; 1 <k < p,, we assume

that g9 is a minimizer in M for the following optimization problem:

P(Zy) = g2 (U(B°), X)

Q?,k(ZTB?)Xz
1

[

= argminge B[ f. (01X, Z){Z), — g (U (8°), X)}?],
where U(3°) = (Z73?, ..., ZTB9)T. Next, let P(Z) = {P(Z),--- ,P(Z,,)}7,
®2
Z=2Z-P(Z),HQB,) = E{fE 01X, 2Z) [(ml (2730, 8°) XZJZOTZ>;11:| }7
®2
and M(B°,) = E[(ml (278°,8Y) XlJlOTZ>:lJ L with JP = J, (87_,),
for 1 <1<d, A®? = AAT for any matrix A, and (a,l)ld:1 = (af{, e adT)T

for any vector a;. For any positive numbers a,, and b,,, we denote a,, < b,
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if a,/b, = o(1). Denote the space of the rth-order smooth function as
C™ a,b] = {¢|e™ € Cla,b] }, where f@ (v) = d'f (v)/dv'. Let fy (y | X, Z)
and Fy (y | X, Z) be the condition density and the conditional cumulative
distribution function of Y given (X, Z), respectively, and let v > 2 be
an integer. To prove the theoretical results of the proposed estimators of
the nonparametric functions and loading coefficients, we need the following
technical conditions.
(C1) For B, in the neighborhood of 3f, the density function fy,g,)(-) of the
random variable U;(3;) = Z*3; is bounded away from zero on [a,b], for
1 <1 < d, and satisfies the Lipschitz condition of order 1 on |a, b].
(C2) Forevery 1 <l < dand1 <k < py, g, € CW[a,b] and m; € C[a, b],
for some integer r > 2. At the same time, the spline order ¢ satisfies
q>r+2.
(C3) X has bounded support, and F ()(XT|ZT,6'Z0 = ul) is positive defi-
nite, for all u; € [a, b].

da 1%?
(C4) E [(ml (273, 8°) XIJZOTZ> 121] has eigenvalues that are bounded
and bounded away from zero.
(C5) For all w in a neighborhood of 0, f. (v | X, Z) is bounded away from
zero and is v times continuously differentiable with respect to u.

(C6) The kernel function K (u) is nonnegative, bounded, symmetrical,
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continuous, and compactly supported on [—1,1]. Furthermore, for some
constant Cx # 0, K (-) is a vth-order kernel function. For example,
J WK (u)du is equal to one if j = 0, zero if 1 < j < v —1, and Ck if
J=vr.

(C7) The positive bandwidth h satisfies nh* — 0.

Remark 2. Conditions (C1)—(C2) are standard conditions for a VICM,
and are similar to conditions (C1), (C2), and (C5) in Ma and Song (2015).
Condition (C3) is similar to condition (C3) in Ma and Xu (2015) and As-
sumption 3 in Whang (2006). Condition (C4) is similar to condition (C7)
in Xue and Wang (2012), and ensures that the asymptotic variance for the
estimator of 3° exists. Condition (C5) is similar to Assumption 4 in Whang
(2006). From condition (C5) and the fact that e = Y — S0 m(Z78°) X,
the conditional density fy (y|X, Z) satisfies the Lipschitz condition of or-
der one and fy <Z§l:1 m; (ZTBl) X |X,Z > is bounded away from zero for
3 in a neighborhood of 3°. Conditions (C6)—(C7) are necessary conditions
on the kernel function and the bandwidth h, which are also required in
Whang (2006). Condition (C7) ensures that the smoothing has an asymp-

totically negligible bias on the estimator of 3°.

Theorem 1. Assume conditions (C1)-(C7) and n'/?*? < J, < n'/4

hold. If n'p3 = o(1), then Ve, € R~V such that ele, = 1, and we
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have
o [8-1- 1, -0, (Vi)
(ii) nV/2eI M~V2 (3°,) H (8°,) (ﬁ - )—>N(O 7(1— 7)), where %

denotes convergence in distribution.

Theorem 2. Under the same conditions of Theorem 1, for 1 < | < d,

we have |y (ug, B) — my(w)| = (\/ I+ J,; ) uniformly, for any w, €

a,b].

In practice, we approximate P(Z;;) using its spline estimator P, (Z;),
with its explicit form given in (A.29) of the Supplementary Material. Let
Bz = D (8) {50D @D 3 0DB) 70, = K

d . .
=i =Y — Z ml(ZiT/Ble)lea ]P) ( ) =N {]P ( ) ]P)n(Zipn)}T> Zi=14;—
A Al:l A | ) A o e
Po(Z:), Ji = T (Bi1), H (B1) = X {(ml (278.8) X437 2:) J ,

i=1 =
. n . A . and 1%
_ 2 (o T IT 7.

and Mn (6—1) - z:z]_ |:w'r {57,} <ml (Zz /3l7/8> leJl Zl>1:1:| .
Remark 3. Based on the above results, we apply the following sandwich

formula to consistently estimate the asymptotic covariance of B_l:
Cov (B—l) =H," (B—1> M, (B—l) H,' (B—l) : (2.5)

Furthermore, we define J = &% J; = diag(Jy, ..., J,) as the direct sum

of the Jacobian matrices Ji, ..., J; with dimension dp, x d(p, —1). Then,
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we can obtain the estimated asymptotic covariance of B as Cov (B) =

JCov (3_1) NES

3. Penalized Estimation for High-dimensional Loading Parame-

ters

Thus far, all covariates Z in model (1.1) have been assumed to be impor-
tant for predicting the response variable. However, the true model is often
unknown. On the one hand, fitted models may be seriously biased and
non-informative if important predictors are omitted. On the other hand,
including spurious covariates may unnecessarily increase the complexity and
further reduce the estimation efficiency. Thus, a fundamental issue is select-
ing variables for the VICM with a diverging number of loading parameters.
As usual, we assume the model is sparse, in the sense that most of the
components of 3 are essentially zero. Recall from the preceding section,
after profiling, we obtain a single objective function as a function of 3.
We can then introduce a common penalty toward sparsity to regularize the

coefficient. More specifically, we modify (2.3) to be
Rrnn (B-1) + nba, (B-1) =0, (3.1)

where by, (8-1) = [Pa, (|512]) sgn (Br2) ;- Pay (|B1p, ) 580 (Bip,) s o Py (|Bapal)

xsgn (Bap, )] is a d(p, — 1) vector with sgn (¢) = I (t > 0) — I (t <0), and
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Pay () 1s the first-order derivative of the SCAD penalty function, defined by

(ac; — )

Pou (T) = 1 {](x <ap)+ " =1 (x> al)}

where a > 2, p,,(0) = 0, and oy is a nonnegative penalty parameter that
regulates the complexity of the model. In our simulation studies and real-
data analysis, we set a = 3.7. The iterative majorize-minorize (MM) algo-
rithm proposed by Hunter and Li (2005) can be incorporated to estimate
B_1 in (3.1). Specifically, for a fixed a;, we obtain the estimator B,, 1 of

B_1 using the following iterative procedure:

B = B = { [0Rewn (B-1) /0BT, + nAa, (B-1)]

X [Renn (B-1) + nba, (B-1)]} ’5 =B

ap,—1

(3.2)

where Ag, (B_1) = diag ("’:ﬁggﬂ’, "’;;‘l‘gj;:"), ﬁﬂ"?ﬁ:ﬂ”)’ and « is a
small number, such as 1075, The above iterative formula is similar to the
MM algorithm of Hunter and Li (2005), and its convergence can be similarly
justified using their Proposition 3.3 under the stationary and continuity
assumptions.

We next study the asymptotic properties for the proposed penalized
estimator, including the well-known sparsity and oracle properties. In gen-

. o\ [ L02\T T
eral, we define the true coefficients as 3271 = ( l,fl> , (/61,71> , with

10(3 = (B, .-, 61051) and 60(2) <ﬁl (s111)" ,Blpn> , where 3} # 0 for j =
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T ™ 7T
27 ceey SI and 68 =0 fOI'j = Sl+17 ooy Pns ﬁg(ll) = << ?,(i)1> PRERR (527(91) ) ;
0(2) 02 \" 02\

and 87 = (<ﬁ17_1> s (ﬁd’_1> ) . Correspondingly, we also divide
3 : 3 30 7 (3@ A7) o
Bayi,—1 into two parts, namely, By, -1 = <(5a117_1) ’(/Boql,—l) > , with
= = = T = = = T
/85111)1,_1 - (Ball% "‘7Ba1lsl) and /8((31)17_1 - (ﬁall(sl—‘rl)? "'76a1lpn) . Herea we
assume the number of nonzero components in 3; is fixed, for [ = 1, ..., d; that

31 z0 " SOAAN
is, 5; does not vary with n. Define 8, | = ((ﬁa117_1> — (ﬁald’_1> )

3(2) 7@ \" 2o\
and B,/ ;| = ((ﬁml,—l) ey (ﬂa1d7_1> > . We need to introduce some
additional conditions to derive the asymptotic theory.
(C8) liminf,_, liminf, o, pa, (x) /a1 > 0.
(C9) ay, = maxscj<p, 1<i<a{Pas (|B5]). B # 0} = O (n71/2).
(ClO) bn = maXQSjgpmlglgd{‘ﬁal(‘ﬁloj|)‘ ,68 7é 0} — 0 asn— oo.
(C11) There are constants C; and Cy such that |pa, (1) — Pa, (22)] <
Cy |ZE1 — [L’2| when X1, T > Chog.
d . .

(C12) Assume {Sf), ..., Bt },_, satisfy mini<<gacj<s |B] /01 — 0o as n —

Q.

Remark 4. Conditions (C8)-(C11) are the regularity conditions on the
penalty given in Fan and Peng (2004), and condition (C12) is similar to

condition (H) of Fan and Peng (2004), which is used to obtain the oracle

property.
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Theorem 3. Under conditions (C1)-(C11) and n*/®+2) < J, < n'/*, if

n_lpi = 0(1) asn — 00, we have H/Bah,]_ — /60_1H2 = Op (\/p_n (n_1/2 + an));

where a,, is given in condition (C9).

Let M® and H® be the 337, (s — 1) x 320, (s; — 1) sub-matrices of

M (B°,) and H (B°,), respectively, corresponding to 8.

Theorem 4. Under conditions (C1)-(C12) and n*/*+2) < J, < n'/*, if
ar — 0, \/n/p,ar — oo, and n~'p} = o(1) as n — oo, with probability
tending to one, the consistent estimator By, _1 in Theorem 3 satisfies

(i) BY,_ =0 for1<1<d;

(id) v/ (B = B) 5 NV (0, 7(1 — 7)(HV)~ 1M (EV) ).

Now, we define J° = @l J) = diag(J},...,JJ) as the direct sum
of the Jacobian matrices J7, ..., J? with dimension dp, x d(p, — 1). For
1 <1<d, B can be estimated as B, 1 = (Bayits s Baripy )L s With B, 1 =
(1=, B2 ) "2 From Theorem 4 (ii), we can use the multivariate delta

method to obtain the asymptotic normality of Bo}l) = (,@Sl):f, ...,,le)yg)T,
1 30 _ (3 3 5 \T : 30

with ﬁoq,l = (5a1l175a1l27"'aﬁa1181) ) for 1 S l S d. That 1S, \/ﬁ(laal -

By L N (0,7(1 = 7)J°OMEM)'MOH®) =1 JOOT) | where J°M is a sub-

matrix of J® corresponding to 3, and B8°M) = (Y, ..., B, , ..., B, .-, ﬁng)T.

Remark 5. Theorem 3 shows that Bah,l is a /n/py-consistent estimator
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if a, = O(nY2). Theorem 4 indicates that B,, _; is consistent in terms
of variable selection and has the oracle property when the number of load-
ing parameters diverges. These results provide a theoretical guarantee for
the application of our proposed estimation for the high-dimensional QR
VICM. Based on the iterative procedure (3.2), we estimate the asymptotic

covariance matrix of Bal,_l using the following sandwich formula:

C/O\U (Bog,fl) = H:ll (Bal,fl) Mn (Bahfl) H;1 (Bal,fl) 5 (33)

where H,, (Bah,l) = H, (,@ah,l) + nA,, (Bal,,l), and M,, and H,, are

defined as in subsection 2.2.

Remark 6. The main reason that we do not consider variable selection
for Xi,1 < k < d is as follows. Based on our model Q, (Y|X,Z) =
li m,(Z7B,1) X, it is easy to see that m.; (-) = 0 implies that 3,; can take
=1

any value. In fact, 8;; has no impact on Q, (Y| X, Z) after fixing m,; (-) =
0. In this case, our considered model is unidentifiable. Consequently, for
the sake of model identification, we assume that all components m. (-), for
[ =1,...,d are nonzero. Thus, it is not practical for us to implement variable
selection for Xy, for 1 < k < d (because this is usually equivalent to finding

m.;(-) = 0). In addition, in practice, many variables are usually used to

construct the index function (thus, a high-dimensional Z), but relatively
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fewer variables used for X. Hence, we consider variable selection to be a

more relevant issue for Z, and examine it in detail.

Remark 7. Ultrahigh-dimensional variable selection (p >> n) has recently
become very popular, especially for genetic studies. There are practical
challenges to allowing p > n in our methods. First, note that we assume
I1Bill, = 1, for I = 1,...,d, for the sake of model identifiability, indicating
that | B |[< 1,forl =1,...,dand k = 1, ..., p. Thus, it is practically difficult
to separate all nonzero coefficients in B from ultrahigh-dimensional back-
ground noise, because the true signal is rather weak (< 1). Thus far, even
recently, existing research findings on nonparametric index models have
been based mostly on fixed p or on diverging dimensionality with p < n;
see Wang and Wang (2015), Huang et al. (2014), Lian and Liang (2016),
Zhang et al. (2016), Ma and He (2016), Zhao et al. (2017), Zhao and Lian
(2017), and Zhang et al. (2017), among others. Furthermore, implement-
ing the proposed estimation procedures for p > n is computationally pro-
hibitive. We recommend that alternative dimension-reduction statistical
methodologies be developed to deal with the ultrahigh-dimensional case.

This an intriguing extension is left to future research.
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4. Identification of Linear Components in a QR VICM

In varying-index coefficient models, identifying the linear interaction com-
ponents is also an important issue. Ma and Song (2015) proposed a gener-
alized likelihood ratio test to distinguish linear functions from nonparamet-
ric functions. However, the classical significance tests may not be useful
in high-dimensional settings, owing to computational and theoretical con-
cerns. Therefore, we develop a penalized procedure to investigate whether
there is a linear interaction effect between Z73; and X.

Let 7y be the second derivative of my. Clearly, ||7iy]], = 0 if m; is a
linear function, for 1 <[ < d. Thus, by shrinking ||77||, toward zero, we
can automatically identify the linear and nonlinear components in model
(1.1). Note that ||riy|, = {J m} (:1c)dzzc}1/2 can be equivalently written as
\/m = ||\l p, owing to the well-known algebraic property of the B-
spline approximation, where D is a J, x J, matrix with the (k, k") entry

being ff By, (2) By (x) da. Specifically, we minimize

)\ERd‘Iﬂ )\ERd‘ITL

d

A = argmin L%, (X, Ba,) = argmin {Em (A Bay) + ana2 (H)‘ZHD)} :
=1

(4.1)

where pg,(+) is the SCAD penalty with a penalty parameter s, and By,

is given in Section 3. This is still a complicated nonlinear programming
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problem, and we use the “ucminf” function in R to find the minimum of
(4.1) using numerical computing methods. This R function was developed
by Hans Bruun Nielsen and Stig Bousgaard Mortensen for general-purpose
unconstrained nonlinear optimization. It is a quasi-Newton-type algorithm,
with Broyder-Fletcher-Goldfarb-Shanno updating of the inverse Hessian,

and a soft line search with a trust region monitoring method.

Remark 8. One may combine two types of penalties in (2.1) to perform
variable selection for the loading parameters, and to detect linear /nonlinear
functions simultaneously; that is, Q. (A, B) = L, (A, B)+n 27:1 o Doy (18351
+n 320 Doy (1Nl o). However, A depends on 3, which indicates that we
cannot simultaneously obtain the estimators of A and @ by minimizing
Q. (X, B). To address this difficulty, an iterative procedure is proposed to
select the loading parameter and detect the linear/nonlinear components.
That is, for a given A, we use the penalized robust estimating equations
in (3.1) to estimate and select the loading parameters. Then, we minimize

(4.1) to detect the linear/nonlinear components for a given 3.

Let XA = (S\IT, _ XdT)T be the minimizer of L} ()\, Bal). Consequently,
the final estimator of my(-) is m(-) = B(-)"\;, for 1 <1 < d. Without loss
of generality, we suppose that m; is truly nonlinear for 1 <[ < d;, and is

linear for d; + 1 <1 < d. We have the following theoretical results.
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Theorem 5. Suppose that conditions (C1)-(C12) are satisfied. Then, to-
gether with n'/* 2 <« J, < n'/* and as — 0, we have for each 1 <1< d,
[ (ug, Bay ) — my(wy)] = <\/J—/n+ J ) uniformly, for any w; € [a,b].
Theorem 6. In addition to the conditions in Theorem 5, we further assume
that (\/T/n—i- J ") Yy — oo. Then, with probability approaching one,

IAillp =0, and my is a linear function, for 14+dy, <1 <d.

5. Numerical Illustration

5.1 Selection of tuning parameters

in all our numerical studies, we use the cubic spline (¢ = 4) to approximate
the nonparametric functions m;(-) in our simulations. We choose the num-
ber of interior knots as N,, = [n!/(24"D] to satisfy the theoretical require-
ment, where [a] stands for the largest integer not greater than a. The kernel
function K () is set as the second-order Bartlett kernel (v = 2); that is,
K (u) = 4\[ (1 —u?/5) I (Ju| < +/5). The smoothed estimating equations
(2.3) depend on the bandwidth . We conduct a sensitivity analysis for the
selection of h in the finite samples. Let {T",v = 1,--- ,5} be a random
partitioning with size n/5 of the full data set T' = (T'—T")|JT", where
T —T" and TV are the cross-validated training and test sets, respectively,

for v =1, ...,5. The prediction error (PE) from the fivefold cross-validation
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Figure 1: Prediction error from 5-fold cross-validation with different band-

width A = n=% with § = 0.1,0.2, ..., 1.

is given by PE = n=t Y x % (Yi — Zd:ml(”)(ZiTﬁAlv))Xi), where
v=1(Y;,X;,2;)ET? =1
ml“’) and Bl(v) are estimators of m; and (3;, respectively, using the training
set T'—T", for | = 1,...,d. For the quantile levels 7 = 0.5,0.75, we conduct
200 replicates for example 1, given below, with a normal error distribution.
Figure 1 depicts the prediction error for the fivefold cross-validation with
different bandwidths h = n= for § = 0.1,0.2, ..., 1. It is easy to see that the
PE does not vary significantly with h, indicating that the proposed method
is not sensitive to the bandwidth h. Thus, we fix h = n~%3 in the simulation

studies to reduce the computational burden. This choice also satisfies the

theoretical requirement nh? — 0, with v = 2.
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The tuning parameter «; is used to control the sparsity of 3, and the
tuning parameter as is used to identify the linear functions. Under fixed
dimensions, Lian (2012) demonstrated that the Schwartz information crite-
rion (SIC) is consistent in terms of variable selection in the SCAD penalized
QR. However, the traditional SIC may not work very well for a diverging
number of parameters. Therefore, we adopt the following modified SIC

(MSIC) to select aj:

MSIC (o) = log (ﬁm (5\, Ba1>> +dfiCylog (n)/(2n),

where (3,, is the estimated parameter for a given aj, A is the unpenalized
estimator given in section 2, df; is the number of nonzero coefficients in 3,,,
and C, is required to be diverging. In our simulations and applications,
we choose C,, as C, = max{l,log (log(dp,))} (Chen and Chen (2008)).
The optimal tuning parameter a;” is defined as a"" = Holllln MSIC (ay).

Similarly, for as,

MSIC (a3) = log (Em (A@, Bdi,pt)) +dfadylog (n)/(2n),

where A,, is the estimated parameter for a given s, and df; is the number

of nonlinear components. Then, we have & = min MSIC (). Note that
az

every my(-) is characterized by a spline coefficient vector A; with dimension

Jn. Thus, dfsJ, is regarded as the dimension of the nonlinear function coef-
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ficients. Our simulation results confirm that the two proposed MSIC criteria

work well for variable selection and the identification of linear components.

5.2 Simulation studies

Example 1. In this example, our goal is to compare the proposed QR
estimator with the least squares estimator (LS; Ma and Song (2015)). We

generate random samples from the following model:

Y, = Z my (ZF'B) Xu + o, (5.1)

where 0 = 0.5, d = p = 3, X;1 = 1, (Xpo, Xi3)T, and Z; = (Z1, Zio, Zi3)*
follow multivariate normal distributions with mean zero, variance one, and
constant correlation coefficient 0.5. Here, we set the true loading parameters
as 3 = (2,1,3) By = \/le(S,Q,l)T, and B3 = \/Lﬁ(2,3,1)T, and set
the true coefficient functions as m;(u1) = exp(uy1)/5, ma(uz) = sin(0.5mus),
and mz(uz) = u3. In order to investigate the effects of relatively heavy-
tailed error distributions or outliers, we consider the following four error
distributions of €;: the standard normal distribution (SN), ¢-distribution
with three degrees of freedom (¢3), Laplace distribution (LA) with location
parameter zero and shape parameter one and mixed normal distribution
(MN(p, 01, 02)), which is a mixture of N(0,0%) and N(0,03), with weights

1 — p and p, respectively. In this example, we consider p = 0.1, oy = 1 and
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o9 = 5. For the purpose of comparison, we consider 7 = 0.5 and the sample
size n = 500 and 1500, with 200 simulation replications. For a fixed 7 = 0.5,
we have Qo5 (Y|X,Z) = E(Y|X,Z) = 0, mi (ZFB)) Xu, because the
median and the mean of ¢; are both zero under the four error distributions.
Therefore, it is fair to compare the proposed QR estimator with the least
squares estimator under this setting.

For the parametric part, we report the bias (Bias); empirical stan-
dard deviation (ESD), calculated as the sample standard deviation of 200
estimates; estimated asymptotic standard deviation (ASD), based on the
sandwich formula (2.5); and mean absolute deviation (MAD), calculated as
the mean absolute deviation of 200 estimates. We compute the root aver-

age squared error (RASE) to measure the accuracy of the nonparametric

estimators m; RASE(m;) = \/% Yoy (my (wg) — my (uil))Qa Ui = ZiTBl» for
Il =1,2,3. To conserve space, we report the corresponding results for the
proposed QR estimator with 7 = 0.5 and the least squares estimator in Ta-
bles S2-S6 in Appendix B of the Supplementary Material. Both the mean
regression and the median regression in this example are consistent to the
true parameters and functions, owing to their small bias, MAD, and RASE.
The aforementioned tables show that the performance of the proposed QR

is much more stable than that of LS, especially in cases with non-normal
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errors, demonstrating the robust feature of our proposed approach. Finally,
the estimated ASD is very close to the ESD, especially for n = 1500. This
demonstrates that the sandwich covariance formula (2.5) works reasonably
well.

Example 2. In this example, we specify the conditional quantile func-

tion Q,(Yi| X;, Z;) as

Q. (Yi| Xy, Z)) = m 1 (Z] B:1) Xt + mro(Z] Bra) Xio + mr3(Z] Br3) Xis,

1/2 79 T /29 T 977 71/2 T
where g, = Com2) g, o Lon ) g G () =

Y21, me g (ug) = 7sin (0.57uy), and m, 3 (uz) = —0.5log (1 — 7) u2. The
covariate X;; = 1 and (Xz, Xig)T are generated from an independent stan-
dard normal distribution. The covariates Z; = (Zil,ZiQ,ZZB)T are inde-
pendently generated from the uniform distribution U(0,1). Similarly to

Ma and He (2016) and Frumento and Bottai (2016), we generate Y; as
Y; = my,1(Z] Bu,1) X + mu, 2(Z] Bu, 2) Xia + mu, 3(Z; Bu, 3) Xis,

where U; follows the uniform distribution U(0,1). In this example, it is
easy to see that the loading coefficients 3;; and nonparametric functions
m.;, for [ = 1,2, 3, are functions of 7, suggesting that the covariate effects
vary with the quantile level. Thus, the VICM model structure is more

sophisticated than that of example 1, and the mean regression method is
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no longer appropriate.

In this example, we consider an estimation at the quartiles 7 = 0.5 and
7 = 0.75, and simulate 200 data sets with n = 500 and n = 1500. Tables S7
and S8 in Appendix B of the Supplementary Material give the bias, ESD,
ASD, and MAD of 3;;, and the RASE for m,; for the proposed method, for
[ =1,2,3. Note that the true loading coefficients 3;; and the nonparametric
functions m,,; are different at 7 = 0.5 and 0.75. The proposed estimation
is also consistent, with small biases and RASE, and the ESD, ASD, MAD,
and RASE become smaller as the sample size increases.

Example 3. The main goal of this example is to investigate the
finite-sample performance of the proposed penalized estimation approach
for variable selection and identifying linear components. We generate ran-
dom samples from model (5.1), with o = 0.2, d = 4, m;(uy) = 0.2u3},
ma(ug) = cos(0.5mus), ms(ug) = 0.5us, and my(uy) = —0.5uy. In this case,
we allow the last two nonparametric components to be linear functions. The
true loading parameters are 3 = /|||, With & = (i1, -, Sidy> Opy—a) 5
for (1 <1< 4), where g, is generated from a uniform distribution U(0.5, 1),
for k =1,...,d,, and 0,, denotes an m-vector of zeros. The dimension of
B; is set as p, = [n'/?], and the number of nonzero coefficients in B; is

taken as d,, = [nl/ 4. In this example, we focus on the quantile levels at
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7 =0.1,0.5,0.75, and 0.9. To ensure Q, (Y|X,2Z) = Sp, m; (Z7B) Xu
at 7 = 0.1,0.5,0.75, and 0.9, we consider ¢, = ¢; — ¢, and ¢, is the 7th
quantile of the random error ¢;, resulting in Q. (¢;|X;, Z;) = 0. Here, {¢;}
is an i.i.d. random sample from SN, ¢3, LA, or MN. The other settings are
the same as those of example 1.

To evaluate the performance of the variable selection and the identi-
fication of the linear components for our proposed method, we consider
the following five criteria: (1) the average number of zero coefficients that
are correctly estimated to be zero (C); (2) the average number of nonzero
coefficients that are incorrectly estimated to be zero (IC); (3) the average
correctly fit (CF) percentage, which measures the accuracy of the vari-

¢

able selection procedure, where  correctly fit” means that the procedure
correctly selects significant components from all 3, for | = 1,2,3,4; (4)
the proportion of m; identified as the linear component for [ = 1,2,3,4
(ILCy); and (5) the proportion of correctly identified linear components
(CIL) among the four nonparametric functions. For the loading parame-
ters, we compute the mean square error of the oracle estimators (O.MSE),
penalized estimators (P.MSE), and unpenalized estimators (U.MSE). We

also consider the RASE of the penalized estimators (P.RASE) and the un-

penalized estimators (U.RASE), which measure the accuracy of the non-
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parametric estimations. In each case, 200 data sets are generated. The
simulation results are summarized in Tables S9-S11 in Appendix B of the
Supplementary Material.

Tables S9-S11 show the following observations. First, the values in the
column labeled C are very close to the true number of zero-loading parame-
ters. The CF values increase steadily with the sample size n, and approach
one quickly, indicating that the proposed procedure is consistent in terms
of variable selection. Second, the proposed penalized estimator performs
similarly to the oracle estimator in terms of the MSE, and significantly im-
proves the estimation accuracy of the unpenalized estimator. Third, only
the last two functions ms and my are linear, in this example. Thus, note
that ILC; is close to zero, for [ = 1,2, and ILC; approaches one, for [ = 3, 4,
as the sample size increases. These results show that our penalized method
can correctly distinguish linear components from nonparametric functions,
with a high probability. Fourth, for the nonlinear functions (m; and my),
there is a small difference between the RASE of the penalized and unpe-
nalized estimators. However, our proposed penalized estimator is obviously
more efficient for the linear components ms and my, because it reduces
about 40%-60% of the RASE relative to that of the unpenalized estimator.

This is because m3 and my are truly identified as linear functions by the
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regularized method. In summary, the proposed methods are satisfactory at
different quantile levels in terms of variable selection and the identification

of linear components.

5.3 Real-data analysis

In this subsection, we illustrate the proposed approaches by analyzing a
cross-sectional data set of a workforce company, plus another health survey,
in New Zealand during the early 1990s (McCulloch (1995)). This data
set consists of physical, lifestyle, and psychological variables, and can be
freely downloaded from the R package VGAMdata. Three binary variables
(sex, diabetes, nervous) and seven continuous variables (age, cholest, dmd,
feethour, sleep, sbp, dbp) are considered here as predictors. These factors
may affect the body mass index (BMI) of the subject (Yee (2015)). In this
study, our goal is to explore the functional dependency of the body mass
index on the risk factors. Thus, we take the BMI as the response (Y),
and set the three binary variables as X (d = 4, including an intercept)
and the seven continuous variables as the covariate Z (p = 7). Detailed
definitions of the variables are reported in Table S12. Before implementing
the estimation procedure, we normalize all continuous predictor variables

to have mean zero and variance one, and take a logarithm transformation
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of the response variable. We consider both an unpenalized estimator (Bl
and 77y;) and a penalized estimator (3; and ;) at the quantile levels 7 =
0.1,0.25,0.5,0.75, and 0.9.

We plot a histogram and Q-Q plot of BMI in Figure S1 of Appendix B.
The figure suggests that the response does not follow a normal distribution.
Moreover, we find that the p-value is less than 1073 using the Shapiro-Wilk
test (Shapiro and Wilk (1965)), and therefore reject the null hypothesis of
a normal distribution. Thus, a QR analysis may be more suitable here.

The estimated values B and 3 of the loading parameters are presented in
Table S13 of Appendix B. Based on the penalized approach, the loadings are
automatically estimated as zero and produce sparse solutions. It seems that
the estimated loading parameters for 7 = 0.25,0.75, and 0.9 are sparser.
For example, at 7 = 0.25, the loading parameters for Z; and Z; are nonzero
for sex (X3), suggesting age and dbp have interaction effects with gender
on the response BMI at the first quartile. For the diabetes status X3, age,
feethour and sleep may include interaction effects. The other parameter
estimates can be interpreted similarly.

After using the penalized estimate A; discussed in Section 4, Table S14
displays the estimated functional norms || A; ||p, for [ = 1,2,3,4, clearly

indicating that mg is identified as nonlinear for 7 = 0.1,0.25,0.5,0.75, and
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that my, is regarded as nonlinear only for 7 = 0.1. In all other cases, the
functions can be treated as linear. Figure 2 reports the estimated curves
and their 95% confidence bands at different quantiles. The graphs agree
with the numerical results. In particular, the estimated function m(+)
appears to be an increasing function of index ZTBahl, which indicates
that the combination of seven continuous factors has a positive effect on
BMI. Other functions can be interpreted similarly for their effects on the
response. These nonlinear interaction effects between the covariates Z7 3,
and X; cannot be detected easily without using the proposed QR VICM.
Additional numerical results for this data analysis can be found in Ap-

pendix B.

Supplementary Material

The online Supplementary Material contains the procedure for generating
the initial values, additional numerical results, and technical proofs of the

theoretical results.
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Figure 2: Plots of the unpenalized estimator 7;(-) (solid line) and its 95%
pointwise confidence intervals (dashed line), and the penalized estimator

my(+) (dotted line).
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