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1 j kmlon p q Elliptic Equation r
s't

1.1 u�vmwyx'z{
y2 = x3 + 23

|>} ~F�
x � y �

� u�v	����� } ~ x � y �>�(�Wx�z{����>�g�<�










� }"~�� 2 ≡ 0, 1 (mod 4),� }"~�� 3 ≡ 0, 1, 3 (mod 4),

y2 ≡ x3 + 23 (mod 4).

⇒
{

y2 ≡ 0 (mod 4),

x3 ≡ 1 (mod 4).

⇒
{

2|y,

x ≡ 1 (mod 4).

� �Wx�z{<���(�
4(y/2)2 + 4 = x3 + 33 = (x + 3)(x2 − 3x + 9).

� � x ≡ 1 (mod 4), �� x2 − 3x+9 � 4 �/� ��� ~ � 3  ¢¡'£	¤/��¥E¦(� 4 �/�§�
� ~ � 3 ¨<© ~ p

} � x2 − 3x + 9 �«ª"¬	/®	¯
p | (y/2)2 + 1 ⇒ (y/2)2 ≡ −1 (mod p)

⇒ (y/2)4 ≡ 1 (mod p).

ªF°(±(²�³ ´�µ�¶
4 | (p − 1) ⇒ p ≡ 1 (mod 4).

· ��© ~ p ¸	¹T¨�����º�»¼� �

½E¾
1.1 u�vmwyx'z{ y2 = x3 − 5

|>} ~F�
x � y �

½E¾
1.2 u�vmwyx'z{ y2 = x3 + 11

|>}"~<�
x � y � 1

½E¾
1.3 u�vmwyx'z{ y2 = x3 − 17

|>}"~<�
x � y �

½E¾
1.4 ¿>ÀPx'z{ y2 = x4 + x3 + x2 + x + 1 ¨ }"~F� x � y ÁFÂÃw

(1) Ä x < −1 Å x > 3 ÆÇ�Èu�vÉw
(2x2 + x)2 < 4x4 + 4x3 + 4x2 + 4x + 4 < (2x2 + x + 1)2.

(2) Ê�Ë (1) Ì>x"z{F¨ }"~<� x � y �
1 ÍÏÎÑÐAÒÏÓÕÔ

?? ÖØ×ÚÙ<Û
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ÜEÝ
1.5 ÞßPà(á�â>ã�ä åçæ<è>é<ê>ë>ìTí	î	ïFð<ñ>òó(ÞPô(õö�÷gë�ø ù&úEïFð

ñ/òó"ÞTô(õ&û'òTó"Þ�ü¼ýÿþ��������	Þ	� 
��"æ���������
y2 + y = x3 − x

û'ò�ó/Þ�� x � y ý������ 
��������	é��� Fû>ó Þ!�í (1,−1) � (2, 2) ý#"%$'&
�<ú�(Tû*),+ � �����Fû	-/.'ï10�(�í3254 2

6%7�8 ÞTß
9	:�;=<�> þ�?�ï�@�ACBó*D*E�F��.�G H 9%I . ;KJ�L�M 
ON > þ	P'Q : .	R>û�@
AKB HTS�+Tû*@�AKB M�U3V 
O)�F!W�P*X	Y H 9%I�Z�;[J!L%M]\  �^ 
 9�_ é�`	acbdfe 
hg/þ�`	aib�j!YFû'@�aiB%k�X	l'm 
on�prqtsruC�.�G H 91I î ;KJ�L%M ýhvw�x û3&*� 
oyTírz�{�.'|Éý#}�~����K� 9 2,F���@�aiB H��	./�gâ�F��Cb 
 ë3F,�� b M 
���	&�����|TûCz�{��*^ 
 æ<è3���3����� x û3� _ ý

- -

��� �
��� ����� y2 = x3 + 7.

(1) �ó Þ>Þ�� (x, y) �,����������
hg x æ��(Þ ý
(2) �%� �	�r���*}/ó�Þ	�Çý H¢¡ L£<¥¤!¦ y2 +12 = (x+2)((x−1)2 +3) é/.Eï�§ 4¨ �©
�ª>ÞTí 3 û�«/¬SÞ ý w ï �%� �'gæ�®5Þ<ß<àK¯ °f±, 1869 ² ¡ d M ý

³�´/µ'¶

w ï µ�¶ æ�·�¸ ¤ û,.r¹>Þ<ß<à ;'º �.�ï��r»�� J ¡ dC¼ û ý e !½ ¼'¾	¿ w ï µ¶ û 8  < .�),+��Fé n ï�( H 9!:%;�J�L M 
ÁÀÃÂÅÄ úEï%Æ'Ç�È,É!|!Ê�Ë�Ì/Í�.
ï�( HÎÀ > 8 ÂÏÄÐ^ 8 M 
�ÑEö'É�| J	Ò Ì,Í�û�(©
Ó��Ë����Ô ÕcÌû�(Tû�Ö3Ymý�P
^Ø× é	Æ/��Ë*Ì/Í�(Tû	ÙCÚ 
¥Û	ï�Æ/½'Ü]Ý�ý

2 Þfßáàãâåä (2, 2) æcçãèié àáêÅëíìiîáïðâØñóòõô Quantum January/February 1997, pp. 5-10 ñ¢ö÷Kø�ù àðÞÁú çõûåæ ëÏüfàáýðþ - ÿ þ û��
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�������	��
�����������������������! #"$��%#& ')(+*
n ,.-0/21 ��%3& '54�6798;:�< �=

n = 3
%>'?�A@CB�DE��F���%G& 'H�AIKJKLNM�@POP'RQ�S+�.I 7UT O 8

V %W'X�U�ZY$[$\�]0^�_`�?
n

KaUb0�K%2& 'c�G�Zd 7 �� 2" 8fe�g �3@�hPBED

Fi'jINk!lNm�F ,�nUo �#pKqNr 8Hs �	@Eh�t0B#u2p�qNrv�KwxF�%y'5Q�S+�#zE{U|�}B2D�F�~�@Eh��E�Uu2qErv��QZF!��[ 8 lx���U� '?�#u TU�U�E� _UJ�LE@Eh������ �
< ���#�!�0��'RQZS+�.I 7UT O 8

�
1

�
1

�
2

<Z�
n
g2� b '������N��

n = 2
%W'�� 7�8 

n = 4
%W'H�#6 7�8�s 

n = 6
%W'

z�{C�#@�h!�U��uNp$Fi'�QZS�L��Z@Khv�UFKI!z�������p 8�e�g
n = 4


E���v���
7 '��$\

n = 6
%y' �#6 798¢¡ � 'j���K[�\3£U¤¥*�

n = 8
%y'?� 7§¦

n = 10
%W'


¨� 798ª©K« ���Z�E��IK[�\�¬��
n = 12, 14, 16, 18

%>'H� 7§¦
n = 20, 24, 28

%W'
� 798

�E®x¯�°>�±�G6 7 ��b�² g
n = 0, 14, 34 ³

n ≡ 4, 8, 20, 24, 28 (mod 34).
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2 ´�µ ¶�·i¸ ¹�º »i¼ ½P¾
¿KÀZÁKÂ�ÃPÄ	ÁNÅUÃ2Æ�Ç¨ÈAÉ0ÊGË�Ì!ÁGÍ�Î�Ï�ÐÒÑ�ÓXÔZÕ�Å�Ö�×UØ¨ÙEÚ�Û!Ü�Ý.× Þ)ß
×�Á�à2á¨âGã äRå

d æ�ç Ö�× Þ a, b æ ÖN×�è d | a, d | b
Þ;é

d | am + bn,

ê¨ë
m,n æ Ö�×`Ó

ì�í
2.1 î$ï × x9

9y ð ï × x
y ñ¨ò Þ êCë x, y æZóxô�õ ×�ö÷ÓXø�ù x, y

Áxúüû
ýÿþ���� Ñ����

10x + 9

90 + y
=

x

y
⇒ 9xy − 90x + 9y = 0

⇒ xy − 10x + y = 0
⇒ (x + 1)(y − 10) = −10.Ý	�

x + 1 2 5 10

y − 10 −5 −2 −1
⇒ (x, y) = (1, 5), (4, 8), 
 (9, 9).

�

ì�í
2.2 î m,n æ�ç Ö�×�è

n3 + 1

mn − 1� æNç Ö�×`Ó¢ø��� m,n
Áxú>Ó

ýÿþ����
(mn − 1) | (n3 + 1), (mn − 1) | (mn − 1) �
{

(mn − 1) | (n3 + 1)m − (mn − 1)n2 = n2 + m,

(mn − 1) | (n3 + 1)m3 − (mn − 1)(m2n2 + mn + 1) = m3 + 1.

�
n3 + 1

mn − 1
,
m3 + 1

mn − 1
,
n2 + m

mn − 1� æEç ÖN×�Ó ��� m,n ��� Á!Ü	� Þ������ î m ≥ n ≥ 1
Ó �

m,n !#"�$&%�' Å
1
Þ)(+*EÛ

m ≤ 2(mn − 1) , n2 ≤ mn ≤ 2(mn − 1)
Ó � �

n2 + m

mn − 1
= 1, 2, 3, 
 4.

(1)
å

n2 + m

mn − 1
= 1,é

(n − 1)(m − n − 1) = 2
Þ.-

(m,n) = (5, 2), (5, 3)
Ó

(2)
å

n2 + m

mn − 1
= 2,é

(2n − 1)(4m − 2n − 1) = 9
Þ.-

(m,n) = (2, 2), (3, 1)
Ó
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(3) /
n2 + m

mn − 1
= 3,

0
(3n − 1)(9m − 3n − 1) = 28 1.2 (m,n) = (2, 1) 3

(4) /
n2 + m

mn − 1
= 4,

0
(m,n) 45 3

6�798&:�;=<#>@?BADC9EGF�H 5
(m,n) = (2, 5), (3, 5), (1, 3), (1, 2).

I	J�K�L
(m,n) = (5, 2), (2, 5), (5, 3), (3, 5), (2, 2), (3, 1), (1, 3), (2, 1), (1, 2)

M HONDPRQ 5 3 �

S�T
2.1 UWV�X ABC YBZ+[B\ 15

:9N UWV�X 1 P \ BC ZD] :�^ 3./&_�`a[
PA,PB,PC b \ NDP@Q 1dc&eR_9` PA

: [fg3
S�T

2.2 /Bh Q x6

6y i h Q x
y j k 1mlon x, y \Gp�q�r Q�s 3�c+e x, y

:�tvu
S�T

2.3 /Bh Q x99

99y i h Q x
y j k 1�l�n x, y \�p	qGr Q+s 3�c&e x, y

:	tvu
S�T

2.4 c+e
x2 − y2 = 611

:�NBPRQ 5 x, y 3
S�T

2.5 c+e
(m2 + n)(m + n2) = (m + n)3:�NBPRQ 5 m,n 3

w&x�y�QDz
{�|R}�~

7 � PRQ ��>#� jo� � 1mYG��� L 4 � :�� \ 4
:���Q 3

�#��
�#�

p Y��&� QD�G�9�
2p−1 − 1

p

�������O�O� ~R� 1 J Q \ NDPRQ �

YG� ���R���D  Q 3�c+e p
:	t 3
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¡O¢
- £9¤�¥+¦

§#¨
p ©GªR«9¬ 4 9®O¯G°B± 1 ²#³´°Dµ¶�·R° x, y ©G¸9¹

x2 − py2 = 4

µº�»#¼�½�¾D²	¶D·R°#¿ ÀmÁ p Â�Ã�·� y Ä.Å�©GÆ9Ç�² ¡O¢ - £¤�¥�¦ Ä
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3 ÈÊÉÌË ÍÏÎ ÐWÑ
ÒGÓ�Ô�ÕDÖ@×9Ø�Ù=Ú�Û ÜÞÝÖ�ØDßR×9Ø+à�Ù=Ú#Û+áãâ�ä9åOæGß#çèÕ�éRØ#ê	ë&ì@é#à@Ö
×Ø�Ù=Ú#Û�à@í	î#ï@ðDñ	Õ�ÙèÚ#Û9ßBò9Ù=Ú#Ûôóöõ�÷Oàoøùà@ú�ûRüoý�ÔOþ#ÿ��������
Ô	ÕaÙ�Ú#Û�ú���ß�ò�Ù�Ú#Û ó

3.1 	�
���������
���

3.1 � f(x) = xn + an−1x
n−1 + · · · + a1x + a0

ß�ÖR×�Ø�Ù�Ú#Û������+Ô�Õaò Ø
p�� 

{

p | ai(0 ≤ i ≤ n − 1),

p2
âGä�Ö�!

a0."�#
f(x)

úGÔ	Õoò�Ù	Ú#Ûôó
$ "�#�%'&(')�" �+*-, � f(x) . Ý9åæ�/+ç=ÕDéOØBêRë�ìOéDà�Ö@×�ØaÙ�ÚDÛGàíî *10�2











f(x) = (xm + · · · + blx
l + p(bl−1x

l−1 + · · · + b0))×
(xn−m + · · · + c1x + c0),3 ú

p
â�ä�Ö�!

bl, c0.

4 �6587
xl
ÚBà	×�Ø *:9<;>=  <?

p | al @ 3 ú9	íGÛ

(xm + · · · + blx
l + p(bl−1x

l−1 + · · · + b0))(x
n−m + · · · + c1x + c0)

 <?
xl
Ú+à�×�ØBâ�ß

p
àBAGØ * ñ�C�, ��DBE óGF�H

f(x) I ú#Ô	Õaò�Ù�ÚDÛôó
�

J'K
3.1

Ò#Ó
p
ú�Ô	ÕaòãØ * "�# Ù�ÚDÛ

f(x) = xp−1 + xp−2 + · · · + x + 1

úGÔRÕaò�Ù�Ú#Ûôó
$ "�#�% , �

f(x) = xp−1 + xp−2 + · · · + x + 1 =
xp − 1

x − 1

. å9æL*mï�Ù�Ú#Û

g(x) = f(x + 1) =
(x + 1)p − 1

x
= xp−1 +

(

p
1

)

xp−2 +
(

p
2

)

xp−3 + · · · +
(

p
p−2

)

x + p

M ú . åæ�à�Ù�Ú#ÛN* 3 ñ�C�OQP�R�ST��UT��V DBE ó
�
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3.2 WYX[Z'\^]�_[`ba�cedf]�_g`
h�i

p jlknmfoqp r f(x) s g(x) j�tum�vxw�pzy�{8|�}'~��B��� f(x) ≡ g(x) (mod p)��� {x|�}l� f(x) − g(x) yx�bk x �z��� yQw�p���j p yB��pN���T��������{x|�}
f(x) sf{Q|�} g(x) � p �u� ��� h

x + 1 ≡ x − 1 (mod 2),
x2 + 3x + 1 ≡ x2 + x + 1 (mod 2),

x2 + 5x + 13 ≡ x2 + 2x + 1 (mod 3).

�Q���<����� ���Tknm��'|�w�p�  1 y�k � {8|�}�¡'s x ¢ x+1 � 2 �£� ¤ �zknm��
|�w�pz  1 y�¥ � {n|�}l¡�s x2, x2 +x, x2 +1 ¢ x2 +x+1 � 2 �q� ¤ �zkBmT��|�w
p�  1 yQ¦ � {u|�}�¡�s x3, x3 +1, x3 +x2, x3 +x2 +1, x3 +x2+x, x3 +x2+x+1, x3 +x

¢ x3 + x + 1 � 2 �u� �¨§z©� 
x2 ≡ x · x (mod 2),

x2 + x ≡ x(x + 1) (mod 2),
x2 + 1 ≡ (x + 1)(x + 1) (mod 2),

ª«
x2 + x + 1 (mod 2) jl¬�k�y�k�m�¥ �'� 2 o�{x|�} ¯®T°�j�± �²�<{x|�} � 2³�´<µ�¶�·l¸º¹ ¤»�u¼�½

x3 ≡ x · x · x (mod 2),
x3 + 1 ≡ (x + 1)(x2 + x + 1) (mod 2),

x3 + x2 ≡ x2 · (x + 1) (mod 2),
x3 + x2 + x ≡ x · (x2 + x + 1) (mod 2),

x3 + x2 + x + 1 ≡ (x + 1)3 (mod 2),
x3 + x ≡ x(x + 1)2,

¾l¿
x3 + x2 + 1 (mod 2) À x3 + x + 1 (mod 2) j'ÁzÂTy�tBmT¦ ��� 2 o�{x|T}Ã�²ÄÅ j�Æ�Ç «xÈfÉ�Ê�Ë y ��Ì'ÍÏÎ ª Â<y�¥ �lÀ ¦ ��� 3 yzo�{Q|<} ÑÐlÒ���|�w�p

  1
¹ �

Ó'Ô
3.2 Õ�Ö f(x) = x4 + 3x3 + 3x2 − 4x + 1 j�k'mºo�{x|�}×�

Ø Õ�Ö�Ù�Ú�� {Q|�} f(x) y ·l¸�ÛTÜ Â






























-k � ¹ Ýk � ¹ -k � ¹ Ýk � ¹ r
-k � ¹ Ýk � ¹ Þ¥ � ¹ r
-k � ¹ ß¦ � ¹ r
Þ¥ � ¹ ß¥ � ¹ r
o�{x|z}×�

à
x = ±1

��á �zâ f(1) = 4, f(−1) = 6 r ½ k � ©�}Qã�ä Ì ¾ f(x) å Â�k � ©'}Ã�
©��<æ�kÃçè¥éçè¦�êzë�ì�� µ Ç ¶ �
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í
f(x) î p = 2 ï[ð8ñ òôó 2 õeöø÷�ù�ó 2 ú�û�ü�÷�ý�þfÿ x (mod 2), x + 1

(mod 2) ��� ����� û	��
���
f(x) ≡ (x + 1)(x3 + x + 1) (mod 2),

���
x3 + x + 1 (mod 2) ��������������� ��!#" f(x) $ ÿ&%�ü�÷�ý ò('�) �*!	+

õ �-,/.10 24365�7/89����:;�<=?>A@&B6C&D öFEG<ý
f(x) = x4 + 3x3 + 3x2 − 4x + 1

H�I û ��J EGzý � �K�L
f(x)

I û ��M G N&Obù 1 úQPAN&O#ERGzý � p I û �SJ O �UTQV6W�X ú9YZQ[1\ I �9] ú ö
(0)
K6L

f(x)
I ��� � ú �_^ f(x) (mod p)

I ó p ��� � ú �
(1) `&a (0) ú bQc `&a ù d K6L f(x) (mod p)

I ó p J EG�ý ò �&���Q� úbõ �
^ f(x)

H�e�I û ��J E4G ò �&����� úõ �gf�� I T V6hji�k ú [1\ �
(2)
K L

f(x) (mod p)
I �	�� ú �l^R��m	n f(x) �Q.�����lo K f(x) = x2+x+2 �p

p = 2 q��
f(x) ≡ x(x + 1) (mod 2).

r I
f(x)

I û �SJ EGzý �
s k ð>ñ W X/J E�G�ý I û 3 t�u	v w ÿ9xú W X�yAz{�}| ú?~��&�&�9����ï��<û �
J O��R�ló � ûR�S�R�A� I	�1��� ú J O�ó?� �
3.3 �A�����/�����
�R�

3.2
K6L J O p ú �&�R� n?� Où anan−1 · · · a1a0 � �#�

an, an−1, · · · , a1, a0 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.
� !

f(z) = anzn + an−1z
n−1 + · · · + a1z + a0

I û ��J E4G�ý �
  � !�¡QM�¢ � ! ö¤£�¥1O z ¦&§ f(z) = 0 �¨^ Re(z) < 4 ò Re(z) n�� ¥1O z úA©ª õ � £ x = Re(z) > 1 ò K6L x = Re(z) ≤ 1 �g^¬«® ÿ Re(z) < 4 õ �g^ �j�

Re

(

1

z

)

=
Re(z)

| z |2 > 0.
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¯&°�±	²#³�´�µQ¶
| a | + | b |≥| a + b |≥| a | − | b |

·�¸

0 =

∣

∣

∣

∣

f(z)

zn

∣

∣

∣

∣

≥
∣

∣

∣
an +

an−1

z

∣

∣

∣
−

∣

∣

∣

an−2

z2
+ · · · + a0

zn

∣

∣

∣

≥
∣

∣

∣
an +

an−1

z

∣

∣

∣
−

(

an−2

| z |2 + · · · + a0

| z |n
)

≥ Re
(

an +
an−1

z

)

− 9

x2
− · · · − 9

xn

≥ 1 − 9

x2 − x

⇒ Re(z) < 4 ¹¨ºR»R¼1½ x = Re(z) > 1 ¾ .

¿9À ¼Q½�ÁÃÂ ¶ f(z) = g(z)h(z) Ä ¿�Å g(z) Æ h(z) Ç�ÈQÉ À�Ê4Ë�Ì_Í?ÎÐÏ ¶ h(z) = 0ÑÒ ÉQÓAÔ α Ä °�± Re(z) < 4
·j¸

10 − α ≥ 10 − 4 = 6 Õ Í�Î4Ï ¶ h(z) = 0
ÑÒ ÉÍ?ÖA× Ø Ô α, ᾱ Ä�ÙÃÚ ·�¸

(10 − α)(10 − ᾱ) = 102 − 20Re(α)+ | α |2≥ 102 − 20 × 4 > 1.

Û�Ü ·�¸
| h(10) |> 1 ÄÝÙÃÚ&Þ�ß |g(10)| > 1

Ì
ºR» f(10) = g(10)h(10) Æ f(10) = anan−1 · · · a1a0 = p à/á�â*ã�ä Ä-å Ê

f(z) = anzn + an−1z
n−1 + · · · + a1z + a0

æQç à ÉRè á�Á4Â ¶ Ì �

éê
3.1 ë*ì f(x) = x4 − x + 1 à ÉRè á�Á4Â ¶ Ì

éê
3.2 ë*ì f(x) = x5 + 3x4 + x3 + 7x + 1 à ÉRè á�ÁÂ ¶ Ì

éê
3.3 í�î f(x) = x5 − x2 + 1 à1ï�»já&ÁÂ ¶�ð

éê
3.4 ë*ì f(x) = x5 + x4 + 8x3 + 5x2 + 8x + 9 à ÉRè á�ÁÂ ¶ Ì

éê
3.5 ë*ì f(x) = x6 − x3 + 1 à É9è á&ÁÂ ¶ Ì

éê
3.6 ñ/ÁÂ ¶ f(x) = x7 + x5 + x3 + x2 − 1 òQó1ô/á�Á4Â ¶ ÑAõ9ö Ì

éê
3.7 ë*ì f(x) = x6 + 3x4 + 1 à ÉRè á�ÁÂ ¶ Ì 3

éê
3.8 ÷

(1) øjùúå6ß	û 3
Ñ9ü À á�Á4Â ¶ ¹þýQÿ���Â���â�» 1 � ¾ Ì

3 �����
	
� 2 � � 3 
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(2) ������� f(x) = x6 − 6x4 + 6x3 + 12x2 + 36x + 1 ��� 3 �������
(3) �! f(x) "$#&%(' �����)�
*,+

3.9 -
(1) .0/ x3 − 3x + 1 "�102�' �,�3�)�
(2) �! �465 �����

(x3 − 3x + 1)(ax + b) + 12 − 3x2

"$#&%87:9<;09 �,�3�$=<>:?A@8B&C 7:9 � (a, b) DE�GF3H #<I �
J�K�L 93M

N %!O,P8QSRUTGV ��/ 2 1, r1, r2 (1 < r1 < r2) �XW&YEZ\[�]_^G`3a N Qcb�d�e3#�fgR
5ihkj�l3m�#k%$n Nporq �

s�t�u
-��p 
(1) v�w$7&9 a, b x�y

(x3 − 3x + 1)(ax + b) − 3x2 + 12 = f(x)2

zp{
f(x) "$7:;A9 �,�3� R|-�}�~&� H a, b � �,��� f(x) =&���

(2) � α 2 x3 − 3x + 1 = 0 = #,� R|-��i a N0� B,���$=A�0� %��$� ]�� 2 α =
7:;A9 ����� R��8� a3� � �

�0�E�&�E�
v�w n "$#&%<n37:9 R���j8~$��4

T (n) =

{

n
2

n "��A9 ,
3n+1

2
n "<�:9 .

v a R��_~���#k%_n37&9 n, ��j_���E��� #k%A9!¡�v�¢£4
n, T (n), T (T (n)), T (T (T (n))), · · · .

¤ v 4 n = 7 Z R|�8� = 9i¡�2
7, 11, 17, 26, 13, 20, 10, 5, 8, 4, 2, 1, 2, 1, · · · .

�����k�E� "�¥ 4 � �p¦ = n87&9 n, ��j<�A�8� = 9i¡
n, T (n), T (T (n)), T (T (T (n))), · · ·

D$§0H # � 2 1 ¨ª©k« a 9!¡�¬�E#A~0" 1 ® 2 ¯�°!±\²p³ �
13



4 ´ µ·¶ ¸º¹
»\¼8½3¾_¿�À3Á�Â0Ã

2 Ä3Å »\¼ ÆUÇ�È Å »\¼iÉ�½$Â0Ã:Ê 4 Ë:Ì 1
Æ6Ê

4 Ë:Ì 3 ÍÎ0Ï�ÐÒÑ$ÓkÔ Ê
4 Ë:Ì 1

Á3» ¼8Õ
5, 13, 17, 29, 37, · · · .

Ö�Ï » ¼3×�Ø_Ù8Á&Ú�Û Ü
5 = 12 + 22, 13 = 22 + 32, 17 = 12 + 42, 29 = 22 + 52, 37 = 12 + 62, · · · .

Ö8Ý ÁßÞ\Á�à$á<â:ã�ä åæÊ
4 Ë<ç Æ Ì ¼�Õ 1

Á3»\¼$èE½0é�Õ Í Ô_ê8ë ¼!Á�ìEí�îï Ð�ð ãiä Ö<ñkò ç Ñ Æ�ó:ô3õ�ãiäkö!÷rø Äiù,ú ñkò ÆUûkü$ý�þEÿ��,ô��,ãiä��kâÁ ñ:ò�Ð

4.1 ���
	���
���

4.1 ( ���
� ��� ) � p
Õ�� Ô »\¼��&ãpä

(p − 1)! ≡ −1 (mod p).

��� ä
��Ø�� ê3ë ¼
m �� 1 ≤ m ≤ p − 1

Æ!�#"kÕ
(m, p) = 1

Æ%$�¾'&�( ñ&ò
?? )*#+ �-,�. ñ í0/218Á ë ¼#3�4�3�5 Ü76_×���8 ë ¼

m′, p′ (1 ≤ m′ ≤ p − 1) 9�:
mm′ + pp′ = 1

Æ<;
mm′ ≡ 1 (mod p).Ø��

m = m′
Æ=�

m2 ≡ 1 (mod p) ⇒ (m + 1)(m − 1) ≡ 0 (mod p)
⇒ m = 1 > p − 1.ð�?A@ ã!ä ç Ñ Æ ó�ô�BAC-D�E p = 7

Á0F�G Ð "&Õ
2 · 4 ≡ 1 (mod 7), 3 · 5 ≡ 1 (mod 7),

$�¾
2′ = 4, 3′ = 5

Ð "�H
1 · 2 · 3 · 4 · 5 · 6 ≡ 1 · 6 · {2 · 2′ · 3 · 3′} (mod 7)

≡ 6 · {1 · 1} (mod 7)

≡ −1 (mod 7).

I-J Ö&Ô C�KgÆ�ó�ô :�L
1 · 2 · · · (p − 1) ≡ 1 · (p − 1) · {2 · · · · · (p − 2)} (mod p)

≡ −1 · {2 · 2′ · 3 · 3′ · · · } (mod p)
≡ −1 · {1 · 1 · · · 1} (mod p)
≡ −1 (mod p).

�ö(÷Gø ñ:ò áNMPO'Q�R
1770 S�TVU õ�W�é Ð ÖYX ÁAí
ZAáN[]\�Ácãpä0íPZ Ð
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4.2 ^A_a`�b
c�d

4.2 ( e]f c�d ) g p ≥ 2 hAiVjak]l m a n�o p pqkPrPsVlutwv-xNy�z�{#|�s
l x, y }P~

{

ax ≡ y (mod p),

0 < |x|, |y| <
√

p.

���2�P�A� sYl u, v }�~ 0 ≤ u, v <
√

p � ��� u o v �N�Yj��#�����#�#��m au − v

i��V�N�a� ([
√

p] + 1)2 j-l�� ���a�Pr�l#�N����������� t¢¡YhV£�¤ p j#s0l m¦¥
zY§A¨�©�ª'jPlN�'« p ¬V m¯®�lNi�° m¦±-²-³�ªY´PµN�Vr�lA¶�h (u1, v1), (u2, v2) t
¥#z
·V¸�©

{

au1 − v1 ≡ au2 − v2 (mod p),

0 ≤ u1, u2, v1, v2 <
√

p.
⇒

{

a(u1 − u2) ≡ (v1 − v2) (mod p),

| u1 − u2 |< √
p, | v1 − v2 |< √

p.
(4.1)

¹ �-º � 0 <| u1 − u2 |, 0 <| v1 − v2 | t¼»N½Y¾Vº �
¿ m%À�Á
| u1 − u2 |= 0,

ÂNÃ
(4.1) Ä�Å

0 ≡ v1 − v2 (mod p) ⇒ p | (v1 − v2).

Ã
| v1 − v2 |< √

p Æ�Ç v1 − v2 = 0 mÈ� v1 = v2 t¢¡Y³YÇN| u1 = u2, v1 = v2 tÈ��o�³
ª�ÉA¶�n-µ���r�É�¶#Ê�ËutÌ¡Y³ 0 <| u1 − u2 |< √

p m!Í-»N½ (4.1) Î (a, p) = 1 Ï y
º�Ç 0 <| v1 − v2 |< √

p t ¹ �AÐ
{

x = u1 − u2 6= 0,

y = v1 − v2 6= 0,

Â }P~�ÑYÒ ¥�Ó�r�Ô-ÕÖt �

4.3 ×aØ-ÙÛÚVÜ
Ý]d

4.1 g p h�iVjÞk'lNß p ≡ 1 (mod 4) t¼º �áà yNz�{�|�s
l a }-~ a2 ≡ −1

(mod p) t
���2�P� ² p = 4n + 1 m ÂNÃ�âäãæå ÑYÒ Ç�|

(1 · 2 · · · (2n))2 ≡ {1 · 2 · · · (2n)}{(−2n − 1) · (−2n − 2) · · · (−4n)} (mod p)
≡ {1 · 2 · · · (2n)}{(2n + 1) · (2n + 2) · · · (4n)} (mod p)
≡ −1 (mod p).

Ð
a = 1 · 2 · · · · ·

(

p − 1

2

)

}�~�ç]Ò r
Ó�è�t �
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é�ê
4.3 ( ë
ì�í�îðï ) ñ�òáóõô 4 öP÷
øAù�ú 1 û�üæùAý�þPÿ�ú��������0ùqû	��
��

��� ò��������������! a = 1 · 2 · · · ( p−1

2
) "$#�%$& � 4.1 ')( ó+*)���Yù x, y ,.-











ax ≡ y (mod p)

a2 ≡ −1 (mod p)

0 < |x|, |y| <
√

p

⇒











a2x2 ≡ y2 (mod p)

a2 ≡ −1 (mod p)

0 < x2 + y2 < 2p

⇒
{

x2 + y2 ≡ 0 (mod p)

0 < x2 + y2 < 2p

⇒ x2 + y2 = p.

�

/ ï 4.1 0 p 1$2 ��3#üæù 4650ñ2ò
(1) p þPÿ�ú������0ù�û7��
 � û�879	:�;�ú

p ≡ 1 (mod 4).

(2) 0 ü ù p ≡ 1 (mod 4) 4<5 p þ
ÿ�ú 5x2 +6xy +2y2 û�=�>�4@?�� x, y úA��ù 
/ ï 4.2 ñ2ò

(1) ñ2ò7B�CA>
(a2 + b2)(c2 + d2) = (ac + bd)2 + (ad − bc)2

= (ac − bd)2 + (ad + bc)2

(2) D�E ���0ù m,n ý�þPÿ�ú 2 ���0ùqûA��
 � 4F50ñ�ò mn G þPÿ�ú 2 ���0ù
û7��
 �H

/ ï 4.3 I
(1) J 8177 K]ù�L I 
(2) J 8177 ÿ�ú 2 �����0ù�û	��
 � M<N�O 2�P�Q þSR 
/ ï 4.4 T ���0ù p ≥ 2


(1) U.VXW

((p − 1)! + 1, p!) =?

(2) ñ2ò�Y�û V�W�1 �AZ�û 
/ ï 4.5 0 p úNüæù 4 m,n ú)[#üVû.�Yù�\ p | 2m2 + n2 465Vñ2ò ó
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(1) ]_^�`�a$b�c a d)e a2 ≡ −2 (mod p) f
(2) g c p ].h$i 2x2 + y2 j�k�lnm6oSp x, y i)b�c�frq�s�tnu+d�v$w�x�y�z|{}f
~��

4.6 ��� b�c m,n ]Ah$i 3x2 + y2 j�k�lnm6o�p x, y i�b�c m������ mn � ]
h�i 3x2 + y2 j�k�l f

����� c��
���)�A�

0, 1, 2, 3, 4, 5, 6, 7 �.��c��7�.� ���_�A� j �A�_�$��� m d�e$�S�A��  j$¡
�)cX��¢�£ � g c¥¤

¦_§A¨

� p i�© g c m m,n i)ª g j b�c�« p | 3m2 + n2 m6���S� u
(1) ]_^�`�a$b�c a d�e a2 ≡ −3 (mod p) f
(2) © g c p ].h�i 3x2 + y2 j�k�lnmFoSp x, y i�b�c�f

¬�¯®�°7±X²
�$��³ �)´Xµ j � b�c�c�¶ (a, b) · (c, d) q orp a < b « c < d {!d)e

a5 + b5 = c5 + d5.

��¸ ±�²)¹7º j � b�c�»�¶ �)¼�³ � j f¾½�¿ �	À uÂÁ � b�c�»$¶ (a, b)
¼XÃAÄ mÆÅÇ�È j�É a5 + b5 ½ �$¼ ´ Ã j fÊ�Ë ��Ì c 5 Í�Î 3 m ¹ � ±�² ��¼ ¶ j f6Ï Ê uÑÐ�Ò	c_��ÓÕÔ�Ö�×�Ø�Ù_Ú	c�¶

(9, 10) Û (1, 12)
Ã	Ä.Ü.Ý

1729 = 93 + 103 = 13 + 123.

o_Þ�j�ß Ë�à)á
87539319 = 1673 + 4363

= 2283 + 4233

= 2553 + 4143.â	ã � m à.á_ä	å ���Xæ�ç�c � b�c_]�^ á ¡éè ¼�Ã j ��� ¢�h$t�êëf¾ì�í�î �	ï �
��ðñ¤
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5 ò|ó ô õ ön÷ùø ú ûýü
5.1 þ�ÿ��������
�	��
��� N ������� ���� ������������ �!�#"�$#�&%('*)+�,)�-/./0#'*)+�
)�-&%�1324 � N 57698�: N = 5, 6, 7 !�� �;� � <>=�?A@/B#C*%D',)+�E)�- :�FGIH JLK,M "N$(�O AP/%D'*)+�,)Q-/R�1S2 �O� �	� �;� � N �ATAU	V&W�% )

J

(1) X <LYOZD[ � 20

3
, 3

2 \^]�_ � 41

6

%D'`)+��);-&%/1S2 � 5 6ba 0 N = 5 ���;�
� 6

(2) X <cY�Z�[ � 3, 4 \d]e_ � 5 %�'O);�`)f-O%#1g2 � 6 6ha 0 N = 6 ���i� � 6
(3) X <jYOZ([ � 24

5
, 35

12 \^]N_ � 337

60

%D',)3��);-&%1S2 � 7 6ba 0 N = 7 �&�
� � 6

20

3

3

2

41

6

5

4

3

5

6

24

5

35

12

337

60

7

kDlAm < N = 157 n ���	� ��� � <o=e@/BDC*%�"�$#� APA'*)+�,)Q- :/F J

X =
6803298487826435051217540

411340519227716149383203
Y =

411340519227716149383203

21666555693714761309610

_ =
224403517704336969924557513090674863160948472041

8912332268928859588025535178967163570016480830

Gqp
D. Zagier r�s�t�u,v

6803298487826435051217540

411340519227716149383203

411340519227716149383203

21666555693714761309610

224403517704336969924557513090674863160948472041

8912332268928859588025535178967163570016480830

157

5.2 w�xOy{z{|�}
~������ � 1225 �#���&�A�A�#���#�/�(�N� @(�#�*%e��A���7<��/�E���@�"�%e�
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���g� ��� ��¡�¢/£#¤�¥§¦©¨,ª+«�¬	�*®;¯A°(±E²³�µ´D¶�·�¸(¹`º�»/¼¡(½N¾À¿
{

(

41

12

)2 − 5 =
(

31

12

)2
,

(

41

12

)2
+ 5 =

(

49

12

)2
.

Á�Â ½#¾DÃ&Ä,ºSÅ�ÆE´D¶D·�¸	Ç�È/ÉEª3��Ê`Ë�Ì*¡NÍ�Î�Ï�Ð�Ñ,¡/Ò ÓcÔOÕe°�Ö�Ò/×
Ø ¦>ÙDÚ Ø �>Û�ÜeÑ�Ý�Þ�ßÀ�áàSâ�ãO¡Dä(å ØAæ « Áeç ¡D¬Nè���� ¿qÈ/é(¬ Â#ê/ë °
N
�íì�îDï�Þ3ð�£#ñ ÂAê «�ò#°

x, y, z óAô
{

x2 − N = y2,

x2 + N = z2.

Å	Æõ�ö#÷Dø Áeç ¡����ù/´�¶�·¸���7¦ú´�¶�·¸����/&®Q¯#°`�;��ì&û3üNý#ï(þ
¡ÿ� Á ï��+»�¼¡#é�ò��{º3Ä§¦
���

5.1 � N
ì�¬ ÂAêOë ° �íèN»/¼���è
	��Aì/¬ ç ¡ ¦

(1) N
ì�¬ Â ®�¯/°7¦

(2)
´�¶�·�¸O�;�� êë °

N
«�� ¦

�������
(1) ⇒ (2)

¿ � «Nò(° p, q, r ��� ¿ p2 + q2 = r2, pq = 2N
�áè

{

(

p+q
2

)2 − N =
(

r
2

)2
,

(

p−q
2

)2
+ N =

(

r
2

)2
.

��� �>´�¶�·O¸��+�� ê�ë °
N
«��ÿ¦

(1) ⇐ (2)
¿ � ´N¶�·O¸��;��� ê�ë ° N

«�� �áè#ïÞSð�£ ê «�ò#°
x, y, z ���

{

x2 − N = y2,

x2 + N = z2.

��� »/¼¡�� �+ñ��"! � ô £7¿ N ì�¬ Â ®�¯�° ¦

√
x2 + N +

√
x2 − N

√
x2 + N −

√
x2 − N

2x

N

�

5.3 N = 3 #%$'&
(*)
���

5.2 N = 3
ý#ì&®�¯A° ¦
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+-,%.�/1032
N = 3 45�687:9<;>=

x

q
,
y

q
,
z

q

?@ 5A6 BDCFE 3 GIH JLK%J"M>G NPORQTS QVUXW:K<Y[Z ;F\ Q^]%_ x, y, z, q E[`a
;�=3b�c x, y, z d�dfehgjilk E z2 = x2 + y2 Qnmhoqp�r>eXgIG `�a
; m,n s�t























x = m2 − n2,

y = 2mn,

z = m2 + n2,

mn(m2 − n2) = 3q2 Nuk E>BDC>E 3 Gv1wxW ,

]�_ `�aL; m,n,m2−n2 d
dye�g =1`�aL; m,n E�5qz[5:{ i}|y~1� mn(m2−n2) = 3q2

b<� @��F� KI�h����� �
(1) � 3 | m �%|�~<� mn(m2 − n2) = 3q2 b t m2 − n2 � 4>5�68����� �I; Q
=�c m2 − n2 = q2

1 Q�� n2 + q2
1 = m2 i�k[� 3 | n � 3 | q1 Q�� 3 | (m,n) N�|

3 | m,n2 + q2
1 = m2 t>�%W�QV�f� m,n eXgA����i

(2) � 3 | n �|�~�� mn(m2−n2) = 3q2 G �
��b t m = a2, n = 3b2,m2−n2 = c2 Q
]�_ a, b, c E[`Fa[; � k[� a4 − 9b4 = c2 � �����[Z ??  q¡¢i

(3) � 3 | m2 −n2 = m,n � E 3 GD£ ; Q^�F|
~I� mn(m2 −n2) = 3q2 G �I�<b t
{

m = a2, n = b2, `Fa[; a, b eXg¤Q 5�z5�{F= 3 - ab,

(a2 + b2)(a2 − b2) = a4 − b4 = 3q2
2 , q2 E[`�a
; .

(5.1)

k EI`Fa[; a, b eXg¤Q 5�z5�{F= ��¥ 3 a�¦ QnmhoIY
{

(a2 − b2, a2 + b2) = 1,

3 | a2 − b2.
(5.2)

|[~�� (5.1) � (5.2) t>�
a2 + b2 = q2

3 ⇒ a, b §3¨�Y 5
6>E 3 Gq£ ; .

�f� a, b � E 3 G1£ ; ����i
© �ft�ª«� N = 3 � 4h7y9<; i �

¬q
5.1 ® .

(1) � N = 1 4X7:9<; �
® . �A¯ ~
x4 − y4 = z2

Y `>a
;�� x, y, z.
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(2) °%± N = 1 ²�³h´Lµ<¶¸·
¹qº

5.2 °%± N = 2 ²�³X´:µ3¶¢·
¹qº

5.3 °%± N = 14 ³h´:µ3¶¢·
¹qº

5.4 °%± N = 15 ³h´:µ3¶¢·
¹qº

5.5 °%± N = 41 ³h´:µ3¶¢·
¹qº

5.6 (5/2, 1/2, 7/2) ³F»I¼[½>¾>¿LÀ�Á�ÂFÃ
¶ N = 6 Ä�Å�ÆfÇ Èu³3É�Ê�Ë1Ì>Í�ÎÏ Ä[ÇÐ·
ÑXÒAÓ ¶FÔ

ÕXÖ
×�Ø�×�Ù[Ú�ÛÜ>Ý3Þ�ß3àXá Ä Õfâ�ã ÈPÎ8äIå�Å ß�æ åIç ß¢è å[ç ßFæ å Þ�ß
Äqé3êFë�ìí d1, d2 ·Pî�¿ðï�Ê�Ë1ñ ÞIß�òfã3×�ó�ô Å�õ«È÷ö ÏAø�ùFú Å�û<Â Þ�ü:ýþjÿ���� Â Þ*ü"ý Ä����<í	� ÿ


�� À
ñXÅ
û���<í 3a ÄAÂ�� ý×���� Å������Fí 5a � ��í a Ä ò�� ·Pî8¿ � ò������� �����! �"�ö$#&%XÄ Ö(' í�)�* ÿ+� #,%XÄ�)�* Ö(' � ³.-0/�1 ÿ

´:µ3¶
N = 7 ³X´:µ3¶>í�*[¶�Ô32�465�78>Ä�·:9�; × È=<�>@?3Ê�Ëq°�± ï N = 1, 2, 3, 4 A
²�³X´:µ<¶ ÈCB�D N = 13, 14, 15 E6F ³h´:µ¶¢·
´"µ�¶�¿:À³ à$G <�HÄ¿:À È Ï Ä	Ifì�J�K�²�L�M ·u¶Ô�2[Å ò Í�)�N 	OPQ -fÄ�R	S ÈV²�T�é3êÇ�U � ¿yÀ�J�V�W�O3Å�*0X3é<ê¢· �Y P ³3Å
û�Z 8 [�\ È

µ�¶>í 3 Ä@]"¶^
¶FÔ2�Ê�ËD°X± ï P ²�³>´:µ�¶ È`_F³ 2P ³�´:µ�¶¢· ��a Ä	b�c
- dfe å - g�h�i�j k$l ³�m ï �3Y Â�ÃI¶ N n�o N ≡ 5, 6, 7 (mod 8) ^ N ³�´yµ
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