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Xie and Meng’s paper is a theoretical tour de force, providing further insight into the

performance of multiple imputation combining rules when the imputer and analysis models

differ. Implications for practice are not entirely clear, at least to us; one conclusion is to

continue to use the MI combining rules, while seeking to minimize differences between the

imputer and analyst models, or attempting to ensure that the differences are in the direction of

making the MI combining rule conservative. Another conclusion is to abandon the Rubin’s rules

in favor of Xie and Meng’s more conservative ones, although the penalties in increased width

of confidence intervals seem stiff. The choice is an example of a basic question that applies

to all statistics, namely what aspects of potential model misspecification should be formally

reflected in measures of uncertainty. Xie and Meng’s examples are instructive but perhaps not

very realistic, and we describe here an extension of Example 1 that is very relevant to an applied

setting.

An area where multiple imputation is receiving increased attention is in handling missing

data in clinical trials. A National Research Council study (National Research Council (2010),

Little et al. (2012)) advocates sensitivity analysis as an important component of the analysis of

clinical trial data, and since that report there has been much activity to develop new methods
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and software (e.g. Mallinckrodt, Lin, and Molenberghs (2013), Ratitch, O’Kelly, and Tosiello

(2013), Liublinska and Rubin (2014), Little et al. (2016)). The tricky modeling problem is to

decide the appropriate range of models to consider in such an analysis: a narrow class may miss

important possible scenarios, whereas a broad class that includes implausible models, such as

worst case scenarios where dropouts are all considered treatment failures in the treated group

and treatment successes in the control group, leads to excessively high ranges of uncertainty.

A convenient approach to sensitivity analysis, which is relatively easy to implement and

convey to clinicians, models departures from missing at random via one or more sensitivity

parameters that characterize differences between participants who do and do not drop out

in each treatment group, after controlling for observed characteristics. This approach leads

naturally to pattern mixture models (Little (1993)) where distributions of trial outcomes are

modeled conditional on the dropout indicator. Formally let D be a variable with value 1 for

dropouts and 0 for participants who do not drop out. The joint distribution of D and trial

outcomes Y is factored as:

fY,D(Y,D|Z,X, φ, δ) = fY |D(Y |D,Z,X, φ, δ)fD(D|Z,X, π) (1)

where Z is a treatment indicator, and X represents other fully observed covariates. More gener-

ally, D may have more than two values, corresponding to different drop-out times. The sensitiv-

ity analysis involves varying sensitivity parameters δ, a low (one or two-) dimensional parameter

that characterize differences between fY |D(Y |D = 0, Z,X, φ, δ) and fY |D(Y |D = 1, Z,X, φ, δ);

δ is generally not identified from the data, so the sensitivity analysis assesses the treatment

effect over a range of plausible values of δ, or the size of δ is computed and assessed at the

tipping point where statistical significance of the treatment effect is lost.

A practical approach to implementing this sensitivity analysis is to multiply-impute val-

ues of Y after dropout for each preset value of δ, and provide inferences for the parameters
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characterizing the treatment effect using Rubin’s MI combining rules. This leads to potential

uncongeniality, since the natural analysis model for Y is a model fY (Y |Z,X, θ) for the distribu-

tion of Y given Z, X in the absence of missing data; this analysis model is often incompatible

with the imputation model of form (1) . If the imputation model does not correspond to the

model that generated data, resulting inferences clearly have the potential for bias. A more sub-

tle question is the validity of MI inferences based on the model fY (Y |Z,X, θ) when imputations

are generated under the correct model that generated the data. To shed light on this issue, we

describe the results of a small simulation study, based on a realistic extension of the Xie and

Meng’s Example 1.

Repeated univariate samples of size N = 50 for an outcome Y and drop-out indicator D

are generated from a simple version of (1), with Z and X null, φ = (µ0, σ
2), and δ = (δ1, δ2):

D ∼ Bernoulli(π)

Y |D = 0 ∼ N(µ0, σ
2) (2)

Y |D = 1 ∼ N(µ0 + δ1, δ
2
2σ

2)

The resulting missing-data mechanism is missing not at random unless δ1 = 0, δ2 = 1; the

sensitivity parameters are δ = (δ1, δ2), which model differences in the mean and variance of the

distribution of Y for respondents and drop-outs. The marginal distribution of Y based on (2) is

a mixture of normals, with mean θ = µ0 +πδ1 and variance τ2 = (1−π)σ2 +πσ2δ22 +π(1−π)δ21 .

The target parameter is the overall population mean θ. A sample thus has n respondents with Y

measured and N−n dropouts with Y missing, where n is Binomial with index N and probability

π.

Missing values of Y were multiply imputed (with 100 imputations) using their posterior
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predictive distribution, based on the correct model (2) that generated the data, assuming in

particular the correct choice of sensitivity parameters δ, with Jeffreys’ prior distributions for

the parameters φ. The resulting MI data sets were analyzed using Rubin’s combining rules, for

two choices of analysis models:

(a) the pattern-mixture model that generated the data, again with the correct choice of δ, and

(b) the standard univariate normal model for the complete data,

Y ∼ N(θ, τ2) (3)

Tables 1 and 2 show empirical bias, bias, root mean squared error, and 95% confidence

interval coverage for the two MI analyses, over 1000 replicate data sets. In Table 1, we set δ2 =

1 and varied δ1 from 0 to 3, thus varying the difference in means for respondents and dropouts.

In Table 2, we set δ1 = 0 and varied δ2 from 0.2 to 5, thus varying the differences in variances

for respondents and dropouts.
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Table 1: Empirical Bias*1000, Root Mean Squared Error *1000 and Confi-

dence Interval Noncoverage (Nominal = 50) over 1000 simulated data sets of

sample size of 50, for MI Inferences Under (a) PMM = the Pattern-Mixture

model (2) that generated the data, with correct choice of δ, and (b) NOR

= the normal complete-data model (3). δ2 = 1 and δ1 varied from 0 to 3.

.

δ1

δ2 = 1 0 0.5 1.0 1.5 2.0 3.0

Bias PMM -2 0 2 4 6 10

Bias NOR -1 -1 -1 -1 -1 -1

RMSE PMM 251 252 252 252 252 253

RMSE NOR 252 252 252 252 252 252

Noncov PMM 48 45 40 30 23 9

Noncov NOR 43 40 32 23 21 6

In both sets of simulations in Tables 1 and 2, Bayes inference based on the pattern-mixture

model that generated the data had small empirical bias, confidence coverage that was close to

nominal or conservative. Bayes inference for the normal model yielded small empirical bias, and

confidence coverage close to nominal or conservative in Table 1, where the mean is being varied

but the variance is held constant. However in Table 2, the MI inference for the normal model

had close to nominal coverage when δ2 = 1, conservative coverage when δ2 was much less than
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Table 2: Empirical Bias*1000, Root Mean Squared Error *1000 and Confi-

dence Interval Noncoverage (Nominal = 50) over 1000 simulated data sets of

sample size of 50, for MI Inferences Under (a) PMM = the Pattern-Mixture

model (2) that generated the data, with correct choice of δ, and (b) NOR

= the normal complete-data model (3). δ1 = 0 and δ2 varied from 0.2 to 5.

.

δ2

δ1 = 0 0.2 0.5 1 2 5

Bias PMM -2 -2 -2 -2 -2

Bias NOR -2 -2 -1 -1 0

RMSE PMM 251 251 251 251 251

RMSE NOR 252 252 252 253 260

Noncov PMM 48 48 48 48 48

Noncov NOR 115 98 43 1 0

1, and anti-conservative when δ2 was much greater than 1. These results are consistent with

the results in Example 1 of Xie and Meng, and suggest that analyses under the normal model

are robust to sensitivity analyses that concern deviations in the means between respondents

and nonrespondents, but are less robust to sensitivity analyses that concern deviations in the

variances. Basing the inference on the pattern-mixture models that generated the imputations

yields more coherent results, although it deviates from current practice.
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Discussion
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