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Abstract: We consider statistical models in which the functional data are artifi-
cially contaminated by independent Wiener processes in order to satisfy privacy
constraints. We show that the corrupted observations have a Wiener density
that uniquely determines the distribution of the original functional random vari-
ables masked near the origin, and construct a nonparametric estimator of that
density. We derive an upper bound for its mean integrated squared error, which
has a polynomial convergence rate, and establish an asymptotic lower bound on
the minimax convergence rates that is close to the rate attained by our esti-
mator. Our estimator requires choosing a basis and two smoothing parameters.
We propose data-driven ways to do so and prove that the asymptotic quality of
our estimator is not significantly affected by the empirical parameter selection.
Lastly, we examine the numerical performance of our method using simulated

examples.
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1. Introduction

Data privacy is an important feature of a database, where the collected data
are transformed and released so as to make it difficult to identify individ-
uals participating in a study. Various privatization methods are available,
resulting in different privacy constraints, such as differential privacy. Refer
to Wasserman and Zhou (2010) for a statistical introduction to differential
privacy. The privatization mechanism typically has an effect on the statis-
tical analysis of the data; thus, one of the research directions in statistical
privacy is to find ways of ensuring differential privacy, while keeping as much
of the information as possible from the original database (see, e.g., Hall et
al. (2013) in the functional data context, and Karwa and Slavkovi (2016)
in the setting of synthetic graphs).

One simple way of ensuring differential privacy is to contaminate the
data artificially with additive random noise; see, for example, Wasserman
and Zhou (2010). In the functional data context, Hall et al. (2013) propose
a data release mechanism where the observed functional data are contam-
inated by adding a random Gaussian process to each function (one per
functional observation) that is independent of the original data. Propo-
sition 3.3 in Hall et al. (2013) roughly states that the data can be made

differentially private whenever the scaling noise factor of the Gaussian pro-
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cess is sufficiently large.

Here, we show that if the Gaussian process is a Wiener process and
the values of the raw data are masked at the origin, then the contaminated
data are differentially private and have a density. This contrasts with the
usual functional data setting, where the assumption that all measures ad-
mitted to be the true image measure of the functional random variables
are dominated by a known basic measure seems difficult to justify. There
exists no canonical basic measure, such as the Lebesgue measure for finite-
dimensional Euclidean data, or the Haar measure for data in general locally
compact groups. As a result, inferences and descriptive summaries of func-
tional data are often based on pseudo-densities; see, for example, Delaigle
and Hall (2010) and Ciollaro et al. (2016). Recently, Lin et al. (2018) con-
sidered the estimation of densities for functions that lie in a dense subset S
of the Hilbert space Ls(D), where D is a finite interval. There, S is defined
as the (non-closed) linear hull of an orthonormal basis of Ly(D), and does
not contain the functional data contaminated by Wiener processes that we
consider. Privacy issues for functional data are also discussed by Mirshani
et al. (2017). Although the authors deduce the existence of a Gaussian den-
sity for fixed functional observations, they do not examine a nonparametric

estimation of that density.
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In contrast, in the the proposed privatization process, the privatized
functional data have a Radon—Nikodym derivative (and thus a true, non-
pseudo density) with respect to the Wiener measure. Exploiting the fact
that the contaminating distribution is usually known in this context, we
consider statistical inferences from such data.

To the best of our knowledge, most existing nonparametric approaches
for estimating a Wiener density are motivated by diffusion processes. Al-
though these do not include the type of functional data we consider, some
of these methods can be applied in our context. See, for example, Dabo-
Niang (2004a), who suggests an orthogonal series estimator, Dabo-Niang (2002,
2004b) and Ferraty and Vieu (2006), who propose kernel density estimators
(see also Prakasa Rao (2010a) for a generalization in the case of diffusion
processes), and Prakasa Rao (2010b) and Chesneau et al. (2013), who con-
struct wavelet estimators. See also Baillo et al. (2011) for a parametric
context in which the data and the reference measure are Gaussian. How-
ever, these methods either suffer from slow logarithmic convergence rates,
or are derived under abstract assumptions that seem difficult to justify in
our context or are difficult to implement in practice. We propose a fully
data-driven estimator with fast polynomial convergence rates under simple

conditions. Although our estimator is motivated by our privacy setting, our
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results can be extended to more general cases of functional data that have
a Wiener density.

This remainder of the paper proceeds as follows. In Section 2 we in-
troduce our statistical model, and show that the Wiener density exists and
determines uniquely the image measures of the raw functional random vari-
ables masked near zero. Moreover, we prove that the privacy constraints
are fulfilled when the noise level is sufficiently large. In Section Bl we con-
struct a nonparametric orthonormal series estimator of the Wiener density,
and propose data-driven procedures for choosing the basis (Section B.4]) and
the smoothing parameters (Section B.5]). In Section [l we derive an explicit
upper bound for the mean integrated squared error of our estimator, and
show that it achieves polynomial convergence rates under intuitive tail re-
strictions and metric entropy constraints on the measure of the original
data. Functional data problems in which such fast rates are available are
rare; usually, the achievable rates are only logarithmic or sub-polynomial,
see, for example, Dabo-Niang (2004a), Mas (2012), and Meister (2016). Fi-
nally, we derive a lower bound on the mean integrated squared error under
our intuitive conditions, and show that choosing the parameters in a data-
driven way does not significantly deteriorate the asymptotic performance

of our procedure (thus, we establish a weak adaptivity result). Numerical
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simulations are provided in Section Bl All proofs are deferred to the online

Supplementary Material.

2. Model, data, and applications

2.1 Model and data

We observe functional data Y7,...,Y, defined on [0,1], without loss of
generality, which, for reasons such as the differential privacy constraints
discussed in Section [II have been intentionally contaminated by additive

random noise. Specifically, we assume that

}/j:Xj—f-O'Wj, j:]_,...,n,

where the random functions X; and W;, for j = 1,...,n, are totally in-
dependent. Here, X; represents the jth function of interest, which is cor-
rupted by a standard Wiener process W; with a deterministic scaling factor
o > 0. Unlike typical measurement error problems, where contamination
is due to imprecise measurement or unavoidable perturbation, our data are
contaminated artificially; thus, we assume o is known.

We assume X takes a value in Cp ([0, 1]); where Cy,([0,1]) denotes
the set of /-times continuously differentiable (or just continuous when ¢ =

0) functions f defined on [0, 1], such that f(0) = 0. Here, X; has an
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unknown probability measure Px on the Borel o-field B(Cy([0,1])) of
Co.0([0,1]), where we equip the space Cy([0,1]) with the supremum norm
|| - ||o- Throughout, we use the notation V; = cW;, and use V, W, X, and
Y to denote a generic function that has the same distribution as V;, W;, Xj,
and Yj, respectively. Critically here, the functional data X; are assumed
to satisfy X;(0) = 0. Indeed, because W;(0) = 0, Y;(0) = X,(0), and if
the value of X; at zero is not masked, then individuals can be identified
from Y;(0). In practice, if the raw data do not satisfy X;(0) = 0, they
can be pre-masked at zero before the contamination step, for example, by
replacing X, with )?j = X, — X;(0) or )?j = Xjw, where w is a smooth

function such that w(0) = 0 and w(l) = 1.

2.2 Density of contaminated data and differential privacy

In this section, we show that Y} has a well-defined density with respect to the
scaled Wiener measure, and that this density characterizes the distribution
of X; uniquely. Finally, we show that the contamination process ensures
differential privacy.

To ensure the existence of a density, we need the following assumption,

which we assume throughout this work.

Assumption 1
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2.2 Density of contaminated data and differential privacys

X e C(],Q([O, 1]) a.s

Under Assumption 1, using Girsanov’s theorem (Girsanov, 1960), for any

Borel measurable mapping ¢ from Cy ([0, 1]) to [0, 1], we have

E{o(Y)} = E{p(X +oW)}
— E{p(eW) exp (% /01 X (a7 (1)) exp ( - %/01 X'(1)Pdr) }
— E[p(V)B{ exp (% /01 X' (v (D) exp (- %‘2/01 X @par)|v}]

such that, by integration by parts, we have, almost surely,

;%(V) eXp / X'(HdV (t / X7 (¢ th ‘V]
:/exp{%x'(l)v(n_;/o OV dt——/ /(1) 2t } dPx ()

(2.1)

Applying the factorization lemma to this conditional expectation, we
deduce that there exists a Borel measurable mapping fy: Coo([0,1]) — R,
such that fy (V') is equal to the right-hand side of (2.1]), almost surely. This
implies that fy is the density of Py with respect to Py. Thus, the contam-
inated Y; has a density fy. The next theorem establishes its connection

with the measure of Xj.

Theorem 1. The functional density fy in 21 characterizes the probabil-

ity measure Px uniquely.
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We deduce from this theorem that inferences about Py (e.g., goodness-of-fit
tests or classification problems; see Section 2.3)) can be performed via fy.
To use this result in practice, it remains to see whether we can estimate fy
nonparametrically using the data Yi,...,Y,,; see Section

Throughout, we use the notation (-, -) for the inner product of Ly([0, 1])

and || - ||o for the corresponding norm, and make the following assumption.

Assumption 2

For some constant C'x; € (0, 00), we have that || X'||s < Cxa, a.s.

The following proposition shows that if the scaling factor o is sufficiently
large, the contaminated data are privatized. For the definition of («, 3)-

privacy, refer to Hall et al. (2013); in our setting, this criterion means that
Plx+ oW € Bl <exp(a) - Plt+cW € B]+ 5, VB e B(Cyo([0,1])),
for all z, & € Cy2([0,1]), with max{||z'||2, |Z'||2} < Cx.1.

Proposition 1. For any o, 5 > 0, choosing o > 2Cx 14/210og(2/8)/c guar-

antees (o, B)-privacy of the observation of Y = X +oW under Assumptions

1 and 2.
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2.3 Applications

The existence of a density for contaminated data has important practical
applications. One of them is goodness-of-fit testing. Goodness-of-fit tests
for functional data have been considered in, for example, Bugni et al. (2009).
In our context, using the observed independent and identically distributed
(ii.d.) contaminated functional data Yj,...,Y,, the problem consists of
testing the null hypothesis Hy : X; ~ Px versus the alternative H; : X
Py, for some fixed probability measure Px on B(Cj([0,1])). According
to Theorem [0, Hj is equivalent to the claim that Y; has the functional
density fy = d(Px * Py)/dPy. Using the estimator fy of fy introduced in

Section [3, we can base a testing procedure on

1, for [|fy(y) = i) dPv(y) > p,
T(Y:,...,Y,) =

0, otherwise,

where p is a threshold parameter. In Theorem 2] we derive an upper bound
on the mean integrated squared error of our estimator fy. Using the Markov
inequality, we deduce that the test can attain any given significance level
a > 0 if we select p larger or equal to the ratio of this upper bound and
a. While this gives some insights about p, this upper bound does not
provide a data-driven rule for selecting p in practice. The latter is a difficult

problem. For example, it requires deriving the asymptotic distribution of
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the fully data-driven estimator. Another possibility would be to select
p using a bootstrap approach. However, such a technique would require
careful theoretical considerations to ensure the validity of the bootstrap in
this context. While these issues are interesting, they go beyond the scope
of this study; thus, we leave the practical choice of p for future research.

Another interesting application is classification, which, in our context,
can be expressed as follows. We observe training contaminated data pairs
(Y, 1), for i = 1,...,n, where Y; = X; + V;, the X; come from two distinct
populations Il and II;, and the class label I; = k if X; comes from popula-
tion Il,, for k£ = 0,1. The V; are Wiener processes independent of X;, and
are identically distributed within each population, but the scaling noise pa-
rameter o need not be the same for the two populations. Using these data,
the goal is to classify in 1l or II; a new random curve Y = X + V| where
X comes from either Il or II;, but has an unknown class label.

It is well known in general classification problems that the optimal
classifier is the Bayes classifier, which, adapted to our context, assigns a
curve to Iy if E(I|Y = y) > 1/2, and to Iy otherwise. In the case where
the probability measures Py,y and Py; of the Y; that originate from Il, and
I1;, respectively, have well-defined densities fy and fy, respectively, the

Bayes classifier can be expressed as follows: assign Y to Iy if w1 fy1(Y) >
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mofyo(Y), and to Il otherwise, where m, = P(I = k). In the particular
Gaussian case, Baillo et al. (2011) showed that these densities are well
defined and showed how to estimate them.

In our case, the Y; are, in general, not Gaussian, but they have func-
tional densities fy = dPy/dPy, for k = 0,1. Because Px o # Px, implies
that fyo # fya1 (see Theorem [), these densities can be used to classify
X from observations on Y in the optimal Bayes classifier. In practice, we
classify Y in IT; if m fm(Y) > T fyp(Y), and in Il otherwise, where for
k=01, fy, 1 denotes the estimator of fy, from Section 3] constructed from
the training data Y;, for which I; = k.

There exist many other classification procedures for functional data, of-
ten based on pseudo-densities or finite-dimensional approximations. How-
ever, Delaigle and Hall (2012) pointed that, except in the Gaussian case,
such projections often do not ensure good finite-sample performance; see,
for example, Hall et al. (2001), Ferraty and Vieu (2006), Escabias et al. (2007),
Preda et al. (2007), and Shin (2008). See also Dai et al. (2017) for a recent
example, where the authors approximate the densities in two populations
using the finite-dimensional surrogate densities proposed in Delaigle and

Hall (2010); see Delaigle and Hall (2013) for a related classifier.



Statistica Sinica: Preprint
doi:10.5705/55.202018.0484

13

3. Methodology

In this section, we consider the problem of estimating the functional density

fy nonparametrically.

3.1 Existing methods

Several authors have examined nonparametric estimations of a density for
stochastic processes in which the probability measure has a Radon-Nikodym
derivative with respect to the Wiener measure. In Dabo-Niang (2002,
2004b), the author proposes using a kernel density estimator; see also
Prakasa Rao (2010a). This estimator is simple, but it suffers from slow loga-
rithmic convergence rates, which are reflected in its practical performance.
Wavelet estimators with polynomial convergence rates were proposed by
Prakasa Rao (2010b) and Chesneau et al. (2013), but their conditions are
quite technical, and it is not clear how their parameters can be chosen in
practice. Moreover, their theory is derived under abstract high-level condi-
tions that might not be satisfied easily in our context.
A simpler estimator is the orthogonal series estimator of Dabo-Niang (2004a),

defined as follows. Let {¢;};en denote an orthonormal basis of real-valued
functions of [0, 1], where each ¢; € Lo([0,1]), and let (H;);>1 denote the

scaled Hermite polynomials defined by Hy(z) = (=1)*¢™ (z)/{p(z)VE!},
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for all integers k& > 0, where ¢(z) = exp(—2?/2)/v/2m. In addition, for

T € O()([O, 1]), let
1
8= [ etdatt) G.)
0
Using the results from Cameron and Martin (1947), as K — oo, the

Fourier-Hermite series (W, k. )o<ki<k...o<kx<k, Where, for z € Cy([0, 1]),

K
\Ilk1,~~~7k1< (1}) = Hkl,m,kK (6;,17 s 7B;,K> = H sz (@2,2) ) (32>
(=1

forms an orthonormal basis of the Hilbert space of all square-integrable
Co([0, 1])-valued random variables with respect to the Wiener measure. Mo-
tivated by this, the author proposes to estimate the Wiener density fr of
the functional data T, ..., T, (that have a Wiener density) as
A K 1
fr (x) = Z » Z Hp, .ok (Bérjm & >5€Fj,K)'Hk1,-..,kK (5;;,17 e »B;;K) )
Ki,onkig=0  j=1
(3.3)
where K is a smoothing parameter. This estimator is attractive for its sim-
plicity, but has the drawback that the rates derived by Dabo-Niang (2004a)
are logarithmic. In the next two sections, we use a two-stage approximation
approach (first a sieve approximation of fy, followed by an estimator of the
approximation) to introduce a different regularization scheme that involves
two parameters. This increases the flexibility of the estimator, which, as

we shall see, enables us to obtain polynomial convergence rates. Moreover
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we provide data-driven choices of the basis and the threshold parameters.

3.2 Finite-dimensional approximation of fy

Recall from () that for V = oW with W a standard Wiener process, we

have

Fr (V) = E[exp{%/ol X/(8)dV () — %‘2/01 X@Paf|v]. s,

and that our goal is to estimate fy from the data Yi,...,Y,. Instead of di-
rectly expressing fy in the Fourier—Hermite basis in (3.2]), we first construct
a sieve approximation of fy. Then, we express our sieve approximation in
the Fourier-Hermite basis (see Section B.3)).

Using the notation f3,, = fol @e(t)dz(t) from Equation (B.1]), where

{¢;}jen is a real-valued orthonormal basis of L,([0, 1]), we can write

1 1 00 00
1 1 2
[ xwavey -3 [ IXOPa=3"px, o, 53t
0 0 j=1 j=1
where the infinite sums should be understood as mean squared limits. Trun-

cating the sums to m terms, with m > 1 an integer, this suggests that we can
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approximate fy (V') by fi[/m}(ﬁ{/,l, ooy Bym), where, for all s1,... s, €R,

sy, sm) = {exp( Zﬁxg Si— %iﬁ;{,ﬁ)}
j=1

1 & IR
= exp <Tc2 Z s?) /exp { = 553 Z (sj — xj)z}dPXm(xl, e T
Jj=1 j=1
(3.4)
and Py, denotes the measure of (8 ,,..., By ,,)-

The following lemma shows that, as long as m is sufficiently large,
[m](/BVl, -, Bym) is a good approximation to fy(V), where V' denotes a

generic V; ~ Py.

Lemma 1. Let 2, denote the o-field generated by By, 1, .-, By, ,,,- Under

Assumptions 1 and 2,

(@) FBY s B ) = E{fr (V) |2} acs.,

(b) we have

BB, Bl ) = Fr (V)|

<% eXp OXI/O <Z}(¢0J7

3,3'>m

where the linear operator I'x : Ly([0,1]) — Lo([0, 1]) is defined by

)1/2

(Cx f) () / X'(s t €[0,1], f € Ly([0,1]) .

Because 'y is a self-adjoint and positive-semidefinite Hilbert—Schmidt op-

erator, the upper bound in Lemma [I(b) is finite for any orthonormal basis
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{p;}; of Ly([0,1]), and converges to zero as m — oco. Indeed, Assumption

P < E|X||4 < C%, < oo If X (and

2 guarantees that ), | (0, Txpj)
hence X') is centered, then I'x coincides with the covariance operator of

X'

3.3 Estimating the sieve approximation of fy

Next, we estimate fi[/m} using a Fourier-Hermite series. For this, let Py,
and fy,, denote, respectively, the measure and the m-dimensional Lebesgue

density of the observed random vector (ﬁg,] qreees ﬁg,] .m)> where

1
Bgfj,k:/ Spk<t)d}/}(t):6;(],k+ﬁ(/ﬂ,kv ]:1,,77,,]{3:1,,771
0

Let g, denote the N(0,021,,)-density, with I,,, the m x m-identity matrix,
let Ly, (R™) denote the Hilbert space of Borel measurable functions f :
R™ — R that satisfy || f||2. = [|f(¢)[?9-(t)dt < oo, and let (-,-),, denote
the inner product of Ly, (R™).

It is easy to deduce from (3.4]) that

[m]

v (815, 8m) = fym(S1s- o, 8m) /90 (S1, - 8m), (3.5)

and it can be proved that fx[/m} € Ly, (R™). Therefore, if Wy, Uy, ... is an



Statistica Sinica: Preprint
doi:10.5705/s5.202018.0484

3.3 Estimating the sieve approximation of fy 18

orthonormal basis of Ly, (R™), we can write

7= > ap Ty,
k=1
= (Ui ), = [ ) im0 dy = BLU(5 05,0}

Now, the sequence (Hg,, k., )ki....kn>0 Of functions Hy p (21,...,2,) =
T2, Hi,(v;) defined in (B.2) forms an orthonormal basis of Ly, (R™).
Thus, we can take Wi(-) = Hy, . (-/0). To estimate fx[/m], we replace
ay, with dg =n=" 370 Wi(By, 1, By )

Finally, for U a functional random variable independent of Y7,...,Y,

that has a density with respect to Py, we define our estimator of fy(U) as

1 n
=Y Y H b B S By 0 i (B0 )

ki,.km20  j=1

where K > 0 is a truncation parameter, and 0 < wg(z) < 1 is a continuous
function defined on [0, K]. The term wg (k1 + -+ + k) k1 + -+ + kpy <
K} prevents k; from being too large, which controls the variability of the
estimator. Using wavelet terminology, the function wy dictates whether k;
is chosen using a soft or a hard rule. Specifically, a hard rule corresponds

to wx = 1: here, all k; summing to at most K are given equal weights, and
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as K increases, new indices appear and play as big a role as older ones do.
For a soft rule, wx (z) is taken to be a smooth decreasing function of z, for
example, wg(z) =1 —x/(K +1); as K increases, new indices start playing
a role, but have less weight than the former ones.

A major difference between (B.6) and Dabo-Niang’s (2004a) estimator
in ([B.3)) is our regularization scheme: because of the two-step construction
of our estimator (a sieve approximation followed by a basis expansion),
we do not use all of the indices (ky,...,kx) € {0,..., K}, Instead, we
use (ki,...,ky) € {0,...,K}™, such that ky + ... + k,, < K, and we
assign a weight wy (k1 + ... + ky,) to each group of m indices. As shown in
the next sections, our use of a second parameter m and the restriction we
put on ky + ...+ k,, drastically improve the quality of the estimator, both
theoretically and practically. Moreover, in Section [3.4], we introduce a data-

driven way of choosing the basis {;};en used to construct the coefficients

By and By,

3.4 Choosing p;

To compute our estimator in practice, we need to choose the basis {¢,};
used in (3I)). Lemmal[ll(b) implies that if we take ¢; equal to the eigenfunc-

tions of I'x, ordered such that the sequence of corresponding eigenvalues
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(Aj); decreases monotonically, then

| [m] (Bvyas- - Bvym) _fY(Vl)‘Z < %-exp 1/0 (Z,\2>

j>m

This bound decreases monotonically as m increases, indicating that the first
m terms of the basis capture some of the main characteristics of fy.

Of course, in practice, I'y is unknown, and thus ¢; is unknown. There-
fore, we need to estimate I'yx, but a priori, this does not seem to be an
easy task because, up to some mean terms, ['y is the covariance func-
tion of the first derivative X’ of X. If we could observe X7,..., X/, we
could use standard covariance estimation techniques, such as those of Hall
and Hosseini-Nasab (2006), Mas and Ruymgaard (2015), and Jirak (2016).
However, we observe only the contaminated Y;. If Y; were differentiable,
we could take its derivative and estimate 'y and its eigenfunctions, as in
the references just cited. However, it is not differentiable, and we cannot
take such a simple approach.

Instead, we propose the following approximation procedure. Let {1;};
denote an orthonormal basis of Ly([0,1]), and recall that ¢, denotes the
eigenfunction of I'y with eigenvalue \;,, where A\y > Ay > ---. In the

Supplementary Material, we show that, for all £ > 1,

> 0o (e Txthy) = Apen, (3.7)
=1
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where @y ; = (@, ¥;). If we take 1; as continuously differentiable such that
1;(0) = (1) = 0, for example, if {¢);}; is the Fourier sine basis, then for

7, k=1,2,..., we have

(U, Txty) = Mg — 0% - 1{j = k}, (3.8)

where M, = fol Pi(t) fol E{Y ()Y (s) }4,(s) ds dt (see the proof in the Sup-
plementary Material). We propose approximating ¢, using Zj\il ©Pe,Vj,

with M a large positive integer, where ¢, ; denotes an estimator of ¢y ;.

Next, we show how to compute ¢y 1, ..., ¢, n from our data. First, com-
bining [B.7) and [B.8), we have > 77, ¢y ; (M — 0% 1{j = k}) = A @,
such that

M

Z wrj (Mg — 0% 1{j=k}) = Xeper + Ry, (3.9)

j=1

where Ry is a remainder term resulting from the truncation of the sum to
M terms. Let I, and M denote the M x M-identity matrix and the M x M-
matrix with components defined by M, for j,k =1,..., M, respectively,
and let &y = (¢p1,...,00m)" and Ry = (Riy,...,Rae)’. Then, (B.9)
implies that (M — 021y) @y = NPy + Ry.

Note that | Ry| shrinks to zero as M — oo because |R,[* < C% 1 7.0y [we1*.
Thus, (/\/l — 021y)®y ~ NPy, which motivates us to approximate &, us-

ing the unit eigenvector v, of the matrix M — ¢?I); correponding to the



Statistica Sinica: Preprint
doi:10.5705/s5.202018.0484

3.5 Choosing the parameters M, m, and K22

(th largest eigenvalue. Now, (./\/l — 02Iy)ve = A\vg implies that Muv, =
(A¢ + 0?)v,. Thus, vy is also the eigenvector of M corresponding to its fth

largest eigenvalue. Of course, M is unknown, but it can be estimated as

M= %i { /01 /01 LYi(t)Ye(s) P (s)ds dt}j,k:l,m,M.

For ¢ =1,..., M, let v, denote the M unit eigenvectors of M (ordered
so that the corresponding eigenvalues decrease monotonically). We propose
ST

estimating @, as 9234 = (¢e1,---,pem)” = 0. Finally, we estimate ¢, as

A M 4
Y = 2;‘:1 Dej V-

3.5 Choosing the parameters M, m, and K

To compute the estimator in (B.6]) in practice, we need to choose three
parameters: M, the parameter used in Section [3.4] to construct the basis
functions ¢; employed to compute the projections in (B.1I); m, which dic-
tates the dimension of our approximation of fy using fi[/m} in (B4); and
K, the truncation parameter of our orthogonal series expansion in (3.6]).
Having ¢; close to the eigenfunctions of I'x is likely to give better practical
performance, but it is not necessary for the consistency of our estimator.
This suggests that the choice of M is not crucial, and we take M = 20.
In contrast, m and K are important smoothing parameters that influence

consistency, and need to be chosen with care. We suggest choosing (m, K)
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by minimizing the cross-validation (CV) criterion

OV ) = [P aPee) - S A0 30)
i=1

with fx(fi) defined in the same way as in the estimator in (B.6]), except that
it uses only the data Yy,...,Y; 1, Yii1,...,Y,. To compute the integral at
(310), we generate a large sample (10000, in our numerical work) of V;

from Py, and approximate the integral using the mean of | fy(VJ)|2
As in standard nonparametric density estimation problems, our CV
criterion can have multiple local minima, and the global minimum is not
necessarily a good choice. In the case of multiple local minima, we choose
the one that produces the smallest value of m + K. Moreover, when mini-
mizing CV (K, m), we discard all pairs of values (K, m) for which more than
50% of fl(fi) or fy are negative. For the (K,m) that remain, we replace
each negative ff,_i)(iﬁ) and fy(‘/}) by recomputing these estimators. To do
so, we repeatedly replace K with K —1 and m with m — 1 until the negative

estimators become positive.

4. Theoretical properties

In this section, we derive the theoretical properties of our estimator. For
simplicity, we derive our results in the case where the weight function wg

in (6) is equal to one. Similar results can be established for a more
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general weight function, but at the expense of more technical proofs. In
Section .1l we derive an upper bound on the mean integrated squared
error of our estimator that is valid for all n. Next, in Section .2, we derive

the asymptotic properties of our estimator.

4.1 Finite-sample properties

In the next theorem, we give an upper bound on the mean integrated

squared error,

R fy) = B / FmR) ) — (o) PdPy (o),

of the estimator in (3.6]) when the orthonormal basis {¢;}; and the param-
eters m and K are deterministic. Our result is nonasymptotic and is valid

for all n.

Theorem 2. Under Assumptions 1 and 2 and the selection wxg = 1, we
have R(fl[/m’K], fy) < V+B+D, where

, B=_inf |f o) -l

heHm, K g’
2) 1/2
)

and H, i denotes the linear hull of Hy, . for which ky +---+k,, < K.

V= % exp (KC%,/0%) - <K+m)

K

1
p= Lo @) (X oo

Jy'>m

In Theorem 2 V represents a variance term, and B represents a bias

term that depends on the smoothness properties of fi[/m]. Both are typical of
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nonparametric estimators, but the term D is of a different type. It reflects
the error of the finite-dimensional approximation of the density fy using

the function f}[,m] .

4.2 Asymptotic properties

Next, we derive the asymptotic properties of our density estimator. For
this, we need an additional assumption, which we use when dealing with

the term D from Theorem [2k

Assumption 3
There exist constants Cx 2, Cx 3 € (0,00) and v > 0, such that

1 2
Z ‘ / ©;(s) (FXSOj’)(S)dS‘ < Cxg-exp ( — Cx,gmw) ., VmeN.
0

JJ'>m

For example, if X; is centered and {g;}, is the principal component
basis with eigenvalues A\; > Ay > .- discussed in Section B4l then As-
sumption 3 is satisfied as soon as Y72, exp(CY 357) - A} < oo, for some
C% 3 > Cx 3. In this case, Assumption 3 can be interpreted as an exponen-

tial decay of the eigenvalues of I'y; specifically, Assumption 3 is satisfied
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if there exist some C% 3 > Cy3 > Cxg3 and some C% 3 > 0 such that
Aj < O% 3 exp(—=CY 357 /2), for all integer j > 1.

The next theorem establishes an upper bound on the convergence rates
of the mean integrated squared error of our estimator fi[/m’K} as the sample
size n tends to infinity. We establish the upper bound uniformly over the
class Fx = Fx (CXJ, Cx2,Cx3,7, {cpj}j) of all admitted image measures
of Xy, such that Assumptions 1 to 3 are satisfied for some deterministic
orthonormal basis {¢;}; of Ls([0,1]). The next three theorems consider
functions in this class, which implies that they are derived under Assump-

tions 1 to 3.

Theorem 3. Assume thaty € (0,1), and select the weight function wx = 1
and the parameters K and m, such that K = K, = |y(logn)/log(logn)],
m=m, = |[(Cy -log n)l/yj, for some finite constant Cpy > 2/Cx5. Then,

our estimator f[m’K] satisfies

limsup sup log {R(fX[,m’K],fy)}/logn < —7.

n—oo Px€Fx

Theorem [3] shows that the risk of our estimator converges to zero
faster than O(n™"'), for any v/ < v < 1. In particular, our estima-
tor achieves polynomial convergence rates, which is usually impossible in

problems of nonparametric functional regression or density estimation. In
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standard problems of that type, where the data range over an infinite-
dimensional space, only logarithmic or sub-algebraic rates can usually be
achieved (e.g., Mas, 2012, Chagny and Roche, 2014, and Meister, 2016). In
our case, the dimension of the data is infinite as well; however, the den-
sity fy forms an infinite-dimensional Gaussian mixture, and its smoothness
degree is sufficiently high to overcome the difficulty caused by the high
dimensionality.

The next theorem provides an asymptotic lower bound for the problem
of estimating fy nonparametrically. For simplicity, we restrict this to the

case where Cx; = 1.

Theorem 4. Assume that v € (0,1), and let Cx; = 1 in Assumption
2. Moreover, assume that the orthonormal basis {¢;}; of L2([0,1]) is such

that all p; are continuously differentiable. Then, for any sequence (f,)n of

estimators of fy computed from the data Yi,...,Y,, we have

liminf sup log {R(fn, fyr)}/logn > —v+ (v —1)%/(y - 2).

n=0 PxeFx
We learn from the theorem that, in this problem, no nonparametric
estimator can reach the parametric squared convergence rate n~—!. This is
significantly different from the simpler problem of nonparametric estima-

tion of one-dimensional Gaussian mixtures, where the parametric rates are
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achievable up to a logarithmic factor (see Kim, 2014). Note that the upper
bound in Theorem [ is usually larger than the lower bound in Theorem [4],
although the two bounds are very close to each other for ~ close to one.
Rather than our estimator being suboptimal, we suspect that our lower
bound is not sufficiently sharp. Deriving the exact minimax rates seems a
very challenging problem, and thus is left to future research.

As is standard in nonparametric estimation problems requiring the
choice of smoothing parameters, Theorem [3] is derived under determinis-
tic choices of m and K. Next, using CV, we establish an asymptotic result
when (2, K) is chosen using CV as in (I0), where the minimization is

performed over the mesh

G = {[logn],..., L(logn)l/"’oj} x{1,...,[(logn)/log(logn)|}, (4.1)

for some constant 79 € (0,7). The following theorem shows that the con-

vergence rates from Theorem [3] can be maintained, at least in a weak sense.

]

Theorem 5. Our estimator f}[,mK , where wi = 1 and (m, K) is selected

using C'V over the mesh G in (A1), satisfies

lim  sup P{n”/ ’fy[/mK](x) _ fy(x)}QdPV(a:) > nd} =0,

n—o0 PX Gfx

for all v € [7,1) and d > 0.
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5. Simulation results

To illustrate the performance of our density estimation procedure, we per-
formed simulations in different settings. For a grid of 7' = 101 points
0=ty <t <...<tr=1equispaced by At = 1/(T — 1), we generated
data Y;(ty) = Z}]:1 \/XjZZ-k ¢;(tr) + o Wi(ty), where Zy, is i.1.d., each Zyy, is
the average of the two independent U[—.1, .1] random variables, W;(ty) = 0,
and, for k= 1,...,T, W;(tx) = Wi(ts—1) + €, where €, isi.i.d. ~ N(0, At).
We considered five settings: (i) J = 20, 0 = 0.1, \; = exp(—j), and
¢;(t) = V/2sin(wtj); (ii) as in (i), but with J = 40; (iii) as in (ii), but
with o = 0.075; (iv) as in (i), but with o = 0.075, ¢;(t) = V/2 cos(wtj)k(t),
k(t) = 2exp(10t) /{1 + exp(10t)} — 1; (v) as in (i), but with ¢ = 0.075,
¢;(t) = V/2sin(ntf)r(t).

In each case, we generated B = 200 samples of Y;(t;) of sizes n = 500,
1000, 2000 and 5000. Then, for b =1, ..., B, using the bth sample of Y; (),
we computed our density estimator fi7"* (V) in (38) for 10* functions V
generated from the same distribution as cW, where m and K were chosen
using CV by minimizing (B.I0), and where we took the weight function
wig(z) = 1 —x/(K + 1). The basis functions ¢; were computed as in
Section B4, with M = 20 and v;(t) = v/2sin(nt;); we denote by DM the

resulting estimator. Each time the m and K selected using CV produced
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a negative estimator fy (v) for a new data curve v, we repeatedly replaced,
K with K —1 and m with m — 1 for the new curve until the resulting value
of (m, K) was such that fy(v) > 0.

In each case, we also computed the estimator of Dabo-Niang (2004a)
with our adaptive basis of ¢;, which we denote by DN. We chose K by
minimizing the CV criterion in (BI0), replacing our estimator with this
estimator and (m, K) with K. As for our estimator, each time the selected
value of K produced a negative estimator for a new curve v, for that curve
v, we replaced K with the largest value smaller or equal to K that produced
a positive estimator.

We also considered the kernel density estimator of Dabo-Niang (2004b),
which requires choosing a bandwidth. We considered several versions of CV
and a nearest-neighbour bandwidth version of the estimator. However, we
encountered major numerical issues with denominators getting too close to
zero, and did not manage to obtain reasonable results. Therefore, we do
not consider this estimator in our numerical work.

The results of our simulations are summarized in Table [Il where, for
each case and each sample size n, we present 10 times the median and
the first and third quartiles of the squared error SE = {fy (V) — fy(V)}2

computed for the 200 x 10* V values. As expected by the theory, both es-
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Table 1: Simulation results for density estimation: 10*x median [first quar-

tile, second quartile] of 2 x 10 values of the SE.

Model Method n = 500 n = 1000 n = 2000 n = 5000
(i) DM | 635[145,2242]  492[120,1660]  395[103,1252]  316[86,953]
DN | 891[171,4122]  800[166,3439]  664[125,2970]  527[100,2271]
(i) DM | 683[152,2427]  506[123,1732]  409[108,1293]  343[94,1051]
DN | 911[179,4133]  823[168,3568]  659[124,2990]  544[101,2420]
(iii) DM | 1134[237,4538] 898[188,3529]  813[175,3237]  784[165,3197]
DN | 1375[209,8046] 1200[186,7325] 1081[174,6611] 1025[177,5574]
(iv) DM | 908[194,3788]  801[172,3158]  744[154,3135]  590[124,2399]
DN | 1468[232,8351] 1151[183,6878] 1097[190,6514] 1052[196,5460]
(v) DM | 849[187,3287]  751[163,2812]  654[143,2500]  565[122,2273]
DN | 1097[170,6389] 1024[172,5817] 914[160,5133]  865[160,4309]

timators improved as the sample size increased and, overall, our estimator

significantly outperformed that of Dabo-Niang (2004a). In Table 2] for our

estimator and that of Dabo-Niang (2004a), we also show the average time

(in seconds and averaged over 10 simulated examples) required to compute

one density estimator and its associated data-driven smoothing parame-

ters on a Windows computer with Intel Xeon processor E5-2643 v4 and 32

GB memory. Recall that our estimator requires choosing two smoothing



Statistica Sinica: Preprint
doi:10.5705/55.202018.0484

32

Table 2: Average computational time (in seconds) to compute one density

estimator (including the CV choice of smoothing parameters).

Model Method | =500 n=1000 n=2000 n = 5000
(i) DM 94 114 130 198
DN 42 46 54 77
(ii) DM 95 113 135 200
DN 49 55 68 96
(iii) DM 102 116 138 218
DN 50 53 71 97
(iv) DM 104 110 127 191
DN 46 A7 59 82
(v) DM 91 130 125 182
DN 41 A7 65 100

parameters m and K using CV, whereas that of Dabo-Niang (2004a) re-
quires choosing one smoothing parameter K. It is unsurprising then that
our estimator requires a longer computational time: this is the price for
the additional accuracy brought by choosing, in a data-driven way, two

parameters instead of one.
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Supplementary Material

The online Supplementary Material provides side results and all proofs.
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