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�X�Ìb ≥ �S�Ìb

x1, x2, · · · , xn > 0

x1 + · · ·+ xn

n
≥ n
√

x1x2 · · · xn
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x y

úF� 0 < λ < 1,

f(λx + (1− λ)y) ≥ λf(x) + (1− λ)f(y)
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pƒb

x y

úF� 0 < λ < 1,

f(λx + (1− λ)y) ≥ λf(x) + (1− λ)f(y)

W (1) f(x) =
√

x

(2) f(x) = log x úb
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f
(

x1+···+xn

n

)

≥ 1
n

[f(x1) + · · ·+ f(xn)]
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f
(

x1+···+xn

n

)

≥ 1
n

[f(x1) + · · ·+ f(xn)]

log
(

x1+···+xn

n

)

≥ 1
n

[log x1 + · · ·+ log xn]
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f
(

x1+···+xn

n

)

≥ 1
n

[f(x1) + · · ·+ f(xn)]

log
(

x1+···+xn

n

)

≥ 1
n

[log x1 + · · ·+ log xn]

x1+···+xn

n
≥ e

1
n

[log x1+···+log xn]
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f
(

x1+···+xn

n

)

≥ 1
n

[f(x1) + · · ·+ f(xn)]

log
(

x1+···+xn

n

)

≥ 1
n

[log x1 + · · ·+ log xn]

x1+···+xn

n
≥ e

1
n

[log x1+···+log xn]

=
[

elog x1elog x2 · · · elog xn

]
1
n
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f
(

x1+···+xn

n

)

≥ 1
n

[f(x1) + · · ·+ f(xn)]

log
(

x1+···+xn

n

)

≥ 1
n

[log x1 + · · ·+ log xn]

x1+···+xn

n
≥ e

1
n

[log x1+···+log xn]

=
[

elog x1elog x2 · · · elog xn

]
1
n

= (x1 · · · xn)
1
n
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J x1 + x2 + · · ·+ xn = y1 + y2 + · · ·+ yn, / x1, · · · , xn 5

}0œ y1 · · · yn �Ì (ÛÃ�ì2), †

f(x1) + · · ·+ f(xn) ≥ f(y1) + · · ·+ f(yn)
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J x1 + x2 + · · ·+ xn = y1 + y2 + · · ·+ yn, / x1, · · · , xn 5

}0œ y1 · · · yn �Ì (ÛÃ�ì2), †

f(x1) + · · ·+ f(xn) ≥ f(y1) + · · ·+ f(yn)

x1 = · · · = xn Ñ|�Ì.
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x1, · · · , xn; y1, · · · , yn

x(1) ≤ x(2) ≤ · · · ≤ x(n) Ñ x1, · · · , xn í½ 

y(1) ≤ y(2) ≤ · · · ≤ y(n) Ñ y1, · · · , yn í½ 

(x1, · · · , xn) ≺ (y1, · · · , yn):

x1 + x2 + · · ·+ xn = y1 + y2 + · · ·+ yn, /

x(1) ≥ y(1),

x(1) + x(2) ≥ y(1) + y(2),

x(1) + x(2) + x(3) ≥ y(1) + y(2) + y(3),

· · ·
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J(x1, · · · , xn) ≺ (y1, · · · , yn), †úF�pƒb f ,

f(x1) + · · ·+ f(xn) ≥ f(y1) + · · ·+ f(yn)
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J α1, α2, α3 Ñø@iúi$íú_i�, †

(π

2
,
π

4
,
π

4

)

≺ (α1, α2, α3) ≺ (π, 0, 0)

Ä¤ 1 +
√

2 ≥ sin α1 + sin α2 + sin α3 > 0
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J α1, α2, α3 Ñø@iúi$íú_i�, †

(π

2
,
π

4
,
π

4

)

≺ (α1, α2, α3) ≺ (π, 0, 0)

Ä¤ 1 +
√

2 ≥ sin α1 + sin α2 + sin α3 > 0

J α1, α2, α3 Ñø�iúi$íú_i�, †

(π

3
,
π

3
,
π

3

)

≺ (α1, α2, α3) ≺
(π

2
,
π

2
, 0

)

Ä¤ 3
√

3
2 ≥ sin α1 + sin α2 + sin α3 > 2
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1

2

3 4

5

5 õ

10 (



APMO 9'

&

$

%

ñrsõÈ��¬ø‘J,í(

1

2

3 4

5

5 õ

10 (
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ÞAc (Spanning tree)
1

2

3 4

5
(i) ©¦

(ii) ³� cycle

(iii) ¦¬F�õ
1

2

3 4

5
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½æ: #ìõb£(b, vø_�|ÖÞAcíÇ�
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Kirchhoff ä³ C(G)
1

2

3 4

5
C(G) =







4 -1 -1 -1 -1

-1 4 -1 -1 -1

-1 -1 4 -1 -1

-1 -1 -1 4 -1

-1 -1 -1 -1 4







1

2

3 4

5
C(G) =







4 -2 0 -1 -1

-2 6 -3 0 -1

0 -3 5 -1 -1

-1 0 -1 2 0

-1 -1 -1 0 3







C(G) Ñú˚j³, /F��¸= 0
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G 2ÞAcí,b�k ¥ C(G) í�øW£�ø�F)j³í

W��M�







4 -1 -1 -1 -1

-1 4 -1 -1 -1

-1 -1 4 -1 -1

-1 -1 -1 4 -1

-1 -1 -1 -1 4







∣

∣

∣

∣

∣

∣

4 -1 -1 -1

-1 4 -1 -1

-1 -1 4 -1

-1 -1 -1 4

∣

∣

∣

∣

∣

∣

= 125







4 -2 0 -1 -1

-2 6 -3 0 -1

0 -3 5 -1 -1

-1 0 -1 2 0

-1 -1 -1 0 3







∣

∣

∣

∣

∣

∣

6 -3 0 -1

-3 5 -1 -1

0 -1 2 0

-1 -1 0 3

∣

∣

∣

∣

∣

∣

= 105
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W��M

∣

∣

∣

∣

∣

∣

a b

c d

∣

∣

∣

∣

∣

∣

= ad− bc

∣

∣

∣

∣

∣

∣

∣

∣

a b c

d e f

g h i

∣

∣

∣

∣

∣

∣

∣

∣

= a

∣

∣

∣

∣

∣

∣

e f

h i

∣

∣

∣

∣

∣

∣

− d

∣

∣

∣

∣

∣

∣

b c

h i

∣

∣

∣

∣

∣

∣

+ g

∣

∣

∣

∣

∣

∣

b c

e f

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= a11

∣

∣

∣

∣

∣

∣

∣

∣

a22 a23 a24

a32 a33 a34

a42 a43 a44

∣

∣

∣

∣

∣

∣

∣

∣

− a21

∣

∣

∣

∣

∣

∣

∣

∣

a12 a13 a14

a32 a33 a34

a42 a43 a44

∣

∣

∣

∣

∣

∣

∣

∣

+a31

∣

∣

∣

∣

∣

∣

∣

∣

a12 a13 a14

a22 a23 a24

a42 a43 a44

∣

∣

∣

∣

∣

∣

∣

∣

− a41

∣

∣

∣

∣

∣

∣

∣

∣

a12 a13 a14

a22 a23 a24

a32 a33 a34

∣

∣

∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

a b c

d e f

g h i

∣

∣

∣

∣

∣

∣

∣

∣

| =

(0, 0, 0) (a, b, c)

(d, e, f)

(g, h, i)

5ñ	
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A =







1 1 -1

1 -1 -1

1 -1 -1

1 1 -1





 �0 A
T =





1 1 1 1

1 -1 -1 1

-1 -1 -1 -1





A
T

A =





1 1 1 1

1 -1 -1 1

-1 -1 -1 -1











1 1 -1

1 -1 -1

1 -1 -1

1 1 -1







=





4 0 -4

0 4 0

-4 0 4





[

1 -1 -1 1
]







1

1

1

1







= 1 · 1 + (-1) · 1 + (-1) · 1 + 1 · 1 = 0
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ìÜ: #ì V õ� JLsõÈ� a ‘(, †¤ÇÊF�� V _

õ£
V (V−1)

2 · a ‘(íÇ$2�|ÖíÞAc�
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J A Ñ V × V ú˚j³, /F��¸ = 0�  ¥ A í�øW£

�ø�� IF)ää³Ñ M(A)�

ì2 Φ(A) = |M(A)|
1

V−1 , † A → Φ(A) Ñpƒb�

úF� 0 < λ < 1,

Φ(λA1 + (1− λ)A2) ≥ λΦ(A1) + (1− λ)Φ(A2)
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1

2

3 4

5
G :

π : 1 → 2, 2 → 3, 3 → 1,

4 → 4, 5 → 5

C(G) =







4 -2 0 -1 -1

-2 6 -3 0 -1

0 -3 5 -1 -1

-1 0 -1 2 0

-1 -1 -1 0 3







2

3

1 4

5
πG :

Φ(C(G)) = Φ(C(πG))

C(πG) =







5 0 -3 -1 -1

0 4 -2 -1 -1

-3 -2 6 0 -1

-1 -1 0 2 0

-1 -1 -1 0 3






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Φ

[

1

5!

∑

π

C(πG)

]

≥ 1

5!

∑

π

Φ(C(πG)) = Φ(C(G))

↑
F� {1, · · · , 5} í§�

1

5!

∑

π

C(πG) íF�úi(jÖó�; F�Ýúi(jÖ6ó

��
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cq,u� 2n _õ� øF� 2n _õ}As , © n _õ� Ê

°ø í©sõÈ[0 a ‘(, 7Ê.° í©sõÈ[0 a + 1

‘(, †¤ÇÊF�D…�ó°õb, ó°(bíÇ$2�|Öí

ÞAc�

n = 3

a = 0
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$l

bW

〈

YÕ

}&

bWYÕ: ‚š, õð�
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õðql

R. A. Fisher

Óœ“ (randomization)

–Õ“ (blocking)
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õðql

R. A. Fisher

Óœ“ (randomization)

–Õ“ (blocking)
4
6
7

5
7
1

6
1
2

7
2
3

1
3
4

2
4
5

3
5
6

�©.êr–Õql
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õðql

R. A. Fisher

Óœ“ (randomization)

–Õ“ (blocking)
4
6
7

5
7
1

6
1
2

7
2
3

1
3
4

2
4
5

3
5
6

�©.êr–Õql

]˝–�
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�½ql

Ù�

n _ÓK, w½¾}�Ñ w1, · · · , wn.

©Ÿ�½íhôMÑ ([0k¬iF�ÓKí,½¾)−([0k˝

iF�ÓKí,½¾)+ÓœÏÏ.
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n = 4, u� 4 Ÿ

˝ ¬

�øŸ: 1, 2, 3, 4

�ùŸ: 3, 4 1, 2

�úŸ: 2, 4 1, 3

�ûŸ: 2, 3 1, 4
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y1 = w1 + w2 + w3 + w4

y2 = w1 + w2 − w3 − w4

y3 = w1 + w3 − w2 − w4

y4 = w1 + w4 − w2 − w3

w15,lÑ 1
4 (y1 + y2 + y3 + y4)

w25,lÑ 1
4 (y1 + y2 − y3 − y4)

w35,lÑ 1
4 (y1 − y2 + y3 − y4)

w45,lÑ 1
4 (y1 − y2 − y3 + y4)
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cq� n _ÓK, u� N Ÿ (N ≥ n). ®�½qlªàø_

N × n, jÖÑ +1 C −1 íä³V[ý� Ê,HWä2,

X =













1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1












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½æ: ÊF�jÖÑ +1 C −1 í N × n ä³ X 2, vø_

U |XT X| ®ƒ|×�
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½æ: ÊF�jÖÑ +1 C −1 í N × n ä³ X 2, vø_

U |XT X| ®ƒ|×�

JXT X =







N 0 · · · 0

0 N · · · 0

.

.

. · · ·

.
.
.

.

.

.

0 0 · · · N






, † X Ñøj.
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ì2: J X ÑøjÖÑ +1 C −1 í n× n j³, /

XT X =













n 0 · · · 0

0 n · · · 0

.

.

. · · ·

.
.
.

.

.

.

0 0 · · · n













†˚ X Ñø Hadamard ä³.

Hadamard ä³æÊí.b‘KÑ n = 2 C n Ñ 4 íIb.

Hadamard “¿: J n Ñ 4 íIb, †.æÊø n× n

Hadamard ä³.
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Z7 = {0, 1, 2, 3, 4, 5, 6}, 3 + 5 = 1, 4 · 3 = 5, · · ·

0 1 2 3 4 5 6

0 0 6 5 4 3 2 1

1 1 0 6 5 4 3 2

2 2 1 0 6 5 4 3

3 3 2 1 0 6 5 4

4 4 3 2 1 0 6 5

5 5 4 3 2 1 0 6

6 6 5 4 3 2 1 0

[�jÖÑ i− j
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J[�jÖªŸA x2, J 1 �²; ´†²A −1.

0 −1 −1 1 −1 1 1

1 0 −1 −1 1 −1 1

1 1 0 −1 −1 1 −1

−1 1 1 0 −1 −1 1

1 −1 1 1 0 −1 −1

−1 1 −1 1 1 0 −1

−1 −1 1 −1 1 1 0
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úi(,jÖ²A 1:

1 −1 −1 1 −1 1 1

1 1 −1 −1 1 −1 1

1 1 1 −1 −1 1 −1

−1 1 1 1 −1 −1 1

1 −1 1 1 1 −1 −1

−1 1 −1 1 1 1 −1

−1 −1 1 −1 1 1 1
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‹ø� −1:

−1 −1 −1 −1 −1 −1 −1

1 −1 −1 1 −1 1 1

1 1 −1 −1 1 −1 1

1 1 1 −1 −1 1 −1

−1 1 1 1 −1 −1 1

1 −1 1 1 1 −1 −1

−1 1 −1 1 1 1 −1

−1 −1 1 −1 1 1 1

£>[ orthogonal array
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y‹øW 1, †)ø Hadamard ä³

1 −1 −1 −1 −1 −1 −1 −1

1 1 −1 −1 1 −1 1 1

1 1 1 −1 −1 1 −1 1

1 1 1 1 −1 −1 1 −1

1 −1 1 1 1 −1 −1 1

1 1 −1 1 1 1 −1 −1

1 −1 1 −1 1 1 1 −1

1 −1 −1 1 −1 1 1 1
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1 -1 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 1

1 1 -1 -1 1 -1 1 1 -1 -1 1 1 -1 1 -1 -1

1 1 1 -1 -1 1 -1 1 -1 -1 -1 1 1 -1 1 -1

1 1 1 1 -1 -1 1 -1 -1 -1 -1 -1 1 1 -1 1

1 -1 1 1 1 -1 -1 1 -1 1 -1 -1 -1 1 1 -1

1 1 -1 1 1 1 -1 -1 -1 -1 1 -1 -1 -1 1 1

1 -1 1 -1 1 1 1 -1 -1 1 -1 1 -1 -1 -1 1

1 -1 -1 1 -1 1 1 1 -1 1 1 -1 1 -1 -1 -1

Lú�Ö� +1, −1 í 8 _ ¯® 2 Ÿ (£>[)

LsWí�× (óæjÖí_b) Ñ 4 C 8

error-correcting code
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