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Abstract: In this paper we investigate the problem of designing experiments for
series estimators in nonparametric regression models with correlated observa-
tions. We use projection based estimators to derive an explicit solution of the
best linear oracle estimator in the continuous time model for all Markovian-type
error processes. These solutions are then used to construct estimators, which
can be calculated from the available data along with their corresponding opti-
mal design points. Our results are illustrated by means of a simulation study,
which demonstrates that the new series estimator has a better performance than
the commonly used techniques based on the optimal linear unbiased estimators.
Moreover, we show that the performance of the estimators proposed in this paper

can be further improved by choosing the design points appropriately.
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1. Introduction

Nonparametric regression is a common tool of statistical inference with
numerous applications [see the monographs of Efromovich| (1999), |Tsybakov

(2009) among many others]. The basic model is formulated in the form
Y;:f(Xl)—FEZ,Z:l,,TL, (].].)

where one usually distinguishes between random and fixed predictors X;.
In the latter case a natural question is how to choose X1, ..., X, to obtain
the most precise estimates of the regression function f and several authors
have worked on this problem. For example, Miiller| (1984) and Zhao and
Yaol| (2012) derived optimal designs with respect to different criteria for ker-
nel estimates, while |Dette and Wiens| (2008) considered the design problem
for series estimation in terms of spherical harmonics. We also refer to the
work of |[Efromovich| (2008), who proposed a sequential allocation scheme
in a nonparametric model of the form (1.1)) with random predictors and
heteroscedastic errors. A common feature of the literature in this field is
the fact that all authors investigate the design problem in a model

with independent errors. However, there are many situations, where this
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assumption is not satisfied, in particular, when the explanatory variable
represents time.

The reason for this gap in the existing literature is that the design problem
for models with correlated errors (even parametric models) is substantially
harder compared to the uncorrelated case. In contrast to the latter case,
where a very well developed and powerful methodology for the construction

of optimal designs has been established [see, for example, the monograph of

Pukelsheim| (2006)], optimal designs for models with correlated observations

are only available in rare circumstances considering parametric models [see,

for example, Pazman and Miller| (2001), Nather and Simdk| (2003), Miiller|

and Stehlik (2004), Harman and Stulajter| (2010)), |Amo-Salas et al.| (2012)),

Stehlik et al. (2015)), Rodriguez-Diaz (2017) among others]. Some general

results on optimal designs for linear models with correlated observations can

be found in the seminal work of |Sacks and Ylvisaker (1966, [1968)), while

more recently in a series of papers Dette et al.| (2013} 2016} 2017) provided a

general approach for the problem of designing experiments in linear models
with correlated observations by considering the problem of optimal (unbi-
ased linear) estimation and optimal design simultaneously. Usually, authors
use asymptotic arguments to embed the discrete (non-convex) optimization

problem in a continuous (or approximate) one. However, unlike the uncor-
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related case, in the context of correlated observations this approach does
not simplify the problem substantially and due to the lack of convexity the
resulting approximate optimal design problems for regression models with
correlated observations are still extremely difficult to solve.

In this paper we consider optimal design theory for series estimation
in the nonparametric regression model with correlated data. The
basic notation and the general design problem are introduced in Section 2]
In order to address the particular difficulties in design problems for series
estimation from correlated data, in Section [3| we consider a continuous time
version of the discrete model. We first determine optimal oracle estimators
for the coefficients in a Fourier expansion of the regression function f. These
are shrinkage estimators and not unbiased.

Section [4] is devoted to the implementation of the results from Section
for the construction of an efficient estimator with a corresponding optimal
design. In particular, we determine an optimal approximation of the Fourier
coefficients in the continuous model (which requires the full trajectory of
the process) by an estimator which can be calculated from the available
data {Y},,...,Y;, } and determine the designs points ti,...,t, such that
the approximation has minimal mean squared error with respect to the

solution in the continuous time model. The resulting estimator is a two
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stage estimator shrinking the best linear unbiased estimator when the design
points are chosen in an optimal way. The superiority of our approach is
demonstrated in Section [5| by means of a small simulation study. Moreover,
we offer supplementary material containing all technical details and some

further numerical results.

2. Optimal designs for series estimation

Throughout this paper we consider the nonparametric regression model

with a fixed design, that is,
Yi, = f(t:)) +¢e,, i=1,...,n, (2.1)

where f :[0,1] — R is the regression function, 0 <t; <ty < ... <t, <1
are n distinct time points in the interval [0, 1], E[e(¢;)] = 0 and K (¢;,t;) =
Eley,er;] denotes the covariance between observations at the points ¢; and

tj (t,7=1,...,n). Let

L2([0,1]) = {g 0,1] 5 R: /Ong(t)dt < oo},

denote the space of square integrable (real valued) functions with inner
product (g1, g2) fo g1(t)g2(t)dt and norm ||g|lz = (fol gz(t)dt)l/Q. Let

{;(-) : j € N} be an orthonormal basis, then any function f € L*([0,1])
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admits a series expansion of the form

F£) =" 0;0;(0), (2.2)

jeN

in L?([0, 1]) with Fourier coefficients

0, = (f. ;) = / f(Hp;(t)dt €. (2.3)

0? < o0o. In

Moreover, the coefficients are squared summable, that is, > jen b5

order to estimate the unknown function f we now follow the idea of pro-

jection estimators [see Tsybakov| (2009), pp.47] and estimate the truncated

series f)(t) = Zj:l 0j0;(t) by

1) = Z 0;05(t), (2.4)

A

where 6; is an appropriate estimator for the Fourier coeflicient 6; (j =
1,...,J). For example, if max} ,(t; — t,_1) — 0, as n — oo, an asymptoti-

cally unbiased estimator of 6; is given by

n

D (ti = tia)ei(tia) e, (2.5)

1=2

More general estimators will be specified later on. At this point it is only
important to note that the performance of any reasonable estimator will
depend on the design points ty,...,t,. We are interested in choosing these

design points such that the mean integrated squared error

J

E[/Dl (fD () —f(t))th] = ZE[(&} —6;)°] + i 02,

j=1 j=J+1
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is minimal. We also note that any solution of this discrete optimization
problem depends on the unknown regression function f, the truncation
point J used in (2.4)) and on the covariance kernel K, which is assumed to

92

be known throughout this paper. On the other hand, the term > - j=g+19;

does not depend on the design points which can therefore, be determined
by minimizing ijl ]E[(éj — Qj)ﬂ with respect to the choice of tq,...,%,.
For example, if §; = ijzl a;;Y;, is a linear estimator of 6; (j = 1,...,J)

we have that

iE[(éj_ejy} = i(zaﬂf _9) "‘Z Z 0431104]12 zl,t )

7j=1 =1 J=1 i1,i2=1

which has to be minimized with respect to the choice of the time points

et

3. Optimal estimation in the continuous time model

The discrete optimization problem stated at the end of the previous section
is extremely difficult to be solved. In this section in order to derive efficient
designs, we investigate a simpler problem and consider the continuous time

nonparametric regression model of the form
}/t:f(t>+8t7 te [071]7 (31>

where f is an unknown square integrable function and the error process

e ={e :t €]0,1]} is a centered Gaussian process with covariance kernel
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K(s,t) = Eleseq]. As we assume that the full trajectory of the process is
available, there is in fact no optimal design problem but only the issue of
optimal estimation of the regression function f. The optimal design ques-
tion will appear later, when we return to the discrete model . The main
result of this section provides an oracle solution of the optimal estimation
problem. In particular, the optimal estimator depends on the unknown
function f in model and is therefore, not implementable (even if the
full trajectory of the process {Y; : t € [0, 1]} is available). However, our
solution serves as benchmark and actually provides a clear hint how good
estimators and corresponding optimal designs can be constructed. This will
be formulated precisely in Section [4]

Model is often written in terms of a stochastic differential equation
(provided that the regression function f is differentiable with derivative f ),
that is

dY, = f(tydt +de;, te]0,1], (3.2)

If e ={eg : t € [0,1]} is a Brownian motion, the model is called Gaus-
sian white noise model and has found much attention in the statistical litera-
ture [see, for example, Ibragimov and Hasminskii (1981)) or|T'sybakov]| (2009)
among many others|. In particular, the model is asymptotically equivalent

to the nonparametric regression model Z; = f(i/n)+mn; (i = 1,...,n), where
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M,-..,"N, are independent standard normally distributed random variables
[see Brown and Low| (1996)]. Note that the focus in the aforementioned
publications is on the optimal estimation of the function f , whereas in this
section we are interested in the estimation of the function f in model .
Nevertheless, under additional assumptions we can investigate the proper-
ties of the derivative of the oracle estimator developed in what follows and
a brief discussion of these relations is given in Example

Another important difference between model and the Gaussian white
noise model commonly discussed in the literature of mathematical statistics
lies in the fact that we consider a general error process {¢; : t € [0,1]}. In
particular, we concentrate on Markovian Gaussian error processes with a

covariance kernel of the form
Eleser] = K(s,t) = u(s)v(t) for s <t, (3.3)

where u(-) and v(-) are some (known) functions defined on the interval
[0, 1], such that v(t) # 0 for ¢ € [0,1]. Kernels of this form generalize
the Brownian motion, which is obtained for w(t) = ¢, v(t) = 1, and are
called triangular kernels in the literature. The property essentially
characterizes a Gaussian process to be Markovian [see|Doob (1949) for more

details]. We assume that the process {&; : t € [0,1]} is non-degenerate on
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the open interval (0, 1), which implies that the function

q(t) = —= (3.4)

is positive on the interval (0,1) and strictly increasing and continuous on
[0, 1].

Regarding the estimation of the unknown function f, we propose to
estimate the coefficients ¢; in the projection estimator using statistics

of the form [see Grenander| (1950)]

1
0, = LE(db), 7 €N, .
g /OY@( 9, j €N (3.5)

where &; is a signed measure on the interval [0, 1] such that
oo R R o 1 2
S (@O +var@)} = X ([ roiso) (36)
: o=

_ 53 / | / K (s (5)d6 (1) < oo

Obviously, this condition implies for the sequence of estimators (éj) jen that

Z?’;l E[éjz] < 00, and thus we can define the random variable
F@&)=>"b;05(0). (3.7)
In particular, if f)(t) = Z}']:1 0,0;(t) is the truncated series from (3.7)),

we have that

J—o0

lim E[/Ol (fOt) - f(t))th} = lim ‘ E[(6; - 0,)%] = > _E[(0; — 6;)] < oo,
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and the mean integrated squared error of the estimator f in (3.7) is given

MISE(H) = B[ [ (f) - )] = SR - 0% @)

We conclude that the optimal linear oracle estimator f of the func-
tion f minimizing can be determined minimizing the individual mean
squared errors E[(f; — 6;)?] separately. Due to the definition of linear esti-
mators in , this problem corresponds to the determination of a signed

measure & on the interval [0, 1], which minimizes the functional

w6 = E( / Yié;(dt) — 9)2] (3.9)
- [ / K e o)) — 20, [ 751500+ 6

0 0
:/0 OKstgjdsgjdt /f $)¢;(ds) — )

Remark 1.

(1) Note that - in contrast to most of the literature - we do not assume
that éj is an unbiased estimator of the Fourier coeflicient 8; (j € N).

A prominent unbiased estimator for 6; is given by

b= [ V@ Gem, (3.10)

and for general unbiased estimates of the form (3.5) the condition
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(3.6 reduces to

> [ Kodgsign <. 1)

Moreover, if the kernel K is continuous on [0, 1] x [0, 1] and if 1, ¢a, . . .
are the eigenfunctions of the integral operator associated with the
covariance kernel K with corresponding eigenvalues A, Ao, ..., then

condition (3.6)) further reduces to

S [ ] K oa@asi =Y o <

Under the additional assumption that the estimator is unbiased
for 6;, the second term in vanishes and the resulting optimization
problem corresponds to the problem of finding the best linear estima-
tor in the location scale model Y; = 6; + &, which has been first
studied in a seminal paper of Grenander| (1950). This author showed
that under the additional constraint fol d¢;(dt) = 1 the optimal solu-
tion £ minimizing fol fol K (s,t)&(ds)&;(dt) can be characterized by
the property that the function ¢t — fol K(s,t)&;(ds) is constant on the

interval [0, 1].

The following theorem provides a complete solution of the optimization

problem (3.9). Its proof can be found in the supplement. For a precise
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statement of the result we denote by 9, the Dirac measure at the point x

and distinguish the following cases for the triangular kernel (3.3]).

Theorem 1. Consider the functional ¥, in with a twice differentiable
regression function f and a triangular covariance kernel of the form ,
where the functions u and v are also twice differentiable. For any j € N
the signed measure @*(dt) minimizing the functional V; in the class of all

signed measures on the interval [0, 1] is given by

&) = - iﬂ — (Podo(dt) + Pioy(dt) + p(t)dt) (3.12)

where 0; is the j-th Fourier coefficient in the Fourier expansion (2.2)). The
values for ¢, Py, Py and the function p(-) do not depend on the index j and
take different values corresponding to the properties of the functions u(-)

and f(-). In particular, we have the following cases



Statistica Sinica: Preprint
doi:10.5705/ss.202018.0497

14

(A) If u(0) # 0, the quantities ¢, Py, Py and p are given by

/o1 {% {%] }2<%Q(t)>ldt+ izégi (¢(0))7",(3.13)
d

no= oo B Gl ) o e
o= st [U(’fi] (La] ) ot (3.15)
plt) = —ﬁg{—{v(m <jt (t))_l}, (3.16)

where the function q is defined in (3.4)).

(B) If u(0) = 0 and f(0) =0, the quantity c is given by

Led [0z )
— | == —q(t dt 3.17
/0 {dt L}(t)} } (dtq( >) ’ (3.17)
Py =0 and Py and p are given by (3.15) and (3.16)), respectively.

(C) If u(0) = 0 and f(0) # 0, the quantities ¢, p(t) and P, are equal to

_L

zero, whereas Py is given by Py = Ok

Corollary 1. Consider the regression model with a twice differen-
tiable regression function f and a non-degenerate centered Gaussian error
process {e; : t € [0, 1]} with a triangular covariance kernel of the form ,
where the functions u and v are twice differentiable. The best linear ora-
cle estimator minimizing the mean integrated squared error in in the

class of all linear estimators of the form (3.7) satisfying (3.6) is defined by
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ft) =322 é}‘gpj(t), where the coefficients éj are given by

1
bt = /0 Vigi(dt) , jeEN, (3.18)

and the signed measure & (dt) is defined in Theorem . Moreover, the cor-

responding mean integrated squared error is given by

£% 1 = 2 1 ' 2
Jj=1

where ¢ is defined in (3.13]).

Note that Theorem [I]is a theoretical result as it requires knowledge of
the unknown regression function f. Nevertheless, we will use it extensively
in the following section to construct good estimators and corresponding

optimal designs for series estimation in model (2.1)).
Remark 2.

(1) In model (2.1) with covariance kernel (3.3)) and «(0) = 0, the obser-
vation Y at ¢t = 0 does not contain any error. Therefore, the value
of f(0) is known so that it can be checked whether case (B) or (C) of

Theorem [1] holds.

(2) The estimator given in Theorem [I]depends on the orthonormal system

of the series expansion via the parameter ¢;.
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(3) Using integration by parts the resulting estimator é; in Theorem
can be represented as stochastic integral. For example, in case (A)

(where u(0) # 0) the estimator can be represented as

5 =1 [ ) Geoo) " aG) + o

where the constant c is defined in (3.13)). Similarly in case (B) (where

u(0) = 0 and f(0) = 0), the estimator can be represented by

(B) 07 = 1?0{/01% [%] (%q(t))ld<%)}. (3.20)

Finally, in case (C) (where u(0) = 0 and f(0) # 0), the estimator

directly reduces to
() 07 =40, (3.21)

In the latter case the estimator in ([3.21]) is not random, but fixed to

the true - but unknown - parameter ;.

Example 1. A very popular orthonormal basis of L?([0, 1]) is given by the

trigonometric functions ¢, (t) = 1,

V2cos(2rkt) |, j =2k
0;(t) = L j=1,2,... . (3.22)
V2sin(2rkt) , j=2k+1
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Under the assumptions of Theorem (1| we assume that f and its derivative

f can be represented as a trigonometric series, that is,

F&) = 01+ V2cos(2mkt)0a, + > V2sin(2rkt)0y iy , (3.23)

k=1 k=1

f)y = 6, + Z V2 cos(2mkt) By, + Z V2sin(2mkt) 01 . (3.24)
k=1 k=1

Note that (under suitable assumptions) the Fourier coefficients in ({3.23])

and (3.24)) are related by the equations
él = O, égk = (27T/€)92k+1, 9_2k+1 = —(27T/{7)t92k. (325)

If the error process {g; : t € [0,1]} in model (2.1)) is given by a Brownian
motion, we have u(t) = t, v(t) = 1 in the definition of the triangular kernel
(3.3) and thus ¢(t) = t. A straightforward application of Corollary [1| (case

(B)) yields for the optimal oracle estimator of the function f
Fr(8) =07+ V2cos(2rkt)0y, + > V2sin(2wkt)f3,,, . (3.26)
k=1 k=1

where the estimated Fourier coefficients are given by

. 0. 1,
0 = Hdy; , j 2
7 1+C/0f() t7]€N7 (3 7)

(note that f(0) = f(1) = 0). We thus also obtain an estimator of the
function f in model (3.2) by taking the derivative of f* given in (3.26)),

that is,

== (2rk)V2sin(2rkt)03, + Z 21k)V2 cos(2mkt)0y ., - (3.28)
k=1 k=1
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Using the relation (3.25)), the estimator in (3.27)) can be rewritten as

9 .
. e Jo F0aYe g =2k

2072r]7€ 1+c fO dY; ) ] =2k + 17

and the mean integrated squared error of the estimator f *in (|3.28)) is given

by

]E[/Ol (f(t) = f) at] = i(lﬁCPE[(l—kc— ft)avy)’]

where we have used the representation ¢ = fol ( f (t))2dt = Y* 0 =
> 2, 07 in the last equality.
It might be of interest to compare this estimator with the linear oracle

estimator

[(8) = 0505(t), (3.30)

jEN
proposed in Tsybakov| (2009)[p. 67], where §; = 1+02 fo ©;(t)dYy, is used
as the estimator of the Fourier coefficient 8; (j = 1,2,...). This estimator
is a shrinkage version of the unbiased estimator in and the mean
integrated squared error of f is given by

s [ G- sy = >0

Jj=1

(3.31)

Mw
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Comparing (3.29) and (8.31)), we observe that the oracle estimator f*, which
is constructed by an application of Corollary [T, has a smaller mean inte-

grated squared error than the estimator f defined in (3.30).

4. Efficient series estimation from correlated data

In this section we apply the results from the continuous time model to con-
struct optimal designs for series estimation of the function f in model .
In this transition from the continuous to the discrete model we are faced
with several challenges. First, the signed measure defining the optimal or-
acle estimator 9; depends on the unknown function f through its Fourier
coefficients and through the constant ¢, and the function f also appears in
the stochastic integrals in and . Secondly, we need to address
the problem that even with preliminary knowledge of the function f, the
stochastic integrals can not be computed since as the continuous time pro-
cess {Y; : t € [0, 1]} is not observable. In order to overcome these difficulties
and construct an implementable estimator, which does not require prelim-
inary knowledge of f, we proceed to several steps, which are explained in
detail below. Roughly speaking, these steps consist of a two stage esti-
mation procedure, a truncation and an appropriate approximation of the

stochastic integrals by sums, which can be calculated from the available



Statistica Sinica: Preprint
doi:10.5705/ss.202018.0497

20

data. In the latter step of this procedure we also determine the optimal
design points.

Throughout this section we will restrict ourselves to the cases (A) and (B)
of Theorem . For the case (C) we simply propose to replace the parameter
value by the best linear unbiased estimator derived in Dette et al.

(2017).

4.1 Truncation in the continuous time model

In model (2.1)) with n observations, only a finite number, say J, of Fourier
coefficients in the series expansion (2.2]) can be estimated. For this reason,

we consider for fixed J € N the best L2-approximation

J
FO) = 505(t) = @D ()6, (4.1)

of the function f by functions from the span{y,..., @}, space where the
vectors 6Y) and ®) are defined by 6¢) = (0,...,60;)" and ®V) () =
(o1(t),...,5(t)T, respectively. We now replace the function f by the

function ) in the estimators éf, . ,éj defined in (3.19) and (3.20) for

cases (A) and (B) respectively. In case (A) this gives the vector

A (N(GUNT ¢ [1 ) -1y, )(0) Yy
o= Ql J(rgc(ﬂ) {/o % lq)v(t()t)] <%q®> d(v}(/t)) * qDU(O()O) v}(/o) }’
(4.2)
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where
D = (G, (4.3)

and the J x J matrix C'/) is defined by

o= a5 G )y o) e =™

Similarly, in case (B) we obtain

. DENT ¢ 1 d W) Loy,
o OO [ A1) () o)) e

mt = (6N M), (4.6)

and the J x J matrix M) is given by

MO — /0 1 % [‘I’;‘th)} (% (I);Z()t))T(%Q(t))_ldt. (4.7)

The resulting estimators (4.2)) and (4.5)) still depend on the first J unknown

Fourier coefficients 6, ...,0; and also depend on the full trajectory of the
process {Y; : t € [0,1]}. This dependence will be removed in the following

sections.

4.2 Discrete approximation of stochastic integrals

In concrete applications the integrals in (4.2) and (4.5)) cannot be evaluated

and have to be approximated from the given data. For this purpose we
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assume that n observations Yy, ..., Y;, from model (2.1)) at n distinct time
points 0 =t <ty < ... <t, 1 <t, =1 are available and we consider the
estimators

oD (UNT

o = S Y~ e+ S 0

1+c

R 1 - Y,
J)n J INT t
fm  — —(J)g( )(0) {Z“Z’(

1+m i—o U(tz) U(tifl)

as approximations of the quantities in (4.2)) and , respectively. Note
that () depends on the full trajectory {Y; : t € [0,1]}, while 6 is an
approximation based on the sample {Y;, : i =1,...,n}. In and
[a, ..., iy denote J-dimensional weights which depend on the time points
0=t <ty <...<t, 1 <t,=1and will be chosen in an optimal way.
In particular we propose to determine the weights po, . .., i, such that the
expected L2-distance

E[|8) — 9| (4.10)

between 6(/)*

and its discrete analogue 6/) is minimized, where || - ||
denotes the Euclidean norm in R”.

The following result provides an alternative expression of the expecta-

tion of this distance. Its proof can be found in the supplement.

Proposition 1. Assume that the conditions of Theorem/[]] are satisfied. The

Euclidean distance between the estimators 00 and 8" can be represented
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as

E[)|0)* — 0Dm)12] = KV (g, ..oy pn) + Blptay oo ptn)} 5 (4.11)

where the quantities V' and B are defined by

(3 Gl beft (o) ) Gl D)}

[ [CASs
(14ml)?

and k) is given by e in case (A) and in case (B) .

Note that the expected L?-distance in only differs in the multi-
plicative factor k(/) for the different cases (A) and (B) and this factor does
not depend on the vector-weights s, ..., u,. Therefore optimal weights
minimizing the expected L2-distance can be determined without distin-
guishing between the two cases (A) and (B).

The function B in the criterion still depends on the unknown re-
gression function f which we replace again by its truncation f) defined in

(4.1). The resulting criterion is given by

(g, fin) = Viptas - ooy pin) + B (g, ., i), (4.13)



Statistica Sinica: Preprint
doi:10.5705/ss.202018.0497

24

where

n

P = {3 [ (55 (o) =) S

n ti () -1
X(;/t <%[®v(t()t K%q@ “)ifv@())dt) b

If we minimize the criterion ® in (4.13) without any further constraints

the resulting optimal weights will depend on the unknown parameters 6(/)
We therefore, impose a “controllable bias” condition which ensures that
the expected value of the approximation of the stochastic integral is equal
(approximately equal) to the expected value of the stochastic integral.

We thus determine the optimal weights such that the term BY) (pa, ..., 1)
in (4.13]) vanishes for all potential Fourier coefficients 64, ..., 6; in the func-
tion f/). Therefore, the optimal weights are obtained by minimizing ® in
(4.13)) under the constraint

1 () -1 W( W(
/0 % [q)v(t()t)] (%q(t)) c?t {(I)v t) } dt= Z / dt {(I)v t) } at

(4.15)

In this situation the criterion (4.13)) reduces to the minimization of

1 () (¢ -1 T
Z/ dt m(;) (%Q(t)> _M><ccl€fq)v(t())<%q(t)> _“i> jt ()dt}

(4.16)

with respect to the weights po, ..., i, (depending on the time points 0 =

t1 < to,...,tn_1 < t, = 1). In order to simplify this optimization we
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introduce the following notation
o) (¢;) . ) (t;_1)

U(ti) U(ti_l)
Bi = , %= i/ q(ts) — q(tioa) (4.17)
Q(ti) - Q(tifl)

which however does not reflect the dependence on the time points. Using

the notation in (4.17), the approximation of the expected L?-distance in

(4.16) can be rewritten in terms of the quantities 7, ..., 7, as

=2

and the constraint (4.15)) is given by
MY = Z%ﬂiT, (4.19)
i=2

where M) is the matrix defined in (for both cases (A) and (B)).
Note that both the function ¥ and the constraint in do not involve
the function f and only include assumptions concerning the first J basis
functions ¢, ..., @y used in the approximation f/).

The resulting optimization problem (4.18) with constraint has the
same structure as an optimization problem considered in Dette et al. (2017)

and from the results in this paper we obtain the solution
v =MYBTE, i=2,... n, (4.20)
where the matrix B is given by

=2
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and M) and f3; are defined in and in , respectively. If the matrix
B is singular, we replace the inverse B! in by a generalized inverse
B~. Using the relation between ~; and p; in , we obtain the optimal
weights jf = ————M)B7'3;, i =2,...n. Note that these weights

q(ti)—q(ti—1)

still depend on the design points t», . .., t,_1 which will be determined next.

4.3 Optimal designs for series estimation

Using the optimal v3,...,7, given in in the expression for the func-
tion ¥ defined in , we obtain an appropriate optimal design criterion
for the choice of the time points 0 =t; <ty < ...t,_1 < t, = 1. More pre-
cisely, for the optimal weights, the function ¥ depends only on the design

points and can be represented as the function

U(ty, ... ty) = tr{ MDD BN, (4.22)

where the matrices B and M) are defined in (4.21]) and , respectively
and depend on 0 = t; < to,...,t,_1 < t, = 1. The optimal design is
now determined by minimizing the function U, which is different from the
criterion considered in Dette et al. (2017)) for unbiased linear estimation in

the linear regression model

Vi, = (@D (t) 04, i=1,....n. (4.23)

(3
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The optimal time points only depend on the first J basis functions which
are used for the estimator of the regression function f and have to be
determined numerically in all cases of practical interest. We will present

some examples in Section [o]

4.4 The final estimate

With the optimal weights p3, ..., u" determined in Section and the

optimal time points ¢3,...%; _; determined in Section the estimators in

(4.8) and (4.9)) corresponding to the cases (A) and (B) are given by

R D (gUINT n Y« Y (J)
gorn = O gy g - ey 220 Yoy
bte = ) ) u(0) v(0)
and
2 1 - Yy Yy
g — = g gUNT p () g=1 * R 4,94
EST 2 AGE Ty 4

* (J) (¢*
respectively, where 3 = q);](i(t)) — q)v(t;’lf)l)/\/q(t;‘) —q(t: ) (i=2,...n).

For their application we still require knowledge of the vector of Fourier
coefficients /) and the constants ¢/) and m(’) defined in and
(note that these quantities also depend on 6 )). For this purpose we propose
to use the linear unbiased estimate derived by Dette et al.| (2017) for the

linear model (4.23)). This estimate is defined as

3 - e Yy Yy d(0) Yy
gm — (cUN=1 pr) g1 (e — it , (4.25
G 20T ) ) o) 42)



Statistica Sinica: Preprint
doi:10.5705/ss.202018.0497

28

and the quantity ¢) in ([@.3) is estimated by &)™ = (§)mMTCWHn - A
straightforward calculation shows that the resulting estimator for the case

(A) is given by

9(]),77, (V(J) n) {M(J)Bfl Z ﬁ:( t:( . t::1 ) 4 (O> 0 }
T+ 20 )t ) )
N 9(J),n\T ~(J),n
_ OO cingnn — A0 g (4.26)
1+ dm T ea@m’ '

which is a shrinkage version of the estimator §¢/)" in ([4.25).
For the case (B) similar arguments show that the estimator in (4.24)) can
also be rewritten in terms of the linear unbiased estimate 6/}, that is,

: Yo, 5(J)n

: m)m
Doolty) Lemen

. 9(J)(9(J))T i Y,
o — 2\ pr(J) gl *
ZZ:;BZ (v(t

1+ m)
where )" = (§)T MG)n  Here the structure of the estimator §¢/)"

depends on the structure of the basis functions contained in the vector &)

[see Section 5 in Dette et al.| (2017)) for more details].

5. Numerical results

In this section, we illustrate the properties of the estimator and the corre-
sponding optimal design derived in Section [4] by means of a small simulation
study. We consider a Gaussian process assuming both an exponential kernel
and a Brownian motion as the error process in model . In both cases,

we present the numerically calculated optimal time points with respect to
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the criterion defined in (4.22) and the corresponding simulated integrated

mean squared errors for the estimator

J
JOm) = 8D7g(t), (5.1)
j=1

proposed in this paper and the estimator

f(]),n(t) _ g(J),n%. (t), (5.2)

B

j=1
which is based on the best linear unbiased estimates in the tuncated Fourier
expansion.

Throughout this section, we will use the trigonometric series defined in
as orthonormal basis of L?([0,1]). We further assume that the un-
known function f is symmetric on the interval [0, 1] such that it is sufficient
to use only the cosine functions in the series expansions of f. Note that
this assumption is made for the sake of simplicity, and that similar results
can be obtained for non symmetric functions using the full trigonometric
basis from Example

Consequently, the orthonormal system is given by ¢1(t) = 1, ¢;(t) =
V2cos(2m(j—1)t) (j = 2,3,...). In Section|5.1| we consider the exponential

kernel, whereas in Section [5.2| we concentrate on the Brownian motion.
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5.1 The Exponential kernel

We assume that the error process {g; : t € [0,1]} is a centered Gaussian
process with an exponential kernel of the form K(s,t) = exp(—L|s — t|),
where L € RT is a given constant. This can be represented in the triangu-
lar form (3.3]) with u(t) = exp(Lt) and v(t) = exp(—Lt) and the function
q is obtained as ¢(t) = u(t)/v(t) = exp(2Lt). Therefore, we have u(0) # 0
(which corresponds to case (A)) and the estimator 6/} proposed in this
paper is given by and the corresponding estimators of the function
f are defined in and .

We first consider the exponential covariance kernel with L = 1 and assume
that three basis functions ¢1(t) = 1, @a(t) = cos(2nt), @s3(t) = cos(4nt)
are used in the series estimator, where n = 4 and n = 7 observations at
different time points 0 =t; <ty < ... < t,_1 < t, =1 can be taken. Note
that one needs at least n = 4 observations at different time points to guar-
antee that the matrix B in the preliminary estimator §¢/)" is non-singular.
The optimal points are determined minimizing the criterion by par-
ticle swarm optimization [see (Clerc (2006) for details] and the results are
presented in the first row of Table [1]

We now evaluate the performance of the different estimators and the opti-

mal time points by means of a simulation study. For the sake of comparison
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we also consider non-optimized time points for the simulation, which are

given by

0.00, 0.45, 0.90, 1.00 (5.3)

0.00, 0.18, 0.36, 0.54, 0.72, 0.90, 1.00 (5.4)

for the case n = 4 and n = 7, respectively.

L n=4 n="7

1] 0.00, 0.25, 0.52, 1.00 | 0.00, 0.12, 0.27, 0.45, 0.57, 0.77, 1.00

5| 0.00,0.25, 0.51, 1.00 | 0.00, 0.12, 0.27, 0.45, 0.57, 0.76, 1.00

Table 1: Optimal time points for series estimation minimizing the criterion

(4.22)). The covariance kernel is given by exp(—L|s — t|).

In the simulation study we generate data according to model ([2.1]) with

two regression functions

f(t) = 4t(t—1), (5.5)
) = vit-1), (5.6)

(note that both proposed functions are symmetric with f(0) = f(1) = 0).
For each model the mean integrated squared error of the estimators f (J);n
and f())" defined in (5.1) and (5.2) respectively is determined. More pre-

cisely, if S denotes the number of simulation runs and f, is the estimator
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based on the ¢-th run (either fm and f¢ )™, the simulated mean inte-
grated squared error, MISE,, = %Ele fol (ﬁ(t) — f(t))2dt, where f, the
“true” regression function under consideration, is either given by or
by . All results are based on S = 1000 simulation runs.

For the case of the sample size n = 4, the resulting mean integrated squared
error of the different estimators (and corresponding optimal time points) is
shown in the left part of Table[2| For instance, the mean integrated squared
error of the estimator f (/) (based on the on the optimal design) is 1.72,
if the true function is given by , whereas it is 2.06 if the observations
are taken according to the non-optimized design (5.3). Thus, the optimal
design yields a reduction by 17% in the mean integrated squared error. The
optimal design also yields a reduction of 15% of the mean squared error of
the preliminary estimator f(/)-" (although it is not constructed for this pur-
pose). We also observe that the new estimator f () clearly outperforms
the estimator f(/) in all cases under consideration (reduction of the mean

squared error between 9% and 12%).

For the case of the sample size n = 7, the corresponding results are
presented in the right part of Table [2| and we observe a similar behavior.
The new estimator f() clearly outperforms (/) regardless of the design

and model under consideration. On the other hand the improvement by the
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design (n =4) || design (n =7)

f estimator | optimal | (5.3) || optimal | (5.4))
fn 172 | 2.06 || 1.58 | 1.59

(©-5)
fm 189 | 222 | 176 | 1.77
Fn 1.67 | 2.04 | 154 | 1.56

(©-6)
Fn 1.89 | 221 | 176 | 1.79

Table 2: Simulated mean integrated squared error of the estimators (5.1))

and (5.2]). The covariance kernel is given by exp(—|s — t|).

choice of the design is less visible compared to the case where the sample
size is n = 4. This means that the influence of the design on the perfor-
mance of the estimators decreases with increasing sample size. The reason
for this observation lies in the fact that in the models under consideration
the discrete model already provides a good approximation of the con-
tinuous model for the sample size n = 7. As in this model the full
trajectory is available the impact of the design is negligible for sample sizes
larger than 10. As a consequence, a larger sample size would not decrease
the integrated mean squared error substantially either. A similar effect was

also observed by Dette et al. (2017)) in the linear regression model with
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correlated observations.

Next we consider a situation where the correlation between the different
observations is smaller using the parameter L = 5 for the exponential ker-
nel. The time points minimizing the criterion T in are depicted in
the second row of Table [[l for n = 4 and n = 7. We observe that the
optimal time points are similar to those for the constant L = 1. Further
numerical results, which are not displayed for the sake of brevity support
these findings and indicate robustness of the optimal design with respect
to the choice of the parameter L. The simulated mean integrated squared
error of the estimators f()" and () defined in and are dis-
played in Table [3] for the cases of sample size n = 4 and n = 7. When the
sample size is n = 4, we observe that the optimal design yields a substantial
reduction in the mean squared errors of both estimators (between 65% and
70%). Compared to the case L = 1 (see Table [2)) the reduction is larger.
When the sample size is n = 7 the mean integrated squared error of the es-
timators based on the optimal time points are slightly smaller compared to
the non-optimized time points. We observe again that the influence of the
position of the time points, and thus of the design, decreases if the sample
size n increases (see Table[3). A comparison of the two estimators and

(5.2) shows again that the new estimator D outperforms the estimator
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f in all cases under consideration (reduction of the mean squared error

between 16% and 27%).

design (n =4) || design (n=7)
f estimator | optimal | (5.3) || optimal | (5.4)
f)m 065 | 213 | 047 | 051

(5.5)
fm 0.77 | 2.30 0.58 | 0.62
f)n 064 | 209 | 043 | 043

(5.6)
fDn 0.81 | 2.30 0.59 | 0.59

Table 3: Simulated mean integrated squared error of the estimators (5.1))

and (5.2)). The covariance kernel is given by exp(—5|s — t|).

5.2 Brownian motion

We now consider the case where the error process in (2.1)) is given by a

Brownian motion, that is K(s,t) = s A t, which can be represented by

K(s,t) = s, s < t. Therefore, the functions v and v in (3.3]) are given

by u(t) = t and v(t) = 1, respectively, and the function ¢ is obtained as

q(t) = u(t)/v(t) = t. This situation corresponds to case (B), where u(0) = 0
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and f(0) = 0. The estimator 6()n is given by
A 1 Sy " (DD () — DD (¢, )T
on — = D (gUNT pp) g i i Y, Y, ),
14+ m) () ; Vi —ti (Y, =Y y)
(5.7)

where the matrices M), B and the constant m(’) are of the form

wo - f B (1) () 1),

— (P (t:) — @ (t;0)) (@) (1) — D (t;0))"

b= Z ti =t ’

=2

) = (@)Y MO G,

Note that both the first row and the first column of the matrices M (/)
and B are zero (since ¢i(t) = 1), such that both matrices are singular.
Consequently, as proposed in Section 4], we use the generalized inverse
B = ,
0 B!
of B, where the matrix B is given by

051

b= <O(J1) I(J1)><(J1)) B
L-1yx-1
Here the vector O(_1) is of dimension (J — 1) with zero entries. where

the matrix I j_1)xs—1) is the (J — 1) dimensional identity matrix. The

estimator 6(/)" is obtained from Section 5.2 in Dette et al.| (2017))

3 " (D) — D (¢t )T
0(‘])’” = C(J) Z ( <t1) (tl 1)) ()/;/z - Yti—1>’

= Vi — 11
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where the matrix C /) is of the form

0-1) B!
We now analyze the behavior of the resulting estimators of the function
f if the first three basis functions are used for the series estimator and n = 4
or n = 7 observations at different time points 0 = t; <ty < ... < t,_1 <

t, = 1 are available. The optimal time points minimizing the criterion

(4.22)) derived in Section {4| are given by

0.00, 0.25, 0.47, 1.00 (5.8)

0.00, 0.22, 0.28, 0.50, 0.72, 0.78, 1.00 (5.9)

for sample sizes n = 4 and n = 7 respectively. Note that the optimal time
points and differ from the optimal time points for the case of the
exponential kernel displayed in Table [} This indicates that the position of
the optimal time points depends on the structure of the covariance kernel.

The resulting mean integrated squared errors of the estimators f (“/)m and
fm are displayed in Table , where we again consider the comparative set
of time points depicted in and . We obtain similar results as in
Section .1} More specifically, for the case of sample size n = 4, we observe

that the optimal design yields a substantial reduction in the mean squared
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design (n =4) || design (n =7)

f estimator | optimal | (5.3) || optimal | (5.4))

f)m 0.16 | 0.41 0.13 | 0.14

f)m 0.15 | 0.43 0.12 | 0.12

f)m 013 | 045 || 011 | 0.11

(©-6)
Fen 015 | 048 | 0.12 | 0.13

Table 4: Simulated mean integrated squared error of the estimators (5.1))

and (5.2)). The error process is a Brownian motion.

errors of both estimators (see the left part of Table [4). When the sample
size is n = 7, the difference between the optimal time points and the design
(5.4)) is less visible.
A comparison of the two estimators shows a different behavior as in Section
that is, unlike the case of an exponential Kernel, when the error process
is a Brownian motion, both estimators perform well and they have similar
(small) mean integrated squared errors (see Table [4)).

Further simulation results are presented in the online supplement. There
we consider the impact of the truncation parameter on the optimal design

and the two estimators. The results indicate some sensitivity of the optimal
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design with respect to the number of basis functions in the series estimator
and an interesting problem for future research is the construction of optimal

designs addressing the uncertainty in the truncation parameter.

Supplementary Material The supplementary material contains both

further numerical results for different choices of the truncation parameter

and proofs of Theorem [1| and Proposition
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