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We congratulate Xianchao Xie and Xiao-Li Meng on a paper that funda-

mentally broadens the perspective of applied statistics. And we are deeply

impressed that the authors are able to make such a signi�cant expansion,

which entails considerable mathematical complexity, and nonetheless �nd

practical solutions that admit full and even elegant analysis. This is an

important paper.

The research takes a new perspective that is relevant to many situations.

Often there is true model that generates the data (\God's model"), but the

data collection, cleaning and preparation process distort the data in impor-

tant ways, systematically and/or stochastically. And then the statistician's

analysis uses a model that is di�erent from the one implied by the concatena-

tion of the true model with the distortion. The Xie and Meng paper explores

this situation in several imputation contexts, and �nds analytic solutions and

that convey insight into longstanding questions in the �eld (cf. Fay (1992);

Kott (1995)).

Of course, as the authors point out, the need for end-to-end analysis arises

ubiquitously, not just in the context of imputation. Multiphase inference

could be used to understand the e�ects of many di�erent processes that can

be applied to \raw" data, such as are coarsening, rounding, censoring, and
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Winsorization. We would be interested in knowing if the authors have any

thoughts about how their paradigm plays out in this broader problem space.

In some sense, a general solution strategy is straightforward. The statisti-

cian uses a nonparametric Bayesian model to represent her uncertainty about

God's model, and an additional nonparametric Bayesian model to describe

the distortion process. Then the analyst �nds the solution that maximizes

her expected utility against that concatenated model for the multiphase data

generation mechanism. If her uncertainty is honestly expressed, then her

inference is honestly accurate. And if her prior knowledge is both honest

and precise, then her solution will generally be accurate and precise as well.

But if her beliefs are woefully mistaken, then her inference will often be

sadly wrong. However, as the authors show in the context of imputation,

multiphase applicationss are complicated and there can be counterintuitive

surprises.

Of course, this general solution strategy can be di�cult to implement.

But there are circumstances in which the statistician has strong knowledge

of the data preparation process (the imputation technique, or the number

of decimal places to which the data are recorded, or the rules for handling

outliers). For example, in Tu, Meng, and Pagano (1993), the imputers were

also the analysts, and thus the analyst had full information on the distor-

tion. And regarding God's model, statisticians regularly address model un-

certainty. Nonetheless, the Devil is in the details.

But we would like now to focus the discussion more tightly upon some

research issues inspired by Example 1 in the paper. Suppose the true data

generating mechanism is random sampling from the N(�; �2) distribution,
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and assume there are two statisticians, Bob and Carol. For simplicity, let

� = 0 and �2 = 1, but these values are unknown to Bob and Carol.

A sample of size N is drawn. Carol observes all of the data, but Bob sees

only the �rst n values. But he also observes N�n additional synthetic values

that are generated by Carol based upon the full data set. For example, Carol

might generate N � n independent observations from a normal distribution

with mean and variance equal to the sample mean and sample variance in

the full data set. This situation could arise in practice if the last N�n values

were con�dential.

The Xie and Meng paper gives results for estimating population means,

providing sensible standard errors, and ensuring nominal coverage levels. In

contrast, we consider hypothesis testing, because, if it is common for noncon-

geniality to strongly inuence decision making, then the issue is urgent. As

noted, multiphase inference arises in many cases, and we hope that statisti-

cians have not been misled too often.

To explore this, we consider two examples. In the �rst, Carol provides

an unbiased sample and Bob wants to test a null hypothesis. In the second,

she induces a constant location bias (which is plausible in certain adversarial

circumstances; e.g., Carol may be trying to make her class's test scores seem

higher), and Bob wants to estimate the population mean.

Unbiased Pre-Processing

Suppose that Carol's prior speci�cation is �2 � IG(a=2; a=2) and � j�2 �

N(0; �2� 2). Note that her prior expectation for � is correct (recall that the

true data generating mechanism is N(0; 1)). After seeing the data, Carol's

posterior predictive predictive distribution is a t-distribution with updated
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parameters. If a is large and � 2 small, her posterior predictive will be close

to the data-generating mechanism. On the other hand, if a is small and

� 2 is big, her synthetic datasets will be \unbiased" (in the sense that their

marginal expectation will be correct) but will have thicker tails (and greater

variance) than a N(0; 1) distribution, especially if the sample size is rather

small.

If Bob wants to test the point null hypothesis H0 : � = 0 against H1 :

� 6= 0 and runs a two-sided t-test with the full data (real and synthetic),

problems arise unless Carol's prior is strongly informative, especially if the

fraction of unobserved individuals is not small|for any given dataset, Carol's

posterior predictive distribution is always centered at a nonzero mean, so the

point null hypothesis is technically wrong. Note that this di�culty cannot

be circumvented by using a nonparametric test such as Wilcoxon. An easy

way out is throwing away all synthetic data and performing a test with the

real data, but this seems undesirable.

From a Bayesian perspective, Bob can construct a model that mimics

Carol's preprocessing (which would involve modeling her imputation scheme

and incorporating that belief into his analysis) and then make a decision

based upon the posterior probability of the null hypothesis and his loss func-

tion. We haven't tested the practical utility of this Bayesian approach, al-

though we believe that it would be interesting to study. The main message

of our example is that even \good" preprocessing can invalidate inferences.

Biased Pre-Processing

Now suppose that Carol's prior speci�cation is �2 � IG(a=2; a=2) and

� j�2 � N(�; �2� 2), where � could be nonzero. If � 6= 0, then Carol's prior
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induces a systematic location bias � that would carry over to her posterior

predictive distribution. In that circumstance, if Bob reports the sample mean

using all the data he receives (real and synthetic), his estimate would be

(marginally and conditionally) biased.

What could Bob do? From a Bayesian perspective, he could model his

Carol's distortion of the data by putting a prior distribution on � (which is

similar in spirit to adversarial risk analysis; cf. Banks, Rios, and R��os In-

sua (2015)). This approach is useful if Bob has prior information about the

true population mean, and could be supported by examining the di�erence

in sample means between the n good observations and the N � n synthetic

observations. The practicality of that examination depends upon both the

magnitude of n and �. And, of course, it assumes that there are no \lurk-

ing" variables that induce di�erences between the observed and synthetic

individuals.

From a frequentist perspective, if the number of observed values is su�-

ciently large, Bob can compare the means of the real and synthetic observa-

tions. If these means are very di�erent, he can either discard the synthetic

data or bias-correct them. Unfortunately, this approach wouldn't be appli-

cable in the case of fully synthetic datasets, whereas the Bayesian approach

can still be helpful if there is strong prior information (from other studies,

for example) that the population mean should lie within a relatively narrow

range.

In general, Bob can try to robustify his inferences by considering that the

real and synthetic groups can have di�erent means, and he could even con-

sider nonparametric models to alleviate the e�ects of model misspeci�cation
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(cf. Berger and Berliner (1986)). However, this conservative approach can

lead to less precise inferences.

Some Questions and Conclusions

In summary, these are some of the future challenges that were brought to

mind after reading the article (most of which were introduced in the exam-

ples):

� Should we model the process that has generated the data? If we don't,

what are the implications? What are the conditions under which we

can ignore the process? The answer to these questions will depend on

the estimand, but how?

� What should a Bayesian do? If we truly want to reect our uncer-

tainty about the data-generating mechanism, we should arguably model

the preprocessing/imputation steps. Our intuition suggests that \bad"

subjective assessments about intermediate steps can have catastrophic

consequences, whereas \good" subjective assessments can be very help-

ful, in that we could potentially correct for biases or mistakes that were

made at some previous step.

� In some cases, inferences can (potentially) be made robust by using

nonparametric approaches and \expanding" models (as in our second

example, where the real and synthetic data had di�erent means). In

most cases, we would have to sacri�ce some precision in the inferences.

How can we quantify the precision one trades o� for robustness?

We would also like to know if the authors have thought about applying mul-

tiphase inference for studying cases where the estimands are quantities that
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depend heavily on the tails of the distribution, or examples where su�cient

statistics are hard to come by.

We end our discussion by congratulating the authors again. This paper

provides a new paradigm for a large class of practical problems, it does so

with mathematical power, deep insight, and a soup�con of graceful humor.
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